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PREFACE 


Atmospheric energetics, as we know it today, has developed over the last few 
decades. Its advance has been fostered by a number of events that have made it 
possible to gain considerable insight into those physical processes responsible for 
the behavior of the atmosphere from an energetical point of view. 

The most important development has been the establishment of an entirely new 
framework for studying the energy relations of the atmosphere. Atmospheric 
energetics has benefited not only from the introduction of new concepts such as the 
available potential energy, but also from research that has proceeded to the 
baroclinic and barotropic states, the nondivergent and divergent parts of the 
atmospheric flow. In conjunction with developments in both numerical weather 
prediction and simulations of the atmospheric general circulation, procedures have 
been developed to study atmospheric energetics by Fourier analysis and decom¬ 
position using other sets of orthogonal functions, in particular the spherical 
harmonic functions. Progress has been made in research on the nonlinear 
interactions among spectral components, and while some problems remain 
unsolved, our understanding of atmospheric energy processes has greatly in¬ 
creased the speculative ideas of earlier times. 

In contrast to the time before the establishment of a reasonably dense global 
network of observations and the invention of electronic computers, most quantities 
appearing in the field of atmospheric energetics may now be estimated. However, 
calculations in this field depend typically on quantities such as the net heating, the 
vertical velocities, and the frictional forces. None of these is observed directly, 
and no general theory is available for their calculation. Uncertainty is therefore 
still a part of almost all the estimates. 

The present book is written for the graduate student in the atmospheric 
sciences. The foundation of atmospheric energetics rests on a mathematical 
framework, which in the beginning may seem difficult and cumbersom to handle. 
Most papers on atmospheric energetics published today assume knowledge of this 
foundation. We have chosen to deal with the mathematical derivations in some 
detail, but it is indeed true that most results can be obtained if one is familiar with 
integrations by parts and masters the conversion of area integrals to line integrals 
along the boundary. Even so we are aware of the long deviations, which appear in 
the first part of the text. On the other hand, we have selected to stay with the 
framework employed in the great majority of studies in atmospheric energetics. 
We feel that the more advanced treatments of the concept of available potential 
energy are well represented in other books or review articles. For the same reason 
we have abstained from using vertical coordinates other than height and pressure 
except when it has been convenient for our purposes, as in the chapter on available 
potential energy. 
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The theory behind atmospheric energetics is developed for the global domain. 
Applications to limited, open domains require at least that the boundary processes 
are taken into account. This condition is the only difficulty, if one stays with those 
energy quantities that can be defined locally, such as internal, potential, and 
kinetic energy. The application of the concept of available potential energy to 
limited, open domains is difficult due to the requirement of a reference state, 
which in the general formulation is global in nature. A local reference state may be 
defined, but it is seldom independent of time, which makes comparisons between 
two events separated in time very difficult. Nevertheless, there is considerable 
interest in the energetics of more localized atmospheric events. We have tried to 
deal with the results of the studies of energetics in open domains in the latter part 
of the book. 

The manuscript for the book was prepared in stages over the last few years. The 
first author wants to express his appreciation to the Department of Atmospheric, 
Oceanic and Space Sciences at the University of Michigan for the great assistance 
given during a visiting professorship in the winter term of 1988, where the 
theoretical chapters were typed for the first time. The final manuscript was 
prepared in part during a visit by the first author to the Department of Atmospheric 
Sciences at Iowa State University in January 1991. The contribution of the second 
author to the book was derived from his past research of atmospheric energetics. 
This research was made possible under the sponsorship of the National Science 
Foundation, the National Space and Aeronautics Administration, and the National 
Oceanic and Atmospheric Administration. Partial support for the illustrations was 
provided by Iowa State University. 

Comments and suggestions were offered by the following professors: Dr. 
Phillip Smith of Purdue University, Dr. Joseph Tribbia of the National Center for 
Atmospheric Research, and Mrs. C. Wiin Christensen of Denmark. We also 
would like to thank Jason Lohman, Steve Heistand and Dr. Ming-Cheng Yen for 
their technical assistance in the final manuscript. 


Copenhagen, Denmark 
Ames, Iowa 


A.W.-N. 

T.-C.C. 
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INTRODUCTION 


Atmospheric energetics is a part of the general field of dynamic meteorol¬ 
ogy. Its purpose is to account for the amounts of energy of various kinds 
in the atmosphere and to determine, theoretically and observationally, the 
ways in which energy is generated, transformed, and dissipated in the at¬ 
mosphere. The energy relations applicable to the global atmosphere are 
derived from the physical laws by suitable integrations over the spherical 
domain. The result therefore, describes the behavior of the atmosphere in 
this integrated sense. The general goal of the research is to describe the 
flow of energy through the atmospheric system from generation, through 
one or several transformations, to dissipation, which is a reconversion into 
heat. 

It is often of interest to investigate the contributions from various at¬ 
mospheric systems to the total amount of a given kind of energy or to a 
certain transformation. One may attempt to do this by dividing the atmo¬ 
spheric fields into components and treating each of them separately. The 
formal requirement is that a suitable equation governing the development 
of each component can be found. The general situation is that the vari¬ 
ous sub-components will interact with each other. It is thus necessary to 
account for these interactions, which are normally expressed in terms of 
transformation among the components. Such subdivisions of the fields are 
naturally artificial. They have nevertheless helped to settle certain ques¬ 
tions posed by classical meteorology. 

The field of atmospheric energetics is relatively new because its devel¬ 
opment had to await the establishment of a network of upper air stations 
permitting evaluation of the various processes that enter the theoretical 
framework. Studies based on observations started to appear around 1950, 
using the radiosonde stations established during and after World War II. 
This is not to say that there was no interest in atmospheric energy rela¬ 
tions before this time. Notable among early investigations are those by 
the Austrian meteorologist, Margules, who investigated energy relations 
in relatively simple fluid systems consisting of two or more layers, each of 
constant density and separated by surfaces of discontinuity. Such systems, 
initially in an unbalanced state, will eventually approach a stable arrange¬ 
ment under the assumption of no mixing among the layers. Margules was 
able to compute the initial and final energy amounts and, selecting suitable 
arrangements he sought to show that kinetic energy of some atmospheric 
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systems could indeed be obtained from transformations from other forms 
of energy. 

The modern framework for atmospheric energetics was originally formu¬ 
lated by Lorenz (1955), who introduced the concept of available potential 
energy and provided a decomposition of the energy into that of the zonally 
averaged flow and that of eddies, the latter being defined as the differ¬ 
ence between the total flow and the zonally averaged flow. Operating in a 
hydrostatic atmosphere with just two kinds of energy - that is, available 
potential energy and kinetic energy - and subdividing each of these into 
zonal and eddy kinetic energy, he produced a four-box diagram that in a 
schematic way could illustrate the generations, transformations, and dissi¬ 
pations. This framework was used almost immediately by Phillips (1956) 
to summarize the results of his now classical numerical experiment that 
simulates the general circulation of the atmosphere using a beta plane ge¬ 
ometry and a two-level quasi-geostrophic model. 

While Lorenz and Phillips (loc. cit.) could speculate on the amounts 
of energy in the various reservoirs as well as on the directions and magni¬ 
tudes of the generations, transformations, and dissipations, it fell to other 
investigators to calculate all these quantities from samples of atmospheric 
data. Such data studies had been initiated a few years after World War 
II by a number of research groups concerned mainly with describing the 
general (or averaged) circulation of the atmosphere. They were interested 
primarily in providing zonally-averaged pictures of the distribution of tem¬ 
peratures and winds in the meridional plane, but also in studying the struc¬ 
ture of atmospheric waves or eddies by calculating the meridional trans¬ 
port of heat, moisture, and momentum by the waves - simply because the 
zonally-averaged fields interact with the eddies, as one can see from the 
appropriate equations. As it turned out, when Lorenz formulated the en¬ 
ergy framework, it was exactly those meridional transports that were the 
elements entering the energy transformations between the zonal and the 
eddy energies. During the following decade or so it was possible to make a 
first estimate of all quantities in Lorenz’s energy diagram, and he could re¬ 
port on the contributions from a large number of investigations in his book: 
“The nature and theory of the general circulation of the atmosphere” Lorenz 
(1967) based on the first IMO lecture. 

Some expansions of the original four-box diagram have been proposed. 
A further vertical subdivision in the vertical mean flow, the so-called baro- 
tropic component, and the deviation from this flow, the vertical shear flow - 
or the baroclinic component - has been proposed and used by Wiin-Nielsen 
(1962) in studies based on observations and, independently, by Smagorinsky 
(1963) in the analysis of his basic general circulation experiment. 

A further breakdown of the eddies has been proposed by Saltzman( 1957), 
who formulated the equations for the energetics by employing a Fourier 
analysis along the latitude circles while maintaining the finite difference 
representation in the meridional and vertical directions. The formulation in 
terms of spherical harmonic functions came as a by-product of the so-called 
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spectral prediction models. However, the total atmospheric energetics has 
not yet been performed in the two-dimensional spectral domain. 

The concept of available potential energy has been treated further by 
Dutton and Johnson( 1967) and by van Mieghem( 1956). Lorenz{ 1978) has 
also returned to the question of available potential energy in a moist at¬ 
mosphere. 

Atmospheric energetics is treated in a monograph by van Mieghem(1973), 
who uses a very general approach that permits a treatment of energetics 
on many atmospheric scales. He covers a broad spectrum of problems, but 
his treatment of large-scale atmospheric energetics is rather schematic due 
to the fact that his book necessarily must avoid many details. It appears 
therefore that there is a need for a textbook on the subject directed toward 
the graduate student of meteorology, giving a rather didactic treatment 
and, in any case, incorporating some later research results. The present 
text has been prepared with the purpose of covering this additional need. 
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Before we turn our attention to the atmosphere itself, it is useful to consider 
some simple cases to illustrate the general concepts to be used later. As 
a first example we consider a homogeneous fluid in a cylindrical container. 
Let the height of the fluid be H = H(x, y, t) and let the horizontal area be 
S. The potential energy per unit mass is gz, as is known from physics. As 
a reference level for 2 we use the flat bottom of the container. The total 
potential energy per unit area is therefore 

p= I 1"Ss szp dS dz = 5 dS - (21) 

We may write H as 

H = H + H' (2.2) 

where H is the averaged depth of the fluid, - that is, 

H = 4 [ H dS. (2.3) 

S Js 

We find therefore 

P = 9 - £ f + WsI s H ' 2dS - (2 ' 4) 

Equation (2.4) shows that P is a minimum provided H' = H'(x,y,t) is 
equal to zero everywhere - that is, if the fluid has a constant depth, in 
which case 

Pmin = ytf 2 . (2.5) 

We may define a quantity A as the excess potential energy over the mini¬ 

mum value - that is, 

A = P-P min = f! J s H' 2 dS. (2.6) 

It follows from the conservation of mass in the system that H is a constant 
independent of time. We may see this from the calculation of the total 
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mass, which is 


M 


= ( f p dz dS = p f H ds = pH S. 
Jo Js Js 


(2.7) 


Since M is independent of time, it follows from (2.7) that so is H. The 
same result may of course also be obtained from the continuity equation 
for the system which under hydrostatic conditions is 


dH 
dt ' 


v Vi/ + HV- 


- dH „ / -\ 

*= ar + v '( ffB ) =a 


(2.8) 


If (2.8) is averaged over the area S, we obtain immediately 

dH 


dt 


= 0 


(2.9) 


because the area integral of the divergence term can be written as a line 
integral along the boundary of the container 


1 //'("“) 


( 2 . 10 ) 


but v n , the normal component to the vertical boundary, vanishes due to 
the kinematic boundary condition. Therefore we may write (2.8) in the 
form 

^ + HV- v +V • (h' v'j = 0. (2.11) 

Now we shall look at the energy equations for the system. It is then con¬ 
venient to define the geopotential 


4> = gH. 


Equation (2.8) becomes then 

d<fi 


— + v -V0 = -0V- v 
dt 


( 2 . 12 ) 


(2.13) 


while (2.1) becomes 

p =r 9 L sI/ dS f - t t 1 sf s *% dS - (214) 


Combining (2.13) and (2.14) by multiplying (2.11) by 0 and integrating, 
we get 


"it =;!/ s K v (H-* 2v - 


V 


dS 


(2.15) 
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dS - 

Since P mm is independent of time, we find also 

dA 1 p 1 f -+ 

* = -2gSJs* dS - 


(216) 


(2.17) 


We next shall consider the kinetic energy. From physics we know that the 

i — 2 

kinetic energy per unit mass is k = ^ v . The total kinetic energy per unit 
area is therefore 


K 


= | f [ kp dS dz = 4 / pkH dS 
S Jo J s S Js 


or 


K 


-i rsl k * dS ■ 


(2.18) 

(2.19) 


The equations of motion for our system are 

du — d<j> . 

dv _ d(f) , 


( 2 . 20 ) 


where / is the Coriolis parameter. 

Multiplying the first eqution by u and the second by v we find after 
addition 

dk _► _» 

—+ v -Vk = - v -V0. (2.21) 

at 


Multiplying this time (2.13) by fc and (2.21) by 0 and adding the resulting 
equations, we get 


+ 7 -V(fc0) = -k<t>V- 


( 2 . 22 ) 


It follows from the form of (2.19) and (2.22) that 


or 


dK lpl ~ 

— = / 0 2 V- v dS. 

dt 2gSj/ 


dS (2.23) 


(2.24) 
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When equations (2.17) and (2.24) are added, we obtain 


d(A + K) 
dt 


(2.25) 


Thus we have shown that the sum of A and K is constant. Since 
the total potential energy has a minimum P m j n , and since (2.25) holds, 
it is natural to call A the available potential energy, or that part of the 
potential energy that is available for conversion into kinetic energy. It is, 
as we see from ( 2 . 6 ), defined as an integral quantity and is proportional to 
the variance of depth of the fluid around its unchanging mean value. 

From (2.24) we note also that the integral in the equation measures the 
rate of increase of the kinetic energy. Since the sum of A and K is constant, 
there is a corresponding decrease in A as is verified from (2.17). It is thus 
natural to talk about the integral as the transformation or the conversion 
between the two forms of energy. The notation is normally 

C(A,K) = 5 -i / « 2 V- v iS , (2.26) 

^ 9 *-> Js 


which should be read as the conversion from A to K. It follows that 

C(K,A) = —C(A,K). (2.27) 


We may express (2.26) in a different way by noting that the homogeneous 
fluid is also incompressible. The continuity equation is therefore 


or 


dw 

dz 


= -V- v 


w — —zV- v . 


(2.28) 

(2.29) 


In particular, the vertical velocity at the surface of the fluid is 

wh = -HV- v gwn = —0V- v . (2.30) 

Therefore we also may write (2.26) as follows: 

C(A, K) =-^ J w H <l> dS = -C(K , A). (2.31) 


Thus A will tend to increase if wh and <f) are positively correlated, or in 
other words if the fluid goes up where it already is high and down when 
it already is low. It is immediately understandable that this process will 



8 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 


increase the variance of the height field and thus increase A. 

We may use the example to obtain some idea of the ratio between A 
and P. For this purpose we consider the example where the homogeneous 
fluid is set into a solid rotation - that is, where the velocity is Clr when Q 
is the angular velocity and r the distance from the axis of rotation. In our 
example we shall assume that the container is a circular cylinder with a 
flat bottom and a radius of R. The shape of the surface can in this simple 
case be calculated from the equation 


or 


dH r>2 

a lF= ar 

(2.32) 

i n 2 „ 

H = H 0 + -—r'. 

2 9 

(2.33) 


The integration constant Ho, which is the depth in the middle of the fluid, 
can be related to the mean depth H by mass or volume continuity. For the 
volume we have 


V = 



rR 

r dO dr dz = 2ir / Hr dr 

Jo 


V = nR 2 


(*♦£*) 




(2.34) 

(2.35) 


but with a flat surface where H — H everywhere, we have 


V = 7 tR 2 H. 

(2.36) 

Therefore, 


H 0 = H-\—R 2 . 

4 9 

(2.37) 

The minimum value of P is 


p _ *9P p2T7 2 

r min — it n , 

(2.38) 


while the total potential energy is 

rH pR /*27r 


prl nrC pz 

Jo Jo Jo 


■f 


gzpr dO dr dz = 2 tt gp / H l - dr, (2.39) 


which is evaluated to be 


p_ Wn 2| 1 A* 6 
P 2 H R + 96 g 2 9pR ‘ 


(2.40) 
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We have thus 

4 1 ft 4 , 

A = — 7T pR 6 

96 g H 

(2.41) 

or 

1 a 1 D 4 

s a= kJ pR - 

(2.42) 

We have finally 

a i n 4 r* 

R] min 48 g 2 H 2 

(2.43) 

We may evaluate (2.43) using H = 10 4 m, Cl = 7.29 x 10 5 s' 
9.8 m s -2 and finally R = 2 x 10 6 m. One finds then that A/P mm 

-1 , 9 = 
~ 10 -3 


indicating that only a small fraction of the total potential energy can be 
converted into kinetic energy. No particular significance can be attached 
to the numerical value because it is totally dependent on the ratio R 2 /H. 
However, the above values seem to be of the correct order of magnitude. 

Examples similar to those given above have been constructed by several 
authors; see for example V.H.Ryd (1923), who calculates the pressure field 
from a given wind distribution by using the gradient wind equation. We 
may briefly consider his example. He starts from the gradient wind equation 

dh , ¥ , V 2 

g Tr= fV+ T (2 ' 44) 


and notes that this equation is most easily handled if one starts by specify¬ 
ing the wind V = V(r) in the case of a circular stationary vortex. Denoting 
the nondimensional radius by x — r/r* where r, is to be specified later, he 
selects 


V = V,xe'-‘ 


(2.45) 


as the wind distribution. It is easily seen that V has a maximum V* for 
x = 1. Therefore the distance of the maximum wind is r*. Introducing x 
and V in (2.44), we find 


dh 

dx 


fr.V.e _ x , V 2 e 2 _ 2x 

-- xe x + ——xe , 

9 9 


(2.46) 


which may be integrated directly to give 

h = h 0 + A [1 - (1 + x)e~ x ] + j [1 - (1 + 2x)e~ 2x ] (2.47) 


in which 


A = g~ 1 fr,V*e B = g~ 1 V 2 e 2 . 


(2.48) 
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V (ms' 1 ) 



Fig. 2.1 : The tangential wind as given by Eq. (2.45) as a function of x = r/r» 
for r* = 200 km and Va = 20 m s _1 . 


Fig. 2.1 shows V = V(x) for V* = 20 m s -1 , while Fig. 2.2 shows h — ho for 
the same values and g — 9.8 m s~ 2 , /o = 10 -4 s _1 , r* = 2 x 10 5 m. The ex¬ 
pression (2.45) is not based on any physical consideration, but a maximum 
wind some distance from the center is characteristic for atmospheric low 
pressure systems. Given (2.45) and (2.47), it is a straightforward matter to 
calculate the available potential energy and the kinetic energy. Let x m de¬ 
note the maximum distance of x. We shall then repeatedly meet integrals 
of the form 

x n e ax dx. 


As illustrated by Fig. 2.1 and as known from integral calculus, for a suffi¬ 
ciently large x m we may approximate such an integral by 

^ e_aX dz - ^ (2A9) 



which will be used through all the calculations. We find first the area mean 
depth by calculating the integral 


h = 


7 TXi 


n x r 

_ 


h(x)x dO dx 


_ 2 _ r 

~ x2 m JO 


hx dx , 


(2.50) 
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h - h 0 (m) 



Fig. 2.2 : The deviation of the height h from the central height ho in meters as 
a function of x. Parameters as in Fig 2.1. 


which gives the result 

h = (ho + A + —^ ^ , (2-51) 

and consequently 

h' = h-h (2.52) 

h' = x~ 2 UA + - A( 1 + x)e~ x - ^B( 1 + 2x)e~ 21 . (2.53) 


The height deviation h — h as a function of x is displayed in Fig. 2.2. The 
potential energy corresponding to the flat surface (2.51) is easily calculated 
to be 


or 


P = 


/»27T rXm nr 

Jo Jo Jo 


7 TXi 


(, gz)p dz dx x dO — 


— gp [ B _ 2 / . 3 B 

p = Y + A + y ~ Xm ( 6 ^ +_ 8 _ 


9ph 2 

2 

(2.54) 

-| 2 

(2.55) 


For the available potential energy we find in a similar way 


APE = 


9P 


Xi 


9 A 2 9 B 2 13 AB 
8 + 512 + 54 


1 

2 x** 

m 




(2.56) 
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As an example we may use /o = 10 4 s 1 , V* = 60 m s x , g = 9.8 m s 2 , 
r* = 2 x 10 6 m, and x m = 10. We find then 

P = 3.46 x 10 5 kJ m -2 (h = 8400 m) 

while 

A = 3.3285 x 10 3 , B = 2.7143 x 10 3 , 
and consequently 

APE = 1231.45 kJ m~ 2 . 


We note as before that APE is small compared to P because APE/P ~ 
0.003. The kinetic energy may of course also be calculated for our example 
because 



^V 2 dz dx (x dO) 
V 2 hx dx, 


(2.57) 

(2.58) 


which using the previous results becomes 


K = 


V 2 e 2 p 


xi 



(2.59) 


Using the same parameters as before we calculate K to be 

K = 881.16 kJ m ~ 2 (2.60) 

and therefore K/APE = 0.7. 

It is seen by calculating several examples that the amounts of the var¬ 
ious forms of energy and their ratio depend very strongly on the selection 
of parameters. The two most important parameters are naturally V* and 
r*. The purpose of the example, however, is not to model the atmosphere, 
but only to illustrate the concept of available potential energy in a homo¬ 
geneous, rotating fluid. Note also that both examples consider balanced 
motion. 

Before leaving these simple considerations we shall also briefly mention 
the early considerations of Margules (1904) who was interested in the mech¬ 
anism by which the kinetic energy in cyclones is generated. Among several 
other possibilities he was interested in the kinetic energy that can be gen¬ 
erated by a rearrangement of matter in the atmosphere. He considers what 
he called “closed systems” where the air is thought to be confined by a 
mantle of solid material. Margules uses several schemes of which the most 
frequently quoted is as follows. He imagines two homogeneous fluids with 
densities p\ and P 2 such that p\ > p 2 - They are arranged in a container 
separated by a vertical wall (see Fig. 2.3). 
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H 


Fig. 2.3 : The initial arrangement of two homogeneous fluids separated by a 
vertical wall. 



H 

1/2 H 


Fig. 2.4 : The final state of the two homogeneous fluids starting from the initial 
arrangement as shown in Fig. 2.3. 


The horizontal areas of the two fluids are A\ and A 2 and the com¬ 
mon depth is H. It is assumed that the fluids are at rest. Consequently, 
they have only potential energy. The total potential energy in the above 
arrangement is easily computed with the result that 

P i = ^H 2 (p l A 1 +p 2 A 2 ), Ki = 0 . (2.61) 

The vertical wall is then removed, and since p\ > p 2 the fluids will eventu¬ 
ally rearrange themselves as indicated in Fig. 2.4. 

The potential energy in the final stable state is also easily calculated to 
be 

P F = 9 -^~H 2 (Ai + A 2 ) + ^)(A a + A 2 ). (2.62) 

We assume now for convenience that A\ = A 2 = A/2. The difference 
Pi — Pf must be equal to the total kinetic energy that is generated under 
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the assumption of energy conservation, i.e. no dissipation. We find 


K F = P l -P F = 


g&A 

8 


(,Pi ~ P 2 ) • 


(2.63) 


The total mass of the two fluids is 


M = 


HA 

~Y 


(Pi + P2 ) , 


(2.64) 


and the kinetic energy per unit mass is therefore 

Kf gH_ Pi - P2 _ gH Ap 
M 4 pi + p 2 8 P 


where 


a ,-(*-») - P =(£i±e2l 


(2.65) 


( 2 . 66 ) 


With good approximation one can write (2.65) in the form 

K f _ gH AT 
M ~ 8 T ’ 


(2.67) 


where AT and T are the temperature difference AT — T 2 —T\ and the mean 
temperature T = ^ (T 2 + Ti), respectively. Ti and T 2 are temperatures in 
the two fluids at the same level. Equation (2.67) expresses the kinetic 
energy per unit mass, which may also be written 


or 


v 2 gH AT 

2 ~ 8 T 

(2.68) 

— 1 ( AT\ 1/2 

V =2\° H t) 

(2.69) 


For AT =_10 K, T = 283 K, g = 9.8 m s"Vwe find V = 13 m s~ 2 (H = 
2000 m), V = 16 m s -1 (H = 3000 m) and V = 23 m s -1 (H = 6000 m). 
Margules used calculations of this kind to make it plausible that the kinetic 
energy in the atmosphere was generated by a rearrangement of mass, or, in 
other words, by release of potential energy. The weakness in the argument 
is of course that his examples are quite difficult to adapt to atmospheric 
conditions. It is, however, noteworthy that both Margules (1904) and later 
Ryd (1927) realized that not all of the potential energy can be converted 
into kinetic energy, and both of them speak of the energy available for 
conversion into kinetic energy. 
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There are three forms of energy in the atmosphere: internal, potential, and 
kinetic. As known from physics the amounts of energy per unit mass are 


i — c v T, 


0 = gz, 

(3. 

of which the first is the internal energy, the second the potential energy and 
the third the kinetic energy. In this chapter we shall be concerned with 
the global aspects of the energy relations. For a given form of energy e per 
unit mass, where e can be either i, 4>, or k, we calculate the total amounts 
by integrating over the total mass of the atmosphere - that is, 

E = ( ep dV. (3.2) 

J V 



Without going into the details of the computations it will be understood 
that atmospheric data of a global nature can be used to calculate the total 
amounts of each of the three forms of energy. Such calculations have for 
example been made by Oort (1971) based on five years of data. He gets 
the following annual mean values for the Northern Hemisphere for the layer 
from 100 kPa to 7.5 kPa: 

Potential energy: P = 567.5 x 10 3 kJ m~ 2 

Internal energy: / = 1674.8 x 10 3 kJ m -2 

Kinetic energy: K — 1153.4 kJ m -2 

The amounts are expressed as energy per unit area. Since the area in this 
case is a hemisphere, they have been divided by 27ra 2 , where a is the radius 
of the earth. Assuming that the Southern Hemisphere contains the same 
average energy amounts, we would find that the total amount of energy of 
all three kinds is about 8.8 x 10 20 kJ. It is thus seen that the atmospheric 
energy content is very large, and that the kinetic energy is a small fraction 
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(1/2000) of the total energy. 

It may also be useful for certain purposes to express the energy amounts 
per unit mass. In this case where the calculation was made for the layer 
from 100 kPa to 7.5 kPa, the mass is 9.4 t m -2 and we find then 

P =6.037 x 10 4 kJ t~\ 

I = 1.7817 x 10 5 kJ t" 1 , 

K = 122.7 kJ t" 1 . 

Since P per unit mass is gz, we may say that the above amount corresponds 
to a mean height of about 6160 m, while the second ( c v T ) corresponds to 
a mean temperature of 248 K. The kinetic energy per unit mass is \V 2 , 
and we may then calculate that K corresponds to a mean wind speed of 
15.7 m s _1 . 

While the amounts of energy are interesting in themselves, we shall pri¬ 
marily in the following be interested in the relations between the various 
energy forms, and in the rate of change per unit time which they undergo in 
the atmosphere. The early studies of atmospheric energy in the beginning 
of the twentieth century by Margules (1904), Ryd (1923, 1927), Hessel- 
berg (1914) and others were concerned with energy of the storms - that 
is, the cyclones. How was the kinetic energy of the middle-latitude depres¬ 
sions created? Was it mainly the work of the pressure forces and therefore 
conversion from potential energy? When Margules (loc. cit.) found by es¬ 
timates that the work of the pressure forces did not produce enough energy 
to account for the energy observed in the storms, he turned to the rear¬ 
rangement of mass as the most likely energy source for the kinetic energy. 
Ryd (loc. cit.) disagreed in several ways with Margules and came to the 
conclusion that “kinetic energy will be generated when alterations in the 
distribution of temperatures render the potential energy available” (Ryd, 
1927, p 67). 

Characteristically these authors realize that only a small amount of the 
internal and potential energies can be converted into kinetic energy. On 
the other hand, none of them considers the global aspects of energy and 
energy transformation, presumably because global aspects did not come to 
mind with the geographically limited networks of meteorological stations. 
Furthermore, the network contained no systematic upper air observations. 

In the following discussion we shall consider these global aspects and 
hope in later chapters to answer the questions posed by the early inves¬ 
tigators. To ease these considerations we state a couple of mathematical 
theorems that will be used repeatedly. 

Let S be an arbitrary scalar quantity. We shall then show that 




d(pS) 


dV. 


dt 


(3.3) 
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The proof is as follows: 



=Kf +7vs ) 


d(pS ) 
dt 


-S^ + pv VS. 


(3.4) 


Substituting from the continuity equation for dp/dt we get 
dS d(pS) 


P dt 


+ SV 


dt 

dS _ d(pS ) 
dt 


P dt 


(p + P ^ -VS 
(pS . 


+ V 


(3.5) 

(3.6) 


Equation (3.3) follows from (3.6) by integration noting that the volume 
integral of the second term vanishes because it reduces to two surface in¬ 
tegrals: at the surface of the earth one that vanishes because the normal 
wind component is zero, and at the top of the atmosphere, the other is zero 
because pw goes to zero at the outer limit of the atmosphere. 

Next we shall consider the global aspects of each of the three forms of 
energy. We have 


d(j) dz 
dt P dt 


= gw, 


(3.7) 


and therefore 


dP 

dt 


L 


gpw dV. 


(3.8) 


From the thermodynamic equation we obtain 

rl'T' 

Cy— = H-p— = H-paV v= H - RTV v (3.9) 

dt dt 

and consequently 


d/ 

dt 



dV. 


(3.10) 


Thus the two processes will influence the amount of internal energy, which 
tends to increase if the atmosphere is heated where the density is high, and 
cooled where the density is low. This is often formulated in the form that 
the heat sources in the atmosphere are located at low altitudes where the 
density is high. Due to the second term, it also will tend to decrease if on 
the average the pressure is high where there is divergence and low where 
there is convergence. We note, however, that the second integral also may 
be written in the form 
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and since the first integral on the right-hand side of (3.11) vanishes, we 
might as well say that the work of the pressure force will change the internal 
energy. 

Next, we turn our attention to the kinetic energy. We note first that 


and since 


we find that 


dk d v 
dt dt ’ 


d v 1 — — — 1 — 

— = —Vp - 2 SI x v + 9 +- F, 

dt p p 


dk 1 - „ 1 - - 

— = — v Vp — gw -I— v • F 
dt p p 


from which we obtain 


(3.12) 


(3.13) 


(3.14) 


— — f v Vp dV — f gpw dV + f ~v • F dV (3.15) 

J v J V J V 

or 

^ = [pV v dV - [ gpw dV + [ v ■ F dV. (3.16) 

J V J V J V 

We compare the three equations (3.8), (3.10), and (3.16), and we note that 
the second integral in (3.10) appears with opposite sign in (3.16). Using 
the earlier notation we may write 


C(I,K)= f 

J V 


pV • v dV. 


(3.17) 


Similarly, the integral in (3.10) is found again in (3.16) with the opposite 
sign. We may thus write 


C(P, K) 


gpw dV. 


(3.18) 


The first integral in (3.10) may be called the generation of internal energy 
while the last integral in (3.16) with the opposite sign is the dissipation of 
kinetic energy - that is, 


G(I) = [ Hp dV, 

J V 

D(K) = - [ v ■ F 
J V 


F dV. 


(3.19) 


In symbolic form we may write 


C(P,K), 
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= G(I)-C(I,K), 


= C(P, K) + C(I, K) — D(K). 


(3.20) 


If we consider a long-term average, it may be assumed that we are very 
close to steady-state conditions in which there is no change in the energy 
amounts - that is, all three time-derivatives in (3.20) are zero. In this case 
we find that 

C(P, K) = 0, 


G(I)=C(I,K)=D(K). 


(3.21) 


In the formulation given here, we have taken H to be the total heating per 
unit mass including the heating that results from the dissipation due to 
frictional forces. We may write 


H = H nf + H f 


(3.22) 


in which H^ F is due to all heating processes except friction, while H F 
measures this heating - that is, 


We have then 


pH F = — v • F ■ 


G(I) = f H NF pdV+ [ H F p dV 

J v J V 

G(I) = f H NF p dV- f v F dV, 

J v J V 


(3.23) 


(3.24) 


(3.25) 


but since (3.21) has to be satisfied, we find for steady-state conditions that 


Gnf = / H^ F p dV = 0. 


(3.26) 


The general energy relations expressed in (3.20) are illustrated in Fig. 3.1 
where the dashed lines indicate the effect of the heating due to frictional 
forces. On the other hand, Fig. 3.2 shows the steady-state energy diagram. 

We next obtain an expression for the local change of the total energy. 
Adding the three equations (3.7), (3.9), and (3.14), we obtain 

^(4> + c v T + k) = H - - (pV- v + v VpJ + - v ■ F ■ (3.27) 




Fig. 3.1 : The general energy diagram for internad, potentiad, and kinetic energy. 
Generation, conversions, and dissipation axe indicated by connecting lines. The 
dashed line indicates the heat due to the frictional dissipation. 



g f (I) > 0 


Fig. 3.2 : The steady-state energy diagram corresponding to Fig. 3.1. Note that 
the generations of internal energy by the nonfrictional heating and the energy 
conversion from K to P vanish. 
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Denoting S = 4> + CvT + k and using (3.6), we obtain from (3.27) 

= -V- (pS v'j - V- (p 7) + ph+ v ■ F. (3.28) 


Noting from the gas equation that p = RTp and c p = c v + R, we may write 
(3.28) in the final form 


d — 

— [(0 + i + k) p] = - V • (0 + c p T + k) p v + pH+ v ■ F ■ (3.29) 


Equation (3.29) expresses the local change in total energy per unit volume. 
Thus the change may be due to three processes: the heating, the dissipa¬ 
tion, and the three-dimensional convergence of the energy transport. 

Using (3.22) and (3.23) to introduce the nonfrictional heating and in¬ 
troducing the transport vector, 

W— ( CpT -|- (f> -(- /c) p v . (3.30) 

We may write (3.29) in the short form 

d 

— [(CvT + gz + k)p] = -V-w+pH NF . (3.31) 


Equation (3.31) is quite general. It has been used mostly to study the 
heat budgets for certain well-defined volumes of the atmosphere. A typical 
example is a zonal ring which is defined as a volume bounded by vertical 
walls along two latitude circles and </? 2 j by the earth’s surface, and by 
the top of the atmosphere. Denoting this volume by V and using Stokes’ 
theorem, we find that 

jT dV = J W Vl dcri - j W^ 2 da 2 + H NF p dV. (3.32) 


The first two integrals are surface integrals over the two walls at latitudes 
<pi and </? 2 , respectively. The general area element is 

dcr = a cos 0 dX dz (3.33) 


and Wtf, is as follows: 


W v = (c p T + 4> + k)pv((p), (3.34) 


where v is the meridional velocity. 

Together the first two integrals in (3.32) measure the net-influx in the 
meridional direction. Each of them can be computed from atmospheric 
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data. Written in detail and using the hydrostatic equation we get the 
following form: 



da 


poo p2ir 

/ / ( c p T + gz + k) vpa cos tp d\ dz 

Jo Jo 

^ rPo 

- I / (c p T + gz + k) va cos <p d\ dp 
9 Jo Jo 

—— C ° S< ^ [ [(CpT + gz + k)v] z dp (3.35) 

9 Jo 


in which the subscript 2 has been used to denote a zonal average - that is, 

1 f 2n 

b z = — bdX. (3.36) 

2tt J o 


Equation (3.32) together with the following equations form the basis for the 
studies of the heat budget in zonal rings. We note that the heating H^f 
may be studied by itself considering the various processes that contribute 
to the heating. On the other hand, the transport processes may be studied 
using atmospheric data. In the long-term average where the left-hand side 
of (3.32) vanishes, there should be a balance between the processes. The 
heating, especially in this case, can be computed from the transports. A 
treatment of H^f and the transport processes has been summarized by 
Wiin-Nielsen (1973) for the steady-state case. 

We shall next turn to the implications of the hydrostatic assumption 
for atmospheric energetics. The hydrostatic assumption is considered to 
be so well justified that is is incorporated in the evaluation of radiosonde 
observations. It is thus necessary to investigate how this fact will change 
the diagrams given in Figs. 3.1 and 3.2. 

The major effect of the hydrostatic assumption is that the internal and 
potential energy become proportional to each other. This is true for each 
vertical column. We recall that for a vertical column we have 


Using 


pOO 

P = / gzp dz = 
Jo 



z dp = d(pz) — p dz 


(3.37) 

(3.38) 


and the fact that p = 0 at the top and z = 0 at the bottom, we find 


roc R roc 

= p dz = — c v 
Jo c v Jo 


Tp dz = —I, 

Cy 


(3.39) 


which says that the ratio P/1 for each vertical column and therefore also for 
the total atmosphere is equal to R/c v = 0.4. For the amounts given at the 
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beginning of this chapter and based on observations, we find P/I = 0.34. 
The difference is due to the uncertainty in the observations and also to the 
fact that these calculations were based on the layer 100 to 7.5 cb. 

From Dynamic Meteorology (Wiin-Nielsen, 1973) we know that another 
implication of the hydrostatic assumption is that the vertical velocity no 
longer is a free variable, but a quantity that may be obtained from the 
condition that the atmosphere should be in hydrostatic equilibrium at all 
places and at all times. The diagrams in Figs. 3.1 and 3.2 are thus still 
applicable with the modification that w should be replaced by W R) com¬ 
puted from Richardson’s equation. 

Let us consider this equation. It is obtained by deriving two pressure 
tendency equations. One of them is obtained from a combination of the 
thermodynamic equation and the continuity equation as follows. From the 
continuity equation 

^+„Vv=0, (3.40) 


we obtain using the gas 


equation to eliminate the density: 

dp p dT —► 
dt~ TM +PV V =°- 


But 



(3.41) 

(3.42) 


Therefore, by elimination of dT/dt from (3.41) we get 

^ = - v Vp - %V- v +—pH. (3.43) 

C/t Cy Cy 


On the other hand, the hydrostatic equation gives by differentiation with 
respect to time 

s(f)— s-'H <>« 

Integrating this equation from the top of the atmosphere to an arbitrary 
height 2 , we obtain 

^ = gpW R - J™ gV 2 ■ (p v) dz. (3.45) 

The final step is to equate the two expressions for the pressure tendencies in 
(3.43) and (3.45). In doing so we observe that each term, where possible, is 
divided in the horizontal and vertical parts. Richardson’s equation is then 

~P^ = I "^2 ■ (p v) dz- v 2 -Vp - ^pV 2 v +-pH, (3.46) 

Cy OZ J z \ / Cy Cy 
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which also may be written in the form 

| Of pV2 ■ (' ”)“ V2 ■ ( p “ 2 ) ■ * pV " ’ + £ p ") ■ 

(3.47) 

Wr is obtained finally by integrating (3.47) from the ground to an arbitrary 
height. Let us now consider (3.18) in the hydrostatic case: 

C(K, P) = J v 9 PWr dV = -J^W R ^dV = J p ^ dV, (3.48) 


where for simplicity we have taken the earth without topography - that is, 
Wr — 0 at 2 = 0. Using (3.47) we find that 


C(K,P) 



v 


dV + 


-! 

J V 


pH dV 


(3.49) 


On the other hand, from (3.17) we get 

C(I , K) = JpV-v dV = J^pV 2 - v dV + Jp^^ dV. (3.50) 

Comparing (3.48) and (3.50) we see that of the total amount converted 
from I to K, a, fraction, equal to the second term in (3.50), is immediately 
converted to the potential energy to keep I and P in the correct proportion. 
Thus (3.50) may be written in the form 

pV r vdV = C(I,K)-C(K,P), (3.51) 

which inserted in (3.49) finally gives after rearrangement 

C(K, P) = - [< G(I ) - C(I, K )]. (3.52) 

c v 



Comparing with (3.20) we see that (3.52) expresses the relation necessary 
to satisfy the equation 


dP _ RdJ_ 
dt c v dt 


(3.53) 


Equation (3.53) of course could have been written immediately using (3.20) 
from which (3.52) would follow. The analysis given here employing Richard¬ 
son’s equation shows more, however, because the conversion to the potential 
energy goes through the kinetic energy, or, to be exact, through the kinetic 
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energy contained in the vertical motion. 

We may gain further insight into these matters by dividing the kinetic 
energy in the general nonhydrostatic case into the kinetic energy of the hor¬ 
izontal motion and that of the vertical motion. To clarify matters we shall 
use component equations and spherical geometry. The three equations of 
motion are then 


du 

dt 

dv 

dt 

dw 

dt 


1 


dp uv uw 1 

- — + fv - ew - I-tan <p- F x 

pa cos p dX a a p 

1 dp , u 2 wd l n 

--- fu -tan p -h -F y 

pa dtp a a p 

1 dp u 2 v 2 1 

— IT -9 + eu+ — + — + -F z . 
pdz a a p 


(3.54) 


The radius of the earth is denoted by a, longitude by A, latitude by p; 
f = 20, sin p, and e — 20 cos p. 

Following the usual procedure we find 

dK H f - „ JT , f fu 2 + v 2 JTr f - - JTr 

—— = — / V2 Vp dV — / euwp dV — / - wp dV + / t>2 • F2 dV 

dt J y J y J y a Jy 

and 


(3.55) 


dKy 

dt 


-L 


w^dV - 
dz 


+ 


/ / gwp dV + / euwp dV (3.56) 

J v j V J V 


f U +V wp dV+ [ wF z dV. 

J V O' J V 


It is seen immediately that 

C(K h ,K w ) = [ euwp dV+ [ ^—t^- wp dV. (3.57) 

J V J V ^ 


The first integral in (3.55) may be written in the form 

— v 2 - Vp dV = / pV 2 - v dV 

J V J V 


(3.58) 


while the first integral in (3.56) is 

Comparing with (3.10) which we write in the form 


(3.59) 


^ = J HpdV- JpV 2 -v dV-jp^ dV, (3.60) 
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Fig. 3.3 : The general energy diagram, where the kinetic energy has been divided 
into the kinetic energies of the horizontal motion and the vertical motion. The 
numbers in parentheses indicate the relevant equations. 


we see that 


while 


C(I, Kh) = [ pV 2 -v dV, 

J V 

C(I,K w ) = jdV. 

Finally, comparing (3.56) with (3.8) we see that 

C(K W , P) = j gpw dV. 

J V 


(3.61) 

(3.62) 


(3.63) 


On the basis of these formulas we may construct the energy diagram given 
in Fig. 3.3 in which the numbers in parentheses are the equations defining 
the conversions. 

When the hydrostatic approximation is made - that is, 

% = -IP, (3.64) 

we note that this means that D(K W ) = 0, C(Kh, K w ) = 0, and 

C(I, K w ) = J P-^- dz = ~ J Wf ^f z dz ~ J 9pw + R dz = C(K W , P ). 

(3.65) 

Equation (3.65) shows that K w is catalytic in the sense that it participates 
in the energy transformations, but remains unchanged. The simplified en¬ 
ergy diagram is given in Fig. 3.4. We can conclude from the formulas and 
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C(K W ,P) = Cfl.Kw) 


Fig. 3.4 : The hydrostatic energy diagram corresponding to Fig. 3.3. Note that 
D(K W ) = C(K h , K w ) = 0 and C(I, K w ) = C(K W , P ). 


the figure that in a hydrostatic system there is a well-defined vertical ve¬ 
locity that can be computed by integration of (3.47), but the total amount 
of kinetic energy in the vertical velocity remains unchanged during an in¬ 
tegration. 

In view of the proportionality between I and P and the very special 
role played by the vertical velocity in a hydrostatic system, it is more con¬ 
venient to combine I and P into a single energy reservoir E = I + P and 
to include only the kinetic energy of the horizontal motion in K. We note 
that 


E = I + P = 



dV + 




(3.66) 


E, called total potential energy, may thus per unit mass be defined as 


e = c p T. 


(3.67) 


In this new simplified hydrostatic system we have two energy reservoirs 
only, E and A", where K = Kh • It is also well known that changes of the 
vertical coordinate are both convenient and easy in hydrostatic systems. 
We therefore may take this opportunity to derive the energy expressions in 
a system with pressure as the vertical coordinate. For this purpose we use 
the thermodynamic equation in the form 


dT „ dp H 

— a— — H 

dt dt 


Any integral of the form 

/( )pdV 

J V 


(3.68) 

(3.69) 
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will be written as 



( ) dp dS, 


(3.70) 


where we have used the hydrostatic equation, where dS is the area element 
and where po is taken as constant. We find therefore 


dE 

dt 



dT 1 rPo r i 

c p — dS dp =- / H dS dp + - 

dt 9 Jo Js 9 



au dS dp. 


(3.71) 


From the equation of motion in the hydrostatic case we find 


dK 

dt 



(3.72) 



■V(j) dS dp+- [ f a ~v • F dS dp 
9 Jo Js 


when 4> is the geopotential. When the first integral is integrated by parts 
over the global domain using the continuity equation 

r\ 

V 2' v = 0, (3.73) 

we obtain 


- r l ” dS dp 

9 Jo Js 



- -Jo h*T v dsi » 

= if 

9 Jo Js d P 

(3.74) 

Finally using the hydrostatic equation in the form 



d(j) 
dp ~ 

(3.75) 

we find 



dK 1 rPo r 1 fP° f _> — 

—— = — / / au dS dp -\— / a v ■ F dS dp. 

dt 9 Jo Js 9 Jo Js 

(3.76) 

Comparing (3.71) and (3.76) 

we may write 


G(E) = 

i r ludsiv, 

9 Jo Js 

(3.77) 

C(E,K) = 

i r po r 

— / / au dS dp, 

9 Jo Js 


D(K) = 

l r po r - 

— / a v • F dS dp. 

9 Jo Js 
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Fig. 3.5 : The simple energy diagram, where E is the so-called total potential 
energy and K the kinetic energy of the horizontal motion. 


The corresponding energy diagram is shown in Fig. 3.5 

It is of some interest to give an example of a calculation of C(E,K). 
We clearly need a method of calculating the vertical velocity u. For this 
purpose we shall use a quasi-nondivergent two-level model. Furthermore, 
we shall select a particularly simple sinusoidal wave pattern. Our example 
will be concerned with a typical baroclinic wave where the temperature 
field is lagging behind the height field. 

The two-level quasi-nondivergent model is well known; see for example 
Wiin-Nielsen (1973). The adequation for this model is 


V 2 u; - \ 2 u = —A 2 
fo 


- v* 


•Wlpx~ V T — P V X + V 2 * •V'^’7’^ . 


(3.78) 


The baroclinic wave is specified by the two streamfunctions 

ip* = — U*y + A* coskx (3.79) 

ipx = —UtV + Ax cqs {kx -I- 7 ). 


Equation (3.79) is used 
(3.78). We find then 

V 2 o» - A 2 o> = 


+ 


to evaluate each term on the right-hand side of 


fo 


( kAr ) sin A cos kx 


(l 

\k 2 


(kAx) cos 7 — 2UrkA* ) sin for 


(3.80) 


where P = 50 kPa and A 2 = 2 f^/aP 2 . Here a is the static stability and 
fo a standard value of the Coriolis parameter. A solution to (3.80) is 

u = Q, c cos kx + Cls sin kx, (3.81) 


where fi c and fis are found by insertion of (3.81) into (3.80). The result is 


n c 


X 2 k 2 P (3 

fc 2 + A 2 /ofc2 


( kAx) sin 7 


(3.82) 
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Cts 


A 2 k 2 P 
fc 2 + A 2 f 0 



cos 7 — 2 Ut 



With this solution for u we next may calculate the energy conversion 
C(E,K) carried out by the baroclinic wave. We had 

C(E,K) = -- [ P ° [ uq dS dp. (3.83) 

9 Jo J s 


In this case we must apply (3.83) at the 50 cb level. In addition, we have 


_ ^0 _ dxp _ 2/ 0 

“ dp fo dp P ^ T ' 


(3.84) 


The meridional direction may be neglected as we are interested in the wave 
only. We get therefore 


C(E,K) 


1 

Lg 

4/o 

Lg 


f P0 f L 2fo 

Jo Jo P 
f L 

/ UipT dx 

Jo 


uipT dx dp 


(3.85) 


The expressions for the wave part of ipr from (3.78) and the solution for 
u> from (3.81) are used in (3.85), the integrations are carried out, and after 
reduction we obtain 

2 p \ 2 . jfc 

C(E, K) = — ■ (2 U T ) ( kA *) ( kA T ) sin 7 . (3.86) 

In this expression we use 2 P = 100 kPa, g = 9.8 m s -2 , A 2 = 2.5 x 
10“ 12 m -2 , U T = 10 m s -1 , kA T = v T ,max = 5 m s -1 , fcA* = u,, ma i = 
10 m s _1 and 7 = 20°. With these MTS units we get the result in the 
following units: kJ m -2 s -1 . Multiplying the outcome by 10 3 converts the 
result to J m -2 s -1 = Wm -2 . From (3.86) it is first of all seen that the 
conversion is positive when Ut > 0 and 7 > 0. These conditions are fulfilled 
in general in the middle latitudes where U = U(z) increases up through 
the atmosphere to the tropopause, and where the waves slope toward the 
west with height. The conversion is furthermore proportional to Ut and 
the two wave amplitudes. It will thus increase by a factor 8 if each of these 
are doubled. The dependence on wave number is found in the ratio 

k 

A 2 + A : 2 ’ 

which has a maximum if k — A, 

C(E, K) = 2.75 W m -2 . 
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AVAILABLE POTENTIAL ENERGY 


The concept of available potential energy was introduced for simple fluid 
systems in Chapter 2. Here we define available potential energy for the 
atmosphere. Contrary to internal, potential, and kinetic energies defined 
for a parcel of air, the available potential energy is an integral concept that 
ideally applies to the total global atmosphere. 

The basic idea as before, is that not all of the total potential energy E 
can be converted into kinetic energy, or, in other words, a fraction of E is 
unavailable for conversion. We consider as Lorenz (1955) a stably stratified, 
hydrostatic atmosphere. In such an atmosphere the potential temperature 
will increase upwards. At a point where the potential temperature is 9, the 
pressure is equal to the weight of a column with unit cross section of air 
and with potential temperatures larger than 9. Since we want to consider 
adiabatic rearrangements, it is convenient to use 6 as the vertical coordi¬ 
nate, in other words isentropic surfaces. In an arbitrary observed state of 
the atmosphere the isentropic surfaces will deviate from surfaces parallel 
to the spherical earth - that is, locally horizontal surfaces. As a matter 
of fact some isentropic surfaces will be entirely in the atmosphere if 6 for 
these surfaces is sufficiently large, while others with smaller values of 0 will 
intersect the ground. 

It is convenient to define the pressure on those parts of an isentropic 
surface that are below ground. Suppose that the isentropic surface charac¬ 
terized by the potential temperature 6 at a point (A, p) is below ground. 
The pressure at such a point is then defined by the surface pressure po at 
the geographical point (A, y?) - that is, 

p{ A, p, 9) = p 0 (X, p) when 9 < 9 0 , (4.1) 


where 9q is the potential temperature in the surface point (A, p). We may 
even extend this definition to isentropic surfaces that are entirely below 
ground, because according to (4.1) the pressure on these surfaces, point by 
point, is equal to the surface pressure. Therefore we may also talk about 
an isentropic surface with 9 = 0° K. 

With these definitions we may define the average pressure on any isen¬ 
tropic surface as 

p(9) = S' -1 f p(X,p,9) dS dS = a 2 cosy? dX dp. (4.2) 

Js 
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We define next a so-called reference state which is a state of the atmosphere 
in which the isentropic surfaces are concentric spheres and where the pres¬ 
sure at each point of a given isentropic surface is equal to the mean pressure 
p(6) for the corresponding isentropic surface in the real atmosphere. Said in 
a different way: we rearrange the isentropic surfaces by adiabatic processes 
in such a way that each surface becomes a sphere. The available potential 
energy A is now defined as the difference between the total potential energy 
E in the observed state and the corrresponding value E for the reference 
state: 

A = E-E. (4.3) 


We recall the definition of the potential temperature 

T = 6 (, poo = 100 kPa, 

VPoo ) 


R 

K — -. 


(4.4) 


The first task is to express E using 6 as the vertical coordinate. We have 

E = if [c?iSdp-±r f°(-X «Sdp (4.5) 

gJoJs 9 Jo Js \Poo J 

= r [ 0p K dS d P = « ITT ■ 7 r f 0 d P 1+K d $- 

9Poo Jo Js PPooi 1 + «) Jo Js 


At this point we make use of the identity 

0 dp l+ “ = d (Sp l+K ) - p 1+ “ de. 


(4.6) 


In the integration with respect to 6 we use as explained above the limits 
6 = 0 and 6 = oo, and we obtain 


E = 


5Poo(! + 


-//p- 

«) Jo Js 


dS dO. 


(4.7) 


For the reference state we get 


E = 


gPooi 1 + «) 


fjf- 


dS dO, 


(4.8) 


and finally 


A = 


9Poo(l + «) 



- p 1+K ) dS dd. 


(4.9) 


Equation (4.9) is the so-called exact expression for the available poten¬ 
tial energy. Although well defined, it has seldom been used in calculations 
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involving data, presumably because the data are normally given in iso- 
baric surfaces and not in isentropic coordinates. Lorenz (1955) derived an 
approximate expression in pressure coordinates which has been used in ob¬ 
servational studies. We shall now derive such an expression. 

The starting point is to write the pressure p as 

P = P + p', (4.10) 


where p' at a given point on an isentropic surface is the deviation from the 
global mean pressure. The integrand in (4.9) may then be approximated 
as follows: 


p i+ K _-i+ K 



(4.11) 


Since the integration carried out in (4.9) involves an integration over the 
global area S, we find that the term containing p' /p will integrate to zero. 
The approximate result is 


A 


1 Cp 

2 9Poo( 1 + K ) 




/ / \ 2 

( V - ) dS dO. 
\P ) 


(4.12) 


We note next that p' may be written as follows: 

P' = g* (4.13) 


and 

86 

dO = — dp. (4.14) 

dp 


The last expression in (4.14) brings us back to the pressure as vertical 
coordinate, and 6' may then be considered as the deviation of the potential 
temperature from its global area average on the isobaric surface. A further 
approximation is that in the following we shall evaluate the derivative using 
the reference state - that is, 


86 _ 86 

dp dp 


(4.15) 


With k = R/c p , (4.12) becomes 

A---— [ P0 ( *-i 9 — ( 

~ 2 9 Poo Jo Js P [861 dp) 2 V dp) 


dS dp. 


(4.16) 
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Considering then an arbitrary isobaric surface and denoting the averaged 
specific volume by a and the averaged temperature by T, we find from the 
gas equation where p is a constant that 


a 


/ 


a 



(4.17) 


On the other hand, from the definition of potential temperature 6 we find 
by a similar process 



(4.18) 


We have therefore 



a 


(4.19) 


and thus 

1 RJ_ f P0 [ a ' 2 

~ 2 9 Poo Jo Js P a 2 dO/dp 

We define the static stability measure 

_dln 6 


a = 


—a 


dp 


dS dp. 


and noting that 

a? 1 "* 

RPoo 

we finally may write (4.20) in the form 



dS dp, 


(4.20) 


(4.21) 


(4.22) 


(4.23) 


which is the formulation most often used in data studies. Since a = 
—dip/dp, we see that it is well suited for data giving the geopotential on 
isobaric surfaces. One could of course equally well have used (4.18) to in¬ 
troduce T', in which case we would have obtained the approximate formula 
given by Lorenz (1955). 

At first sight it seems unnecessary to introduce the concept of available 
potential energy because the classical energy forms seem quite sufficient in 
describing the energetics of the atmosphere. Apart from the fact that (4.9) 
shows that there is an upper limit to the amount of the total potential 
energy that can be converted into kinetic energy, the available potential 
energy can also be used in an independent way to estimate the efficiency of 
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the atmosphere as a heat engine. From the preceding discussion it is seen 
that a measure of the efficiency would be either D(K ) or C(E, K). G(E) 
cannot be used for this purpose because the generation of E by nonfric- 
tional processes is zero, and the generation of E by frictional processes is 
of course equal to D(K). As we shall see later in detail, G(A) is different. 

Qualitatively we may see this by the following argument. If a resting 
atmosphere is heated in a certain region, we increase the total potential 
energy, and at the same time we make some of the total potential energy 
available for conversion into kinetic energy. On the other hand, if we cool 
the atmosphere in a limited region, the total potential energy decreases; 
but the available potential energy increases, and some of it is converted 
into kinetic energy. 

In the following discussion we shall formalize these considerations and 
find an expression for the generation of available potential energy by heat¬ 
ing. For this purpose it is necessary to recall some equations formulated 
in the isentropic coordinate system - that is, a system with potential tem¬ 
perature as the vertical coordinate. Let us start with the thermodynamic 
equation. It is well known that this equation may be written in the form 


dO 1 




(4.24) 


where 0 is the “vertical velocity” in the 0 -system. 

Next, we turn our attention to the continuity equation. The mass ele¬ 
ment is 

8m = p 8x 8y 8z , (4-25) 


but using the hydrostatic equation we find 


6m = — 6x 6y 6z — 8x 6y 60. 


(4.26) 


Expressing in the usual way that the change of mass in a stationary volume 
is equal to the net-inflow, it is easily found that 


d / dp\ 
dt \ dO ) 


= -V 3 - 



(4.27) 


which when expanded becomes 


d_ 

dt 




(4.28) 


This equation is integrated from an arbitrary level 9 to the top of the 
atmosphere. Defining 



dO, 


(4.29) 
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we find 


= V 2 - B 


(4.30) 


Going back to (4.9) we find by differentiation with respect to time that 

d i = ^ris( pK %- r f) isde - (4 - 3i> 


At this point we consider only the contribution from the heating which is 
related to the last term in (4.30), and find therefore 


G(A) 


>00 Jo Js _ 


% PK9+r (% e ) dsde ■ (4 - 32) 


or 

G(A) = -£- F f [-§> $ +r% #1 dS dB. (4.33) 

9Poo Jo Js L tw 

The step from (4.32) to (4.33) is explained by the identity 


A * 


S •) ds A%‘) s -l/ 


e ds. 


(4.34) 


From (4.24) we introduce 9 and obtain finally 

(435 > 

or recalling (4.26) 

G(A)= [ dm. (4.36) 

G(A ) will be discussed later in terms of the atmosphere but the theoretical 
development will be continued by finding the contribution from the first 
term (4.30) to the rate of change of the available potential energy. We 
expect naturally that it is the term containing the vector B that will result 
in a conversion between A and K, but due to the fact that the equations 
are expressed in isentropic coordinates it is far from obvious that the final 
result will agree with the result found for the conversion between E and 
K, derived earlier - that is, 

C(Eg) = -- [ P ° [ u>a dS dp. (4.37) 

9 Jo Js 
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The first step is to recall the form of the hydrostatic equation in isentropic 
coordinates. Using the Montgomery potential 

ip = gz + c p T, (4.38) 


we seek an expression for dip/86 - that is, 

dip _ dz dT 

de =g m +Cp M' 


(4.39) 


Equation (4.39) may be developed as follows: 

dip _ / d(p dT \ 1 _ a 7 — 7 d 

86 \ dp Cp dp ) 89/dp 86/dp 7 d 


(4.40) 


On the other hand, 


89 

dp 


a 

9 


6 


(7 - 7a) • 


We obtain therefore 



(4.41) 


(4.42) 


The next step to recall is the transformation formula from isentropic to 
isobaric coordinates for the gradient. Textbooks on atmospheric dynamics 
show that 


V*- B= 




= V p ■ B- 


d B 

86 


■V p 6. 


(4.43) 


Recalling the definition of B in (4.29) we see that 


8 B dp — 
~89 ~ ~89 


and further that 




It is then immediately seen that 


V p - B— f V p - v 
Jo 



du 

— dp = u). 
dp 


(4.44) 


(4.45) 


(4.46) 
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Going back to (4.31) we find that 


C(A,K) = [ fp K V 0 BdSdd 

9Poo Jo Js 

- -If L* ( u+ * v *•*)**’ 


(4.47) 


where we have used (4.42) and (4.44). Changing the vertical integration 
from 0 to p we find 


C(A,K) 


=i rtc 

9 Jo Js \ 




(4.48) 


We note that 


dip _ d(p dT 
dp dp Cp dp 


-a + c p - 


(4.49) 


and therefore 


C(A,K) = 


1 [ P ° f 

9 Jo Js 


uia. dS dp 


l fP° r / dT T -> \ 

J J yc v u— + Cp-jj v dS dp. (4.50) 


It is thus seen that we will have obtained the desired result if we can show 
that the last integral in (4.50) vanishes. This is, however, straightforward, 
because 


fPo r ( dr 

L L\^ +Cr 


V -Vp T 


dS dp 


TIK^^) dsdp 

Po f IdTu 


- "if 

Jo Js 


7 P ■ (t 7 ) 


T {% + ”)] ds dp 


(4.51) 


where in the last step we have used the continuity equation in pressure 
coordinates and the boundary condition u — 0 and p = Po- 

For the sake of completeness it ought to be mentioned that we obtain 
the same result if we start from the equations of motion in isentropic co¬ 
ordinates. We know that the pressure force in this coordinate system is 
—VeV’- The energy conversion is therefore 

C(A, K) = -- [ P ° [ v -Vei) dS dp, (4.52) 

9 Jo Js 
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but we find also that 

dip T 

Voip = V P ip ~ = V P ( P + c p V p T -Cp-V p 6 

= V p (p + CpVpT — c p V p T = V p <p, (4.53) 


and thus 


C(A,K) 


1 

9 

1 

9 



v -V<p dS dp 



uia dS dp. 


(4.54) 


With these final derivations we have completed the introduction of avail¬ 
able potential energy, the generation of this energy form and its conversion 
to kinetic energy. As is seen in the definition it is most convenient to use 
the exact formulation in the hydrostatic system in terms of isentropic coor¬ 
dinates. On the other hand, the use of these coordinates, which are suitable 
for the theory, gives practical difficulties in the formulation of procedures 
for the evaluation of the various integrals. The reason is that meteorolog¬ 
ical data normally are arranged with respect to isobaric surfaces and not 
isentropic surfaces. Thus there is a need to obtain the approximate expres¬ 
sion in (4.37), which will be used later in connection with data studies. 

At this point we may summarize the results obtained in the present 
chapter. Available potential energy is generated in the atmosphere by 
heating. The effect of the heating in the generation process depends on the 
pressure distribution as expressed in the formula 

G(A) = [ HN dm, (4.55) 

J M 

where N, the so-called efficiency factor, is 

N = 1-^, (4.56) 

pK. 


p being the pressure on the isentropic surface, and p its global mean value. 
To get a first idea we may consider a typical meridional cross section. It 
is well known that the isentropic surfaces slope upward from the equator 
toward the North Pole. This means that the pressure is larger than the 
mean pressure in the low latitudes (p > p) while p < p in the high latitudes. 
We therefore should expect that N is generally positive in the low latitudes 
and negative in the high latitudes. With respect to the heating we know 
that H > 0 in the low latitudes and H < 0 in the high latitudes. Therefore 
there is a positive correlation between H and N leading to a positive value 



40 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 



90° 60° 30 w * North 0 # 

Fig. 4.1 : The efficiency factor as computed by Lorenz (1967) and given by Eq. 
(4.56). 


of G(A) in our example. Lorenz (1967) has calculated N from a reasonable 
distribution of the isentropic surfaces. His results are shown in Fig. 4.1. 
They confirm the arguments made above. It is more difficult to determine 
the contribution from the heating in the longitudinal direction. 

We have gone to some trouble to show that the energy conversion 
C(A,K), derived from the so-called exact formula for an isentropic co¬ 
ordinate, reduces to the same expression as derived earlier for C(E, K ) - 
that is, 

C(A, K) = C(E, K) = - [ ua dm. (4.57) 

J M 

It could have been argued in advance that this would necessarily be so be¬ 
cause no energy conversion can be obtained from the reference state where 
the isentropic surfaces are spherical or parallel to the earth. However, our 
derivations are at least a test of the consistency of the theory and a confir¬ 
mation of the correctness of the more artificial aspects of the formulation 
such as the continuation of the isentropic surfaces below the ground. 
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4.1 The Quasi-Geostrophic Case 


We shall finally make the point that the approximate formula derived in 
(4.37) is the correct form of the available potential energy for use in quasi- 
nondivergent models. One could not know this in advance because (4.37) 
was derived by series expansion using only the terms up to and including the 
quadratic terms in p'. Considering quasi-nondivergent models it is known 
that some of the main principles derived from scale-theory are that the 
nondivergent wind is used for advection purposes, that the static stability is 
a function of pressure only, and that the vertical velocity is determined from 
the so-called u— equation which is the equation expressing that hydrostatic 
and nondivergent relations have to be satisfied everywhere and at all times. 

To show this condition we start from the thermodynamic equation in 
the form [see (4.24)] 

d In 6 1 

dt ~ CpT H 



or 


din 6 
dt 



•Vlng + u 


din 0 
dp 


c p T 


H. 


(4.59) 


Using the definition of potential temperature and the fact that (4.59) is 
expressed in the pressure system, we see that 


d In 0 d In a 

dt ~ dt 


V In 6 — V In a, 


(4.60) 


and thus 


da — _ 1 rr 

- 57 + Vj, Va - <ju =- H 

C/t Cp p 


a = —a- 


. ding 

dp 


(4.61) 


We note that v ^ is nondivergent and that the global average of u> is zero 
because 


r - 

u = — V- v dp. 

Jo 


(4.62) 


Taking a global average over an isobaric surface, we find therefore 


da _ R 1 — 

dt Cp p 


(4.63) 


and by subtraction denoting a' = a — a and H' = H — H, 

da’ _ , _ R1 tt , 

-h Vj, Va — au = - H . 

c p p 


dt 


(4.64) 
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Using (4.23) we find that 


dA 1 f Po f , JO J 1 f Po f R TTl , JC1 

—— = — / / dp H— / / —3— H a' dS dp, 

dt 9 Jo Js 9 Jo Js c p°P 


(4.65) 


which may also be written in the form 


<L4 

dt 


—C(A, K) + G(A) 


(4.66) 


when 


C(A, K) = —~ 



L 


ujol dS dp = 


1 r Po r 

- / U!Q dS dp 

9 Jo Js 


(4.67) 


and 


G(A) 


1 f Po f R 

9 Jo Js c p°P 
1 r po r _ r 2 
9 Jo Js CpO} 


c p (jp 


H'oc' dS dp 
-H'T' dS dp. 


(4.68) 


The expression (4.67) has the same form as in the more general cases consid¬ 
ered previously, but the vertical velocity in the formula is the one calculated 
from the quasi-nondivergent model, and it therefore is not necessarily the 
same as the vertical velocity from a model based on the primitive equa¬ 
tions. 

The new expression for G(A) shows that in a quasi-nondivergent model 
it is the correlation between the heating and the temperature in isobaric 
surfaces that determines the size and sign of G(A). If we once again use 
a typical meridional cross section as an example, we see, as before, that 
H' > 0 in low latitudes and H' < 0 in high latitudes. With the normal 
tropospheric decrease of temperature from the equator to the North Pole 
it is seen that V over large regions will have the same sign as H' leading 
to a positive value of G(A). 

In the various formulations given here it is always true that the gener¬ 
ation, the conversion, and the dissipation depend on quantities such as the 
heating and the vertical velocity, which are difficult to obtain or calculate 
from normal atmospheric data. It is therefore understandable that a con¬ 
siderable effort of a computational nature goes into the determination of 
these quantities from those atmospheric data that are available. Fig. 4.2 
shows the typical energy diagram concerning A and K. 



AVAILABLE POTENTIAL ENERGY 


43 



Fig. 4.2 : The most simple energy diagram for the available potential and kinetic 
energies. 


4.2 An Elementary Derivation 


It may help in the understanding of the concept of available potential en¬ 
ergy to give an approximate derivation of the quasi-nondivergent expression 
for this quantity by considering the classical parcel method. The force on 
a particle of unit mass is 

-<*7r-9‘ (4.69) 


As usual in the parcel method we distinguish between the properties of the 
parcel and the properties of the environment, but with the assumption that 
the parcel adjusts its pressure instantaneously to agree with the pressure 
of the environment. Equation (4.69) may then be written 


dp a 

a a~ z -s = +9=-9 = 9 



(4.70) 


where we have used the hydrostatic assumption for the environment. From 
the definition of potential temperature it is known that for constant pres¬ 
sure we have 


a — a 


9 


a 


e-e 

=a ~r 


(4.71) 


Let the parcel have the potential temperature 6q initially. Assuming that 
adiabatic conditions prevail during the displacement, we note that 0 — 0q 
for the parcel. For the environment we may write 

— 36 

6 = 6q 77 — • z. (4.72) 


The expression (4.71) is then with good approximation 


F = 


1 36 
9 Hdz 


z = 


dln9 


z. 


dz 


(4.73) 
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The work carried out during the displacement from 0 to z is 
= / 


r a in e J g d\n e 2 

W = I -g— - z dz ~ —- Z 2 


dz 


2 dz 


(4.74) 


Since the potential temperature is conserved during the displacement, we 
have 9 = 9q, and thus from (4.72) 


2 - - 


9' 


89/dz 89/dz 


(4.75) 


and therefore 


W — - 


g a In 9 9 


/2 


g 2 8\n9 


9‘ 


/2 


2 ( 89/dz ) 2a dp (y 2 /a 2 ) (89/dp) 4 


(4.76) 


or 


W = -a 


9_ 

.2 


2 <9 In 0/dp 2a(ain0/ap) 


a 


(4.77) 


Finally we get 


u / 1 1 ~' 2 
W — --—a . 

2a 


(4.78) 


However, the work carried out by displacing the particle is the opposite of 
the potential energy gained in the process. Therefore, 


A P=\-a' 2 . 
2 a 


(4.79) 


It is thus seen from (4.79) that in the normal atmosphere in which the 
isobaric surfaces are sloping, we can bring A P to zero for a parcel if we 
move it adiabatically from its postion to a height where the pressure in a 
reference atmosphere, consisting of spherical isobaric surfaces, is equal to 
the pressure from which the parcel started. 

We conclude this chapter by giving some estimates of the available po¬ 
tential and kinetic energy based on data studies. Based on atmospheric 
data for one year (Feb. 1963 - Jan. 1964, incl.) for the Northern Hemi¬ 
sphere, using the levels 100, 85, 70, 50, 30, 20, and 10 kPa and the quasi- 
nondivergent formulas, the amounts of A and K were computed. The rea¬ 
son for the period is that January 1963 was very unusual. The calculations 
were carried out once a day for every day of the year. The annual mean 
values are A = 3978 kJ m~ 2 and K = 1849 kJ m -2 implying K/A ~ 0.46. 
Calculations have also been made for other years albeit using a lower ver¬ 
tical resolution. The derived data may also be used to estimate the annual 
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Fig. 4.3 : The annual variation of the available potential and the kinetic energies 
computed from the mean value and the first two Fourier components. Energy 
amounts in kJ m 2 and time in days. 


variation of A and K (Wiin-Nielsen, 1967). Figure 4.3 shows the annual 
variation computed from the annual mean value and the first two Fourier 
components. We get therefore a very smoothed distribution. It is, how¬ 
ever, seen that the largest amounts are obtained in late January with the 
smallest values in late July. There is also a phase difference of about four 
days between the maxima in A and K with K attaining its largest value 
at the later time, although it is difficult to see this small difference in the 
figure. 
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BAROCLINIC AND BAROTROPIC FLOW 


The atmospheric flow is baroclinic. Nevertheless, the barotropic approxi¬ 
mation to atmospheric conditions has played a major role both in atmo¬ 
spheric dynamics and in numerical weather prediction. The reason such a 
simple approximation has been so important is that the vertically averaged 
flow is nearly barotropic, and this flow can to a good degree of approx¬ 
imation be identified with the flow at a mid-tropospheric level, normally 
50 kPa. On the other hand, the vertical mean flow is not disassociated 
from the remaining part because it experiences frictional dissipation, and 
it follows therefore that the vertical mean flow must be supplied with en¬ 
ergy from some source, which turns out to be the baroclinic flow in the 
atmosphere. In this chapter we explore the energetics of the vertical mean 
flow (the barotropic flow) and the deviation from this flow - the shear flow 
(the baroclinic flow). 

The vertical mean flow or the vertical mean of any quantity is defined 
by the following operator: 

1 C P0 

( )m = ~ / ( ) dp. (5.1) 

Po Jo 

The vertical shear flow is defined as the difference between the total flow 
and the vertical mean flow - that is, 

( ). = ( ) - ( )m- (5.2) 

Starting with the continuity equation 

—+ du 

V- v +— = 0 (5.3) 

op 

and applying (5.1), we find with u = 0 at p = 0 and p = po that 

V- v M = 0. (5.4) 


The vertical mean flow is thus approximately nondivergent. For the total 
horizontal flow we have earlier derived the energy equation: 


dK 

dt 



v -V0 dS dp + - f [ v ■ F dS dp 
9 Jo Js 


(5.5) 
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where F is the frictional force per unit mass, and where we note that the 
first integral was converted as follows: 

-- f P ° f v -V<j)dS dp =-- [ uadSdp. (5.6) 

9 Jo Js 9 Jo 

The total kinetic energy is equal to the sum oi Km and Ks because 

K = - f ( 1 (v M + v s ) (vm + v s ) dS dp (5.7) 

9 9 o 9 s 

l f Po f l — 2 l r po /* i —2 

= -,L Js2 V “ dSdP+ l,L Js 2 VsdSdP ’ 


and therefore 


dK s _ dK dK M 
dt dt dt 


(5.8) 


We next shall derive an expression for dKM/dt. We start from the well- 
known equations 


du d(uu) d(uv) d(uu ) 

dt dx dy dp 

dv d(uv ) d{vv) d(vu) 

dt dx dy dp 


~iL +lv+F *’ 


(5.9) 


The following identities are easily verified: 

d(uu) d(uv) dk • -» 

dx dy dx 

d(uv ) d(vv) dk dk — 

+ — a— = — = — + vV- v +uC 

dx dy dy dy 


(5.10) 


Introducing (5.10) into (5.9) and taking the vertical average, we obtain 

94>m 


duM + d(k)M 


dt 


dx 


+ (uV- v) M - (vO M = —^r + fv M + F xM , (5.11) 


dv M d(k) M 


dx 

d<pM 


dt 


dy 


+ (vV- v ) M + ( u O M = ~ f U M + Fy,M- 


We note that in general 

(P't)m = [(0 m + 0s) (7 m + 7s)] a/ = /5m7m + (Ps1s)m 


(5.12) 


kM — ^ ( U M + V M ) > 


Defining 


(5.13) 
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k 

we obtain from (5.1^1) through multiplication by % and respectively, 


dkM 

dt 


+ v M •V(/c)m+ v M • [(v- V^j uj 


k x 


Vm 



M 


= — v M -V0M+ v M • Fa/ • 


(5.14) 


Integrating (5.14) using (5.12) and the fact that V- v m— 0, we obtain 

- ^ J J k • (vs dS dp 

+ - f [ m ■ Fm dS dp. (5.15) 

9 Jo Js 

In (5.14) and (5.15) k is the vertical unit vector. The first two integrals 
of (5.15) are the conversion from Ks to Km, while the last integral is the 
frictional dissipation - that is, 

= C (K s , K m ) - D (K m ) • (5.16) 

Subtracting (5.15) from (5.5) we find 

< ^f = ~ C ( K s, Km) + C (A, K s ) - D (K s ) (5.17) 

where C (A, Ks) is given in (5.6), and D (Ks) is 

D(K S ) = -- I* [ v s -Fs dS dp. (5.18) 

9 Jo Js 

The energy reservoir Km is characterized by both a single dissipation that 
supposedly is positive and a transformation C(Ks, Km) that consequently 
also must be positive in the long-term average. On the other hand, Ks, the 
baroclinic energy, receives energy through conversion from A, gives energy 
to Km through C(Ks, Km), and supposedly has a positive dissipation. 
If this is so, we have shown that C(Ks, Km) can give a lower limit to 
the intensity of the general circulation. We should also stress that the 
conversion from A goes into the baroclinic component of the flow, as would 
be expected. 

The two integrals in C(Ks, Km) are quite different although both of 
them come from the horizontal advection of momentum. The first integral 
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is of course identically zero in a quasi-nondivergent model because the 
advecting velocity by assumption is nondivergent in such a model. It is 
therefore natural to define the integrals as follows: 

C d (Ks,K m ) = ±J*°J s (vs-vm)(-V-v s ) dS dp, (5.19) 
Cnd ( Ks , Km) = - J J k • (^v m * vs^j Cs dS dp. (5.20) 

At a later stage we shall report on the results of evaluating the two in¬ 
tegrals (5.19) and (5.20) from atmospheric data. We may discuss, how¬ 
ever, the conditions under which the integrals have positive or negative 
values. Starting with (5.20) we observe that if the flow was totally zonal 
(vm — vs — 0), Cnd{Ks, Km) would be zero. The contribution must 
then come from the waves. Evaluation of the integrand shows that 

C S k ■ [v M X I'sj = C S (umVS - UsVm) — C sJ (i’M, 4’S) (5-21) 


if we assume that the winds are nondivergent. We may think of ipM as 
the streamfunction at some mid-tropospheric level, ips = ip ~ ipM then 
corresponds to the thermal streamfunction if the level is higher in the at¬ 
mosphere than that of ipM , and to the negative value of the thermal stream- 
function if the level is below that of 'ipM- On the other hand, Cs = V 2 V^s will 
be the thermal vorticity or its negative value again depending on whether 
the level is above or below the level of xpM- We may thus consider the 
Jacobian in (5.21) as an expression of the advection of the thermal stream- 
function in the field of ip m- It is easily seen that J(ipM,ips) < 0 if we have 
warm air advection and J(ipM,ips) > 0 in cold advection. 

As an example we may consider a typical baroclinic wave (see Fig. 5.1). 
We know that such a wave normally has a westward slope with height, or 
equivalently, that the thermal field is lagging behind the streamfunction 
(or height) field. It is thus seen that warm air advection will take place 
around the ridge when the vorticity is negative, while the trough, where the 
vorticity is positive, will experience cold air advection. The contribution 
from such a wave system to the integral Cnd(Ks,Km) will thus be pos¬ 
itive. Since the atmosphere on average is dominated by baroclinic waves, 
we should expect Cnd(Ks, Km) to be positive. 

If neglecting the divergent part of the horizontal velocity in quasi- 
nondivergent models is well justified, we should expect Cd(Ks, Km) to be 
small. Contrary to Cnd(Ks, Km), it is, however, possible that Cd(Ks, Km) 
has a non-zero value in an axially symmetric, zonal circulation. In this case 
we find 


Cd(Ks,Km) = ~J J usum (^— V- dS dp. 


(5.22) 




Fig. 5.1 : The typical relationship between the temperature (thin lines) and 
geopotential (thick lines) fields in a baroclinic wave. 



cb 

cb 

cb 


Fig. 5.2 : A schematic meridional cross section showing the meridional cells and 
the positions of the polar and the subtropical jet streams. The equatorial and 
the polar cells are thermally direct, energy producing cells of the Hadley type, 
while the middle cell is a thermally indirect, energy consuming cell of the Ferrel 
type. 
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The question is naturally how the product UsUm will correlate with the 
convergence -V- v . For this purpose we consider a meridional cross sec¬ 
tion, shown schematically in Fig. 5.2. It contains the tropical Hadley cell 
and the mid-latitude Ferrel cell; the polar cell and the locations of the po¬ 
lar and subtropical jets are also shown. The subtropical jet is located in a 
region of convergence. In the same region we have um > 0 and us > 0 giv¬ 
ing a positive contribution. At low levels and at 30° N there is divergence, 
but at this location we have um > 0 and us < 0 again giving a positive 
contribution. In the region of the polar jet the conditions are reversed with 
respect to the convergence, but are the same with respect to um and us- 
We should therefore expect a negative contribution from the region around 
60° N, but it should be numerically smaller due to the smaller strength of 
the zonal winds. A small positive value of Cd(Ks,Km) considering only 
a meridional cross section may therefore be expected. 

It may be of interest to calculate Cnd(Ks, Km) using the same ex¬ 
ample of a simple sinusoidal, baroclinic wave as was given at the end of 
Chapter 3. Evaluation of the two factors in the integrand gives 

fc ’ x — UmVt ~ UtVm (5.23) 

= — A:ArC /m (cos 7 sin kx -I- sin 7 cos for) + kA+Ur sin kx 


and 


£r = —k 2 Ar cos 7 cos kx + k 2 Ar sin 7 sin kx. 


(5.24) 


When Eq. (5.23) is multiplied by (5.24) and the integrations are performed, 
the result is 


C nd (K s ,K m ) = — (kA T )(kA.)U T sin 1 . (5.25) 

9 

In evaluations of (5.25) we have used P = 50 kPa, g = 9.8 m s -2 , kAr = 
kA » = 10 m s -1 , Ut = 10 m s -1 and k = ( ac ™^ 0 ) • For 7 — 20° and 

m = 1 we find Cnd{Ks, Km) = 0.3876 W m~ 2 . For m « 7 we find 
C nd (K s ,Km) = 2.71 Wm- 2 . 

The expression (5.25) verifies our earlier result that Cnd(Ks, Km) > 0 
if the temperature field is lagging behind the height field. 

One can also calculate Cp(Ks, Km) in (5.22) using the same simple 
baroclinic wave and using the solution of the u —equation that was obtained 
in Chapter 3 to estimate V- v. The result, however, is zero. We must 
therefore conclude that waves more complicated than sinusoidal waves are 
necessary to produce a nonzero value of Cd(Ks, Km)- 

We shall finally make some comments on the frictional dissipation of 
Km and Kg. In the previous discussion it was assumed that both of these 
were positive. It may help in the following discussion to consider Fig. 
5.3, which gives the diagram for A , Ks , and Km- We consider first the 
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Fig. 5.3 : The energy diagram for the available potential energy, the shear flow 
kinetic energy, and the mean flow kinetic energy. 


dissipation of Km, which is 


D(K m ) = 


i r po 


rPo r 

/ / v m ' Fm dS dp. 

Jo J s 


(5.26) 


The force of friction in the coordinate system with pressure as the vertical 
coordinate is +gd r / dp , where r is the stress. From this formulation it 
follows that 

Fm= +— To, (5.27) 

Po 

where r 0 is the surface stress. Inserting (5.27) into (5.26) we find 


D {K m ) = ” J v M ■ t 0 dS. 


(5.28). 


One of the simpler formulations lead to an approximation in which r 0 is 
proportional to the surface wind Vq. If so, we find 


D (K m ) = ^ J k*v M -v o dS, 


(5.29) 


where r 0 = — k* v 0 , k * > 0. The expression (5.29) will in general be 
positive because the angle between v M and v 0 is less than 90° on average. 
It can thus be expected that D{Km) is positive. The situation is less certain 
with respect to D(Ks )• To illustrate this point we may once again use a 
quasi-nondivergent two-level model, as for example the one formulated by 
Charney (1959). In this model the stress is needed at the surfaces 100 
and 50 kPa. The formulation at 100 kPa is as above for r 0 . At 50 kPa 
Charney makes the assumption that the stress is proportional to the vertical 
wind shear, which in turn leads to the fact that the curl of the stress is 
proportional to the vertical change of vorticity. Writing only those terms 
that relate to the rate of change of vorticity and to the friction we find in 
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Charney’s model that 

= • • • - 2kiCr, (5.30) 

= • • • + 2ki^T — fco-C4- 

In (5.30) we have used the normal numbering of the surfaces - that is, 1 for 
25 kPa, 2 for 50 kPa, 3 for 75 kPa and 4 for 100 kPa. ki = ^ x 10 -6 s -1 is 
the value used for the internal coefficient of friction while ko = 4 x 10 -6 s -1 
is the value for the surface. 

Adding and subtracting the two equations in (5.30) and dividing by 2, 
we find 


gCi 

dt 

d<3 

dt 


d <* 
dt 
d(r 
dt 


2 ^-oC4) 

2/ciCr + 2 ^oC4> 


(5.31) 


where the first equation will be identified with the mean flow and the second 
with the shear flow. We note here that the rate of change of the kinetic 
energy of a nondivergent flow may be calculated as follows: 

f - 7§ r i v *- v ©) dsd r-j- s rt% dsdp - (5 - 32) 


Applied to the two-level model we find 
dK * 


dt 


= ■■■ / ^»C4 dS = • • • - —4 [ dS (5.33) 

2 9 9 J s 2 g d J g 


in agreement with (5.29). For the shear flow we find 
dK T 


dt 


= ...-2*^4 [ v T -v T dS+\k 0 -^ \ v T - v 4 dS. (5.34) 
9 b Js 2 g b J s 


It is seen from (5.34) that the dissipation is 

D{K T ) = 2ki^l [ v T -v T dS-\k 0 -4 / v T -v 4 dS. (5.35) 
9 b Jg 2 g S Jg 

The sign of D(Kt) will thus depend on the relative magnitude of the two 
terms in (5.35) of which both of the two integrals probably are positive on 
average over the global domain. If we make use of the numerical values 
quoted above (that is, k = 8 ki) we may write (5.35) in the form 

D ( K t ) = 2k^ 4 J v T ■ (5 v T -2 u*) dS. 


(5.36) 
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While the specific integral in (5.36) probably is positive on average, it 
should be pointed out that the numerical coefficients in (5.36) depend on 
the relative magnitudes of ki and k. The sign of D(Kt) (see Fig. 5.3) 
is important for the interpretation of results concerning C(Ks, Km)- If 
D(Kt ) > 0, we have for the long-term average that 

C(K s ,K m )<C(A,Ks), (5.37) 

while the opposite inequality holds if D(Kt) < 0. No calculation of D(Kt ) 
using observed data has so far been made. 

It is naturally of interest to compute values of Km and Ks from data. 
This has been done by Wiin-Nielsen and Drake (1965,1966) based on data 
from January, April, July, and October 1962 and from January 1963. 
The averaged values, representing an estimate of the annual means, are 
Km = 1796 kJ m -2 and Ks = 678 kJ m -2 with a ratio Ks/Km ~ 0.38. 
The annual variation of Km and Ks is very similar to that of the total 
kinetic energy - that is, a maximum in January and a minimum in July. 

The same data were used to calculate the energy conversion C(Ks, Km)- 
Based on the four months it was found that the nondivergent part Cnd(Ks, 
Km) generally gives the larger contribution to the total conversion, as can 
be seen in Table 5.1. 

The numbers in Table 5.1 represent as far as we know a rather nor- 


Table 5.1: 




Cnd(Ks , Km) 

C d (K s ,K m ) 

C(K s ,K m ) 

January 

1962 

4.65 

0.03 

4.68 

April 

1962 

2.88 

0.17 

3.05 

July 

1962 

1.24 

0.06 

1.30 

October 

1962 

2.96 

0.27 

3.23 


Unit: W m 2 


mal situation. On the other hand, there are periods where the atmo¬ 
sphere operates in a somewhat different mode characterized by very large 
anomalies on a large scale. Such a period happened in January 1963, 
which was dominated by large-scale blocking in both the Atlantic and 
Pacific sectors. For this month we find: Cnd{Ks, Km) = 4.16 W m -2 
and Cd(Ks, Km) = 1.46 W m -2 with a very large contribution from the 
mean-meridional circulation (see Chapter 7 for a further discussion of this 
period). 
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TRANSPORTS OF SENSIBLE HEAT AND 
MOMENTUM 


Most of the older theories, described by Lorenz (1967), try to describe the 
general circulation in terms of the maintenance of the zonal flow such as 
the low latitude easterlies, the mid-latitude westerlies, and the polar flow. 
Since the days of Hadley there have been several proposals for arrangements 
of various meridional circulations which should explain the observed zonal 
circulation. In the early part of the twentieth century Jeffries (1926) and 
Defant (1921) suggested the possibility that the atmospheric waves - that 
is, the deviations from the zonal flow - could play a major part in the 
maintenance of the zonal current. 

Jeffries pointed out that there was a systematic transport of momentum 
in atmospheric waves, while Defant considered the influence of atmospheric 
waves (the highs and lows) as a mixing process on a global scale. The former 
ideas were taken up again after the establishment of an upper air network 
of sufficient density to warrant global calculations based on observed data. 
These investigations were aimed more at describing the maintenance of the 
zonal flows and the zonal temperature field than at atmospheric energetics, 
but since the results are necessary ingredients in energy investigations (to 
be described later), we shall consider them here. 

We consider first the thermodynamic equation 

c p-~j£ ~ auJ — Hi ( 6 - 1 ) 


or, expanded in pressure coordinates 


dT — __ dT 1 1 „ 

—+ v VT + u- - au = —H, 


dt 


dp 


( 6 . 2 ) 


or through the use of the continuity equation 


dT „ / -\ 

a +v '( T, ) + 


op CpP Cp 


(6.3) 


Here and in the following we shall use the 
through the integral 



zonal average, which is defined 
) d\, (6.4) 
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where the subscript z denotes the zonal average. We note that the zonal 
average of a derivative with respect to longitude is zero because 

< 6 - 5 > 

The deviation from the zonal average is called the eddy quantity - that 
is, a E = a — a z . It follows immediately that the zonal average of an eddy 
quantity is zero because 


(a E ) z = a z - a z = 0. (6.6) 

We note finally that the zonal average of a product may be written as 
follows: 


(ab) z = ( a z b z + a z b E + a E b z + a E b E ) z = a z b z + ( a E b E ) z . (6.7) 


After these preparations we may take the zonal average of the thermody¬ 
namic equation (6.3), with the following result: 

dT z 1 d(Tt;);Cosy? d^u), 1 „ 

dt a cosp dp dp c p p z c p z ' 


We may say that to determine the rate of change of the zonally averaged 
temperature, we need to calculate three quantities: 

1 . the meridional transport ( Tv ) z , 

2 . the vertical transport ( Tu ) z , and 

3. the heating H z . 


To simplify matters we may take the vertical average of (6.8), giving 

dT z>M d{Tv) z , M cosip \ ( 1 

’ =- —x -+ — (au>)*,M + — H z m, (6.9) 

ot a cos ip op c p c p 


using the boundary conditions u = 0 at p — 0 and p = po- 

If (6.9) was integrated with respect to latitude from the South Pole to 
the North Pole, we would once again obtain the generation of total poten¬ 
tial energy and the conversion of this form of energy to kinetic energy - 
that is, a balance between the last two terms in (6.9). The situation is 
quite different when we consider a specific latitude because the first term 
is very important. 
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The general argument in discussing the long-term average of (6.9) has 
been that since it is known that H z m is positive at low latitudes and nega¬ 
tive at high latitudes, and since the zonal mean temperature is maintained 
in the long-term average, there must be a systematic heat transport from 
south to north. This heat transport must be distributed in such a way it 
has a maximum in middle latitudes and the first term on the right-hand 
side of (6.9) - the meridional convergence of the heat transport - is negative 
in low latitudes and positive in high latitudes. The question is then: how 
does the required heat transport take place? As seen from the expression 

( Tv) z = T z v z + ( TeVe) z , (6.10) 


there are two possibilities: 


1. The heat transport is carried out by the mean meridional circulation. 

2. The heat transport is carried out by the eddies. 


The results of observational studies are that the eddy transport dominates 
at least in the middle and high latitudes, while the transport by the mean 
meridional circulation plays an important role in low latitudes in connection 
with the Hadley circulation. We may understand these results by noting 
that the middle and high latitudes are dominated by relatively weak mean 
meridional circulations and a strong eddy activity generated more or less 
constantly by baroclinic instability. On the other hand, the circulation in 
the low latitudes does not contain eddies to the same extent as in higher 
latitudes and the Hadley circulation is the stronger part of the mean merid¬ 
ional circulation. 

We may also understand the small contribution by the mean meridional 
circulation in (6.9) because in this equation we have to take the vertical 
average. Since the mean meridional circulation consists of cells where the 
flow in the upper part has the opposite sign of the flow in the lower part, it 
is seen that a compensating effect appears in the vertical average. The sit¬ 
uation is different in (6.8) where we consider an individual level. Schemat¬ 
ically we may summarize the balance in Fig. 6.1, where the top part shows 
H z> m as a function of latitude and the lower part (Tv) z shows a similar 
arrangement. The figure therefore illustrates the balance 


1 d(Tv) z<M cos (p 1 

- Z - ~ — n z ,M 

acosp dp c p 


( 6 . 11 ) 


We shall also mention that in a nondivergent model we have 
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Fig. 6.1 : The top part shows a very schematic, meridional distribution of the 
vertical mean of the heating, while the lower part is an equally schematic curve 
of the vertical mean of the meridional transport of sensible heat. 


or 



(6.13) 


The zonally averaged equation is 

dT z 1 d(T E v E ) z cos(p ap 1 

~~r\7~ = -+ —H, 

at a cos p op R c p 


(6.14) 


When we are dealing with the advection term in such a model where v z — 0, 
we get only the first term in the meridional transport by the eddies. The 
vertical heat transport disappears in this models because a is a function 
of pressure only. It is therefore to be expected that such a model may not 
perform too well in low latitudes. 

The maintenance of the zonal flow may be discussed in a similar way. 
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For this purpose we consider the first equation of motion, which is 

du u du v du du 1 d<b tan<£ „ 

- —^~ u ir = - 7 rr+/tM- uv + F\. (6.15) 

at a cos pdX a dp op a cos p dX a 


We shall also need the continuity equation 


acos(p \ 


du dv cos p 

dX dp 


\ du _ 1 
) dp aco 


du 1 dv du ta,np 

+ - 7 ^ + ^--^ = 0 . 


cos p dX a dp dp a 


(6.16) 


Combining (6.15) and (6.16) we obtain an equation in the form 

1 d<p 


du du 2 d(uv) A&np. . duu 

— +-— + Ar 2 - 2- -(uv) + 


dt a cos p dX a dp 


a 


dp a cos p dX 


+ fv + Fx 
(6.17) 


or 


du du 2 1 d{uv) cos 2 p d(uu) 

I ii * I o r» I 


1 d<fi 


dt a cos p dX a cos 2 p dp 


dp 


a cos p dX 


+ fv + Fx- 
(6.18) 


The next step is to obtain the zonal average of each term with the following 
result: 


du z 

~dt 


1 d(uv) z cos 2 p d{uu) 2 


a cos 2 p dp 


dp 


+ f v z + Fx ,z- 


(6.19) 


The rate of change of u z is thus determined by 


1 . the convergence of the meridional transport, 

2 . the convergence of the vertical transport, 

3. the contribution from the mean meridional circulation, and 

4. the zonally averaged value of the friction. 


Once again we shall first consider the vertical average. Using the same 
approximate lower boundary condition as before, we see that there will 
be no contribution from the vertical transport of momentum. The zonal 
average of the continuity equation is 

1 dv z cos p du z 
a cos p dp dp 


( 6 . 20 ) 
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and the vertical average of this equation gives 

dv ZtM cos If 
dp 


( 6 . 21 ) 


from which it follows that v z ^ = 0. Consequently, there is no contribution 
from the mean meridional circulation. The result is, therefore, 


duzM 1 djuvjzju cos 2 ip 

dt a cos 2 dp) a,z,m 


( 6 . 22 ) 


As we have seen before we may write F\ in the form 


F x 


= 9 


drx 

dp 


Using this formulation the last term in (6.20) becomes 

Fx,z,M = —T\,z,0, 

PO 


(6.23) 


(6.24) 


where r \ )2) o is the zonal average of the surface stress, which in turn is 
approximated as follows: 


r A,z,0 — -CdpVoU z fi. 


(6.25) 


Equation (6.22) finally may be written in the following form: 


du zM _ 1 d(uv) z ^M cos 2 p 

dt a cos 2 p dp 


(6.26) 


where 

e = ^-c d pV 0 « 3 x 10 -6 s -1 . (6.27) 

Po 


Assuming that we consider the average over a long time in which the time 
derivative of u 2 ,m becomes very small, we have 


1 d(uv) z>M COS 2 p 
a cos 2 p dp 


—£Uz, 0 , 


(6.28) 


where u Zt o is the surface distribution of the zonally averaged wind. u Zj o may 
be characterized by having easterlies (u 2) o < 0) in low latitudes, westerlies 
(u Zi o > 0) in middle latitudes, and weak easterlies in very high latitudes. 
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If (6.28) applies, we can deduce in general terms that ( uv) z should increase 
with latitude over regions with easterly flow and decrease with latitude over 
regions with westerly flow. The terms of cos 2 p will modify this statement 
a little. 

To illustrate these points we may construct a simple example. Let us 
suppose that the surface zonal wind is given by 

u 0z =-U 0 cos(Ap), (6.29) 


which has zeros at p = 22.5° and p = 67.5°. Between these points uq z > 0, 
while uq z < 0 for 0 < p < 22.5° and 67.5° < p < 90° N (see Fig. 6.2). We 
may then use (6.28) to compute 

M = (uv) Zj m cos 2 ip (6.30) 


by integration using the fact that M — 0 for p — 7t/2. We find 


M(p) = —eaUo 


f f 

/ cos(4<^) 

J (f 


cos 2 ip dip 


(6.31) 


or 

M(p) = — eaUo (3 sin Ap + sin 6ip + 3 sin 2p ). (6.32) 

r 

For e = 3 x 10 -6 s _1 , a — £ x 10 7 m, Uq — 2 m s _1 we find that 

-^eaUo — 1.6 m 2 s -2 (6.33) 

The lower diagram in Fig. 6.2 shows M as a function of latitude. We 
thus have seen that the momentum transport, which is consistent with dis¬ 
tribution of the surface zonals, increases from the equator to the zero of 
u z o and thereafter decreases to a minimum at the other zero. Knowing 
the surface wind distribution, we can thus compute the vertical average of 
momentum transport M or vice versa in a steady state of the circulation. 

Returning to (6.19), which applies to a single level and latitude, we 
stress that in such a case one must also pay attention to the convergence of 
the vertical momentum transport and the effect of the Coriolis term. Both 
of these terms, however, are considered to give minor contributions espe¬ 
cially in middle and higher altitudes because they contain either the small 
vertical velocity or the small mean meridional velocity. For this reason the 
convergence of the meridional transport of momentum is considered to be 
a result of transport by the eddies - that is, 

d(uv) z cos 2 <p du z v z cos 2 p d (ueVe) z cos 2 p 

a cos 2 p dtp a cos 2 tp dtp a cos 2 (p dip 

^ ^(uEt>g) z COS 2 ^ 

a cos 2 (p dp 


(6.34) 
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Fig. 6.2 : The top curve shows a schematic distribution of the surface zonal wind 
in m s" 1 , while the lower curve shows the main features of the vertical mean of 
the meridional momentum transport in m 2 s -2 . 


All these arguments lead to the following approximate form of (6.19): 


duz 

dt 


1 d {u e ve) z cos 2 ip 


a cos^ <p 


dp 


+ Fa,*. 


(6.35) 


We have seen in the discussion in this chapter that for purposes of the 
balance requirements in the general circulation, a northward transport of 
heat and momentum is necessary, at least in the low and middle latitudes. 
We have also shown it to be plausible that the major part of these trans¬ 
ports are carried out by the eddies. It is therefore important to recall that 
a northward transport of sensible heat will be accomplished if the temper¬ 
ature field is lagging behind the geopotential field on an isobaric surface. 
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Fig. 6.3 : The typical structure of an atmospheric wave that is transporting 
momentum to the north. 


Suppose that the geopotential is given by 

(f> = <t>A sin kx, (6.36) 

while the temperature field is 

T = T A sin (ks + 7 ). (6.37) 

We find then that 

( T e v e ) z = (t a sin (kx + 7 ) j cos kx'j , (6.38) 

where we have used the geostrophic assumption to calculate ve■ Evaluation 
of (6.38) gives 

{T e v e ) z = ^ jT A (p a sin'r. (6.39) 

The transport is thus positive if 0 < 7 < 180° and otherwise proportional 
to the two amplitudes. 

Turning to the momentum transport, it is easy to see that simple waves 
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such as the one given by (6.36) have no momentum transport. To have a 
nonvanishing momentum transport, it is necessary to have sloping trough 
and ridge lines. One may see qualitatively that if these lines slope from 
southwest to northeast there will be a positive (northward) momentum 
transport (see Fig. 6.3). Negative values of the transport are obtained for 
the opposite slope from southeast to northwest (Wiin-Nielsen, 1973). Sim¬ 
ple mathematical expressions may also be used to calculate the geostrophic 
transport of momentum. Consider the following expression for the geopo¬ 
tential: 

(f> = acos(kx — ay). (6.40) 

For each constant value of y we have a sinusoidal wave. For y — 0 we find 
the ridge line at x = 0. For another value of y the ridge line is found at a 
location x r determined by 

x r - ^ y . (6.41) 

The ridge line is therefore a straight line with the slope a. Similar remarks 
can be made with respect to the trough line, which is parallel to the ridge 
line but half a wavelength away. For the momentum transport, calculated 
geostrophically, we find 


( \ 1 A2 u 

( u g v g) z = 2 j 2 ka - 


(6.42) 


It is seen that the transport is positive for a > 0 and negative for a < 0 in 
agreement with the discussion given above. 

We note finally that in some investigations it has been preferred to make 
the analysis in terms of the total angular momentum. The total velocity is 

u + ttacostp, (6.43) 


where u is the relative velocity and the second term is the velocity of the 
earth’s rotation. The momentum around the axis of rotation is 

(u + tla cosip) a cos (p. (6.44) 


When we finally calculate by integration the total angular momentum along 
a latitude circle, we get 


M a 


l < 


(u + Cia cos <p)a 2 cos 2 <£> dX 


(6.45) 


or 


M a = 2tt a 2 cos 2 (pu z + 2tt Qa 3 cos 3 <p. 


(6.46) 
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We note that 


dM A 

dt 


2tt a 2 cos 2 ip 


du z 

~dt' 


(6.47) 


which indicates that the two investigations are closely related. 

The transports of sensible heat and momentum have been investigated 
in great detail by many. Early results were obtained by Buch (1954) for the 
momentum transport and by Peixoto (1960) for the heat transport. These 
publications were based on data samples of one year. Later investigations 
covered longer periods, such as Starr and Oort (1973) who used five years 
of data. Probably the most extensive study was carried out by Oort (1983) 
who used the 15 year period 1958 - 73. 

Calculations based on operationally obtained nondivergent winds have 
been presented by Wiin-Nielsen, Brown, and Drake (1963,1964) and by 
Wiin-Nielsen (1967). A summary of early results can be found in a review 
paper by Lorenz (1967), and Lau (1984a) presented the results of these 
transports and several other transports based on the analyses made during 
the period of the First GARP Global Experiment. 

To understand the results presented by Oort, Lau and several others, 
it is important to understand the subdivision made by them. They distin¬ 
guish between two kinds of averages: one in time and one with respect to 
longitude. For an arbitrary quantity a the time average is defined by 



The deviation from the time average is denoted by a prime - that is, 

a — a + a'. (6.49) 


The zonal average is here denoted by the subscript z [see (6.4)] and the 
deviation by ag - that is, 

a = a z + aE■ (6.50) 

Equation (6.7) gives the zonal average of a product of two scalar quantities. 
When we take the time average and make use of (6.49), we obtain 


( ab) z = a z b z + a' z b' z + ( a E b E ) z + ( a' E b' Ez . (6.51) 

The first two terms in (6.51) relate to zonally averaged quantities. The 
first may be called the stationary part, and the second the transient part. 
Together they may be written 


(a z b z ) = a z b z + (a' 2 6' 2 ) 


(6.52) 



66 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 


DJF1979 (V*T*) Contour Interval 2K°mS' 1 



90°S 60 4 S 30°S 0° 30°N 60 4 N 90°N 

Latitude 


Fig. 6.4 : The heat transports by the transient and standing eddies as a mean 
for December, January, and February. 

corresponding to the time average of the product of a z and b z . Similarly, 

{o-e^e) z = (o'E^e') z + (a' e) z , (6.53) 

of which the first is the stationary part and the second the transient part. 
Noting finally that these investigators use the notation 

a z = [a] 

and 

cle = o,*, 

one should remember to use the additions (6.52) and (6.53) to obtain the 
quantities discussed here. 
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JJA1979 (V*T*) Contour Interval 2k 0 ms _1 



JJA1979 (V*T*) Contour Interval 2k°ms' 1 



Fig. 6.5 : The heat transports by the transient and standing eddies as a mean 
for June, July, and August. 


As one might suspect there is not complete agreement between the re¬ 
sults obtained in all of these investigations because of interannual and sea¬ 
sonal variations of the transports, as documented by Oort (1983). Rather 
large differences are even obtained when transports are calculated from 
different analyses of the same data, as demonstrated in great detail by Lau 
(1984b). However, these differences do not change the main conclusion 
that the eddy transports are by far the major part of the total transport, 
especially in extratropical regions. As examples, Figs. 6.4 and 6.5 show 
the heat transports of the transient and stationary (standing) eddies for 
the winter season (December, January, February) and the summer season 
(June, July, August). We note the strong polarward transports in both 
hemispheres with maxima in mid-latitudes and rather low levels around 80 
kPa with secondary maxima at about 20 kPa. The standing waves have a 
much larger contribution in the Northern Hemisphere winter than in that 
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DJF1979 (V*U*) Contour Interval 10 m 2 s' 2 



90°S 60°S 30°S 0° 30°N 60°N 90°N 


DJF1979 (V*U*) Contour Interval 10m 2 s" 2 



Fig. 6.6 : The momentum transports by the transient and standing eddies as a 
mean for December, January, and February. 


of the Southern Hemisphere where the standing wave contribution is al¬ 
most negligible in all seasons. 

Figs. 6.6 and 6.7 show the momentum transports in a similar arrange¬ 
ment. This transport is dominated by maxima in the upper troposphere 
around 20 kPa. We also see the weak equatorward transports in high lat¬ 
itudes giving the convergence in the region between the maxima and the 
minima. 
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ZONAL AND EDDY ENERGIES 


In this chapter we shall consider the most common way to study the en¬ 
ergetics of the atmosphere. In Chapter 6 we introduced the zonal average 
and the deviation from the zonal mean - the eddy. These quantities are of 
course artificial and can be obtained only from complete latitude circles. 
We may define the energies of these zonal averages and eddies in the same 
way as before. We shall be concerned with available potential and kinetic 
energy. If such a division into the zonal average and the eddy makes sense, 
then the energy of the total must be equal to the sum of the energies of the 
parts. This is the case for the available potential energy and the kinetic 
energy as long as we use the approximate form of the definition of available 
potential energy. We have 


A = 



2(7 


-a 


/2 


dm 


( 7 . 1 ) 


and 



dm. 


(7.2) 


Following the remarks made above we define the zonal and eddy energies 
as follows: 


K z 


A z 



dm 



v z dm 



1 


dm , 


v E • v E dm. 


(7.3) 

(7.4) 


It is immediately clear that 


A — A z + Ae K = K z + Ke 


(7.5) 


when we note for example that a' = a' z + a .'e and that the contribution 
from the term 2 a! z a !e integrates to zero because the integration with re¬ 
spect to mass contains an integration with respect to longitude. As we 
showed earlier, 

(a z a,E) z = a z ((ie) z = 0. (7.6) 
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We note further from (7.5) that 

dA _ dA z dA E 
dt dt dt 


dK _ dK z dK E 

dt dt dt 


Since we already have expressions for dA/dt and dK/dt [see (4.65) and 
(3.76), respectively], it will be sufficient to calculate for example dA z /dt 
and dK z /dt. 

It would of couse have been preferable to deal with the so-called exact 
formulation of the available potential energy [see (4.9)], but such a for¬ 
malism has not been developed and, in addition, the observational studies 
to be described later are mostly carried out using (7.1) for the available 
potential energy. Furthermore we have shown that (7.1) is the proper form 
for a quasi-nondivergent model. It is therefore natural to use this model 
for the development of the energetics of A z , A E , K z , and K E . We recall 
that 

dA = l[ Po r wa , dS dp + 1 f P0 f dS dp ( 7 . 8 ) 

dt 9 Jo J s 9 Jo Js c p°P 


dK l rPo r 1 fP° f _> 

— = — / tua' dS dp + - / v ■ F dS dp. (7.9) 
dt 9 Jo Js 9 Jo Js 


The thermodynamic equation to be used is 

da' — , _ R , 

-£—+ v -Va - cru; = —H . 

Ol CpP 


(7.10) 


Taking the zonal average of (7.10) we obtain 


da z 1 d(a'v) z cosip 
dt a cos ip dip 


- cru z = — H z . 


(7.11) 


Equation (7.11) is multiplied by a z and divided by a to create the integrand 
in dA z /dt. After integration we find 


1 fP° f <y dot 
- / dS dp 

9 Jo Js ° dt 


(7.12) 


i r po r 
Jo Js 


d (^a' E v E ^j cost 


9 Jo Js aa cosip ai 

1 f Po f , 

-I— / / a z u z dS dp 

9 Jo Js 

1 f Po f R 

+ ~ / — —c* z H z S dp. 

9 Jo Js Cp°P 


dS dp 
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The first integral on the right-hand side of (7.12) originates from the non¬ 
linear advection term in the thermodynamic equation. This term gives no 
contribution to the rate of change of A as given in (7.8). Noting (6.7) we 
subtract (7.12) from (7.8) and obtain 


dA E 

dt 


I r r _ <*\ 

9 Jo Js° acc 


d(a E VE^ cos p 


+ 


: cos p dp 

i r po r , . i f po r 

- / a E u>E dS dp + - / —— 

9 Jo J s 9 Jo CpCrp 


dS dp 


(7.13) 


E H E dS dp. 


The treatment of the kinetic energy follows. The starting point is the 
vorticity equation for a quasi-nondivergent model: 

-VC + 0V+ = f0Y+ k -Vx F ■ (7.14) 


We take next the zonal average of (7.14) recalling that 


dip 

v i> - -ht 

a cos ip oX 


(7.15) 


The result is 

1 d(( E v E ) z cos<p , . du z 1 dF x , z cos p 

r\. r\ • JO r\ r\ * 

at a cos p op op a cos p op 


Recalling that 


dK z 

dt 



dS dp, 


(7.17) 


it is seen that an equation for the rate of change of K z is obtained from 
(7.16) by multiplying by —ip z and integrating over the total mass. We 
obtain 


dKz 

dt 


+ 


1 

9 

1 

9 

1 

9 



i>z djCEVi^cosp 

a cos p dp 

foTpz^J 1 dS dp 
dp 


dS dp 



ipz dF x ,z COS p 

a cos p dp 


dS dp. 


(7.18) 


Each of the three integrals in (7.18) is considered separately to obtain a 
form which is familiar from previous considerations. For the first integral 
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we get integrating by parts 


1 

9 


n 7r/2 r 

-w/2 A) a 


9{C,eVe) z cosy? 2 


/2 

o rPo W2 rJhr 00* , , 

- / (Csv e ) cosy>—— dA dp dp. 

9 Jo J-n/2Jo dp 


icosp 


dp 


a 1 cos, p> dX dp (7.19) 


We note that 

and that 

(C EVe) z = 


u z = — 


1 dxp z 


f—f 

a cos ip \ 


a dp 


dvE duE cos ip 


(7.20) 


dX dp 

Ve dUE COSip 


Ve 


(7.21) 


[a cosy? dp 
djujEVE)^ cos 2 p 
a cos 2 p dp 
dJ^UEV^COS^p 
a cos 2 p dp 
d_( ueVe)^ cos 2 p 
a cos 2 p dp 


+ 


ve cos p duE cos p 
[ a cos 2 p dp 
Ue dvE cos p 


|_acosy> dp 

ue duE 
a cos p dX 


The value of the first integral is therefore 

u z d (u e ve) z cos 2 p 


__ 1 r po r _ 

9 Jo J s a 


cos 2 p 


dp 


dS dp. 


(7.22) 


For the second integral we need only follow the steps used previously to 
show that 


(7 . 2 3) 

9 Jo Js dp g Jo Js 


Finally, for the third integral we find 

1 f Po f n/2 f 2ir xp z dF x , 


i r r r-- ****** ^ 

9 Jo J-n/ 2 Jo a cosy? dp 

a f Po r /2 f 2n d^ z 

= — / / / F x , z cos p —— dX dp dp. 

9 Jo J- tt /2 Jo dp 



74 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 


But again using (7.20) we may write 


1 f Po f ‘fpz dF x ,z cos p 

9 Jo Js acoSl f d( P 


dS dp = - f f u z F\ tZ dS dp. 
9 Jo Js 


(7.25) 


The final result is therefore 


dK z 

dt 


1 f P0 [ _u 

9 Jo Js a CO! 
1 [ P ° [ 

9 Jo Js 


d ( u E v E ) cos 2 p 


cos 2 <p 


d<p 


dS dp (7.26) 


uj z a z dS dp 


+ 


- r [ u Z F\ z ds dp. 
9 Jo Js 


Finally, (7.26) is subtracted from (7.9) with the result that 

dK E = 1 f Po f u. a(u g u g ) z cosV 

dt g Jo J s a cos 2 ip dp P 

l fPo r 

~ ~ / u E a E dS dp 

9 Jo Js 

+ - r [ v E ■ Fe dS dp. 

9 Jo Js 


(7.27) 


The energetics of the system consisting of A z , A E , K z and K E is contained 
in (7.12), (7.13), (7.26), and (7.27). An inspection of these four equations 
reveals that they may be written in a symbolic form using the notations 
introduced and used in the previous chapters. These equations are 


dAz 

dt 

dA E 

dt 

dKE 

dt 

dKz 

dt 


G (A z ) - C ( A z ,A e ) - C (Az,K z ) , (7.28) 

G ( A e ) + C (A z , A e ) — C ( A e , K e ) , 

C (.A e , K e ) - C ( K E , K z ) - D (K E ), 

C(Az,Kz) + C(K e ,Kz)-D(K z ), 


where the terms are defined from the four equations using the following 
conventions: 


G(A,) = i 

G ( A e )= - 
9 


r po r r / , 

/ / —a z H z dS dp 

Jo Js WP 

r po r r > ' 

/ / — —& e h e dS dp 

Jo Js C P°P 
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Fig. 7.1: The most common energy diagram as designed originally by Lorenz 
in 1955. The corresponding equations are (7.28) and (7.29). 


C(A Z ,K z ) = -- [ P ° [ u z a z dS dp 
9 Jo Js 
l fP° r 

C ( Ae , Ke) = — — J J we&e dS dp 

1 r Po f n d ( a E v E) cosp 

C (A z , A e ) = - / -^^- dSdp 

9 Jo Js va cos V 7 dip 

C{Ke,K z ) = [ P ° f — Uz »(**•*)'<*#* 

9 Jo J s a 


\ cos 2 p 


dS dp 


D {K z ) = — - r [ u z F XtZ dS dp 
9 Jo Js 

D (K e ) = —- f f v e -Fe dS dp. 
9 Jo Js 


(7.29) 


A diagram showing schematically the content of (7.28) and (7.29) is given 
in Fig. 7.1. The general problem is to determine the directions and mag¬ 
nitudes of all the generations, conversions and dissipations - that is, all 
the integrals in (7.29) - either theoretically or from observations. These 
quantities, or parameters, are difficult to obtain mostly because they are 
not observed directly, and it is thus necessary to compute them from other 
observations. There are no general, well-established procedures for these 
calculations. The most difficult quantities to obtain are H z , H E , u z , u >e, 

F a , 2 , and Fe- 

In this chapter we shall limit our discussion to general considerations 
that will help to establish the direction of some of the processes, while 
studies based on observations will be treated later. Furthermore, in this 
first treatment we may limit the discussions to the long-term means, in 
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which case we may assume that each of the four energy components A z , 
Ae, K z , and Ke are unchanged, which also means that the net change for 
each component is zero. 

Starting with the generations we note that they may also be written as 
follows: 

1 C Po f R 2 

G(A X ) = - / T Z H Z ' dS dp, 

9 Jo Js c p°P 

i fPo r 2 

G(A e ) = - / / — ^T e h' e dS dp. (7.30) 

9 Jo Js c P a P 

The fraction in each integrand is a positive number at each pressure level. 
Considering the first integral G(A Z ), we may conclude that it is most likely 
positive because H z is positive in low latitudes where the zonally averaged 
temperature deviation is high, while H z is negative in the higher latitudes 
where T z is also negative. 

The sign of G(Ae) is very difficult, if not impossible, to determine from 
such simple arguments because it depends on the heating in the atmo¬ 
spheric waves. We may point to some processes that should give a negative 
contribution and to others where the contribution is of the opposite sign. 
The exchange of heat between the underlying surface and the atmosphere 
is an example of a process where warm air masses are cooled and cold air 
masses are heated because the transfer of sensible heat is proportional to 
the temperature difference between the surface and the lower part of the 
atmosphere. The oceans are heat sources in the fall and winter while the 
continents are heat sources in the summer and vice versa. On the other 
hand, the release of heat due to condensation and the formation of rain 
will mainly be important in moist air masses that contain especially large 
amounts of moisture if they are warm in the lower layers. Other examples 
connected with the various radiative processes could also be mentioned. 
In view of this situation it is difficult to determine in advance if G(Ae) is 
positive or negative. 

Turning next to the conversion C(A Z , K z ) and C(Ae, Ke) we have al¬ 
ready shown at the end of Chapter 3 that C(Ae, Ke) is positive in a typical 
baroclinic wave in which the temperature field is lagging behind the height 
field. This structure of a baroclinic wave is the same as the one found 
from baroclinic instability theory for the growing baroclinically unstable 
wave. Furthermore, since this structure agrees with the common arrange¬ 
ment found from observational studies, it is plausible on these grounds that 
C(Ae, Ke) on average is positive. 

With respect to C(A Z , Ke) we should look at the mean meridional cir¬ 
culation. For the purposes of the present discussion we shall assume that 
the mean meridional circulation consists of three cells: a Hadley cell in the 
low latitudes, a Ferrel cell in the middle latitudes, and a weak polar cell in 
the high latitudes. At tropospheric isobaric surfaces we have in general a 
temperature field that decreases from equator to pole. On these grounds 
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we can expect that the Hadley cell is a direct cell in the sense that warm 
air is rising and (relatively) colder air is sinking. The Ferrel cell, on the 
other hand, is an indirect cell where warmer air is sinking and the colder 
air is rising. We may thus expect a positive contribution from the Hadley 
cell and the polar and a negative contribution from the Ferrel cell leav¬ 
ing the sign of C(A Z ,K Z ) uncertain. It may, however, be expected that 
this energy conversion is small because the vertical velocities in the mean 
meridional circulation, converted to the unit of LT~ l , are of the order of 
magnitude mm s -1 while the total vertical velocity is of the order cm s -1 . 
It is therefore likely that \C(A Z , K z )\ < \C(Ae, Ke)\ ■ 

The next problems are connected with the energy conversions between 
the zonal averages and the eddies. We consider first 


C{A z ,A e ) 


1 f Po f R 2 T d\T E VEj cos ^ 

9 Jo Js °P 2 a cos V 3 9f 


dS dp. 


(7.31) 


We may argue that this energy conversion ought to be positive. The eddy 
transport of sensible heat is northward in baroclinic waves. These waves 
occur mainly in a broad band of middle latitudes. We may thus expect 
that (T e ve) z cos f is mainly positive in the troposphere with a maximum 
somewhere in the middle latitudes. The derivative is positive in the low 
latitudes and negative in the high latitudes. T z follows the same rule, thus 
making C(A Z ,A E ) positive. 

We next consider the exchange of kinetic energy expressed in the inte¬ 
gral 


c(k e ,k z )=-~ r j - 

9 Jo Js a 


u z d {ueVe) z cos 2 f 


cos 2 f 


df 


dS dp. (7.32) 


From the point of view of balance in the energy reservoir K z , we may note 
that the integral in (7.32) should be positive because the other processes 
that may influence K z are C(A Z ,K Z ) and D(K Z ). We have reasoned that 
C(A Z , K z ) in general should be quite small although the sign was uncertain, 
while D(K Z ) ought to be a sink for K z . If this is so, then the only source 
left for K z is the energy conversion from K E as calculated from (7.32). 

Such a balance argument,however, is not completely satisfying because 
it rests on earlier assumptions such as the smallness of C(A Z ,K Z ), and it 
applies only for stationary states. The existing simple theories of baroclinic 
instability do not give the same guidance in this case as they did for the 
case of C(A Z , A e ). The reason is that simple baroclinic theories assume 
that the waves are of a sinusoidal nature, and that the wave and the basic 
current u z do not vary with latitude. As we have seen earlier, there is no 
geostrophic momentum transport by such waves. More complicated theo¬ 
ries of baroclinic instability such as the one proposed by Charney (1959) 
produce waves with a nonzero momentum transport, and it is found in 
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Fig. 7.2 : The directions of generations, conversions, and dissipations as deduced 
from simple arguments concerning the heat and momentum transports. 

these studies that C(Ke,K z ) is positive. But these studies based on per¬ 
turbation theory are applied to finite amplitude waves, and this cannot be 
done without further hypotheses, which may or may not be justified. We 
are therefore forced to conclude that we cannot on general grounds deduce 
the sign of the conversion C(Ke, K z ). 

Finally, although we feel that D(K Z ) and D(Ke ) as formulated ought 
to be positive, we must admit that such a statement cannot be firmly sup¬ 
ported because it would require a formulation of the frictional force which 
in turn can be given only from a well-founded turbulence theory. This tur¬ 
bulence theory does not exist at the present time. 

Fig. 7.2 shows the deduced directions of the processes discussed above 
as well as those where the directions are uncertain. In any case, studies 
based on observations and models are needed to determine the values and 
the missing directions. 

It is appropriate in this chapter to summarize calculations of energy 
conversions based on the model behind the derivations used here. Fig. 7.3 
is based on calculations carried out by Wiin-Nielsen (1964) and applies to 
winter conditions. We recall that the diagnostic computations are carried 
out using standard operational analyses of isobaric height fields up to 100 
mb. The height fields were converted to streamfunctions using the linear 
part of the balance equation - that is, 


V • [fVip] = V 2 4>. (7.33) 

At the time operational analyses were available in an octagonal region cen¬ 
tered on the North Pole, but not extending to the equator. For practical 
reasons the calculations were performed in a region north of 20° N. The 
details are described in the references. The calculations of the vertical ve- 




ZONAL AND EDDY ENERGIES 


79 



Fig. 7.3 : The quasi-geostrophic energy diagram for the winter season (Wiin- 
Nielsen, 1964). 


locity needed for the computation of C(A, K) were obtained as solutions of 
the quasi-nondivergent adequation. This equation is derived by elimination 
of the time derivatives from the vorticity equation and the thermodynamic 
equation - that is, 


crV 2 u + /o 


2 d 2 ui 
dp 2 


= /o 


d_ 

dp 


v 


•V (/ + <)] -v 2 ( 


V -V 


dip 

dp 


(7.34) 


where we have included only the adiabatic, nonviscous part. Fig. 7.3 shows 
the amounts of energy in the reservoirs A z , Ae, K z , and Ke, measured 
in kJ m -2 . The energy exchanges, given in W m -2 , between the four 
boxes are obtained from data. The generations G(A Z ) and G(Ae) and 
the dissipations D(K Z ) and D(Ke) are obtained by assuming steady-state 
conditions for each box. Fig. 7.4 is arranged in a similar way, but applies 
to summer conditions in the Northern Hemisphere. 

Independent calculations of G(A Z ) and G(Ae) have been carried out 
by Wiin-Nielsen and Brown (I960), Brown (1964), and Lawniczak (1970). 
G(Ae) is negative in these studies. For January 1959 used in the first study, 
it was found that G(A Z ) = 5 W m -2 and G(Ae) — —3.5 W m -2 , while the 
corresponding numbers for a study using January 1969 data were: G(A Z ) = 
5.5 W m -2 and G(Ae) = —2.9 W m -2 . However, later calculations using 
global data and much improved parametrizations do not agree with this 
result. The reason is probably that the early calculations do not catch the 
contribution from the release of latent heat and the contributions from the 
tropics. 

A definite weakness of the above calculation is the conversion C(A Z , K z ) 
which depends on the meridional temperature and the mean meridional 
circulation. There is no doubt that the tropical Hadley circulation will give 
a positive contribution to this energy conversion, and it is equally obvious 
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Fig. 7.4 : The quasi-geostrophic energy diagram for the summer season (Wiin- 
Nielsen,1964). 


that this contribution is not included properly (if at all) in calculations 
stopping at 20° N. We may get an idea of the sensitivity of the conversion 
C(A Z , K z ) by considering an idealized example. Per unit area we have 

C (A z , K z ) = ~ jf° J a' z u z dS dp. (7.35) 


Using 50 cb as a representative level we have 


Po 


C(A Z ,K Z ) = -^- 2tt 
9S 



(7.36) 


We consider a region from the equator to the latitude <£>*, and we have 

S = 27ra 2 sin<^*. (7.37) 


In addition, we write 


/ 272 . , 

a z = —T z T' z = A 
Po 


cos(2y?) - ^ 


(7.38) 


We have thus assumed that T' z (ip) can be represented as a simple trigono¬ 
metric function. As a first approximation this is justified in the winter 
season as can be seen by the cross sections given by Palmen and Newton 
(1967). With a temperature of 258 K at the equator and 50 kPa and 232 
K at the North Pole, we find that A = 13.5 gives the correct temperature 
difference. 
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For the vertical velocity we write 


u z = -gpw z = 


gpo 

—=— w z 
2 RT 50 


w z = B 


^cos 6<p — 



(7.39) 


The numerical constants in the expressions for T' z and w z are needed to 
have zero area averages for the two quantities. Using these quantities we 
calculate the integral (7.36) for g>\ — 0 and </?2 = <£*• We find that the 
contribution from the Hadley cell is 

C(A Z ,K Z )= (7.40) 

Po AB /'sin(9</?*) ( sin(7<^*) _ sin(5<£*) ( 23sin(3<^*) sin</?»^ 

f^siny?* V 36 + 84 + 60 + 420 35 ~~) ' 

Setting <£* = 20° N we find a contribution of 1.17 W m -2 from (7.41). The 
corrected value of C(A Z ,K Z ) is then 

C(A Z ,K Z ) = (1 - sin <p.)C c (A z ,K z ) (7.41) 

+ sin <p*C E (A z ,K z ) 

= 0.25 Wm~ 2 , 


where Cc is the computed value from data in Fig. 7.3 while Ce is the es¬ 
timated contribution from the Hadley cell between the equator and 20° N. 
In the calculation in (7.41) the values are: po = 100 kPa, T 50 = 250 K, 
A = 13.5 K and B = 1.2 x 10 ~ 3 m s -1 = 0.5 mm s -1 . It is thus seen that 
the contribution from the Hadley cell is sufficient to reverse the direction 
of C(A Z ,K Z ). On the other hand, C(A Z ,K Z ) is small, and is probably not 
significantly different from zero considering the uncertainty of the data and 
the length of the period in question. If we were to set C(A Z , K z ) — 0, we 
should find G(A Z ) = 3.82 W m " 2 and D(K Z ) = 0.24 W m " 2 in Fig. 7.3 
and G(A Z ) = 1.93 W m “ 2 and D(K Z ) = 0.18 W m " 2 in Fig. 7.4. 

While Figs. 7.3 and 7.4 have the advantage that the various calcula¬ 
tions are consistent with each other because the same procedures have been 
used in all computations, there have of course been other diagnostic stud¬ 
ies. Oort (1964) summarized all values available at that time. His diagram, 
taken from Lorenz (1967), is reproduced as Fig. 7.5. While differences ex¬ 
ist between the various estimates as one would expect, we note that orders 
of magnitude and directions agree between the diagrams if Figs. 7.3 and 
7.4 are corrected as proposed in this section. 

Thus Figs. 7.3, 7.4, and 7.5 are believed to give a realistic, but prob¬ 
ably not final, picture of the average flow of energy through the various 
energy reservoirs in the atmosphere. However, one cannot conclude that 
the atmosphere at any instant or in any given period operates according to 
these flow diagrams. An example is provided by the winter 1962-63 which 
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Fig. 7.5 : Oort’s composite energy diagram (1964). 


was abnormal in many ways. We shall consider January 1963. This month 
was characterized by long lasting blocking situations in both the Pacific 
and Atlantic regions. 

Fig. 7.6 shows the average flow at 70 kPa for January 1963, while Fig. 
7.7 is the corresponding map for February 1963. A general description of 
the extreme nature of these circulations is given by O’Connor (1963). Jan¬ 
uary 1963 can, according to these descriptions, be characterized as “the 
coldest month in 70 years on a countrywide basis” - that is, for the United 
States. The circulation is one of extreme amplification with an enormous 
ridge in the eastern Pacific followed eastward by a deep trough over east¬ 
ern North America. In the eastern Atlantic a blocking pattern prevailed 
throughout the month between Iceland and Britain with a deep trough 
south of the anticyclone near the Azores; see O’Connor (1963) for further 
details. The blocking patterns continued in February 1963 although less 
extreme than in January as can be seen from Fig. 7.7. We next shall de¬ 
scribe the energetics for January 1963. 

Fig. 7.8 displays the energy diagram for this month. One conversion 
stands out as unusual: the conversion C(K z ,Ke) is positive contrary to 
the normal conditions. For this month a balanced energy diagram cannot 
be expected. A time series for January 1963 indicates that A z decreases 
through the month; Ae increases in the first half of the month and has 
a net decrease in the second half of the month. All the forms of kinetic 
energy vary significantly during the period, but there is a marked tendency 
for an increase in the eddy energy to be accompanied by a decrease in the 
corresponding zonal energy. This is an indication that the eddies receive 
their energy from the zonal current in the greater part of the period, a pro¬ 
cess that is akin to barotropic processes. With respect to the maintenance 
of the zonal kinetic energy, K z , during the period, it would appear from 
Fig. 7.8 that K z should decrease. This is not the case as can be seen from 
the data. It can be shown that K z is maintained by a flux across the 





Fig. 7.6 : 70 kPa mean map for January 1963. 



Fig. 7.7 : 70 kPa mean map for February 1963. 
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Fig. 7.8: Energy diagram for January 1963. 


southern boundary at 20° N. There is thus good reason to believe that 
the atmosphere during periods of global-type blocking may operate in an 
energetical mode different from the normal long-term average energy flow 
through the reservoirs. 
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DIVERGENT AND NONDIVERGENT FLOW 


It is evident from the previous chapters that the divergence and the verti¬ 
cal velocity play a most important role in atmospheric energetics. At the 
same time, they are quantities that can be obtained only indirectly from 
observations. The gradual development of atmospheric models for both 
numerical weather prediction and general circulation studies from a sim¬ 
ple nondivergent equivalent barotropic model to advanced prediction and 
climate models has made it possible to study many aspects of divergence 
and vertical velocity. The development of models based on the primitive 
equations has also meant that the total horizontal velocity and not the 
nondivergent part alone has been used for advection purposes. 

In view of the importance of divergence and vertical velocity in at¬ 
mospheric energetics, it has been found interesting to divide the kinetic 
energy into two parts: nondivergent velocity and divergent velocity. The 
partitioning of the horizontal velocity into these two parts is made possible 
by Helmholtz’ theorem, which in short says that it is possible to divide a 
two-dimensional vector into two parts: one part containing all the vorticity 
and the other all the divergence. 

To ease the following theoretical development we shall introduce a 
scheme of notations helpful in distinguishing the various parameters from 
each other. The thermodynamic variables (density, specific volume, tem¬ 
perature, potential temperature) and the geopotential, which is related to 
the specific volume through the hydrostatic equation, will be denoted by 
the subscript 1. The nondivergent wind and the quantities directly related 
to it, such as the streamfunction and the vorticity will have the subscript 
2. Finally, the divergent wind, the velocity potential, the divergence, and 
the vertical velocity will be given the subscript 3. 

Using Helmholtz’ theorem we write 

v = v 2 + V 3 , (8.1) 

where v 2 =k xVip 2 and v 3 = Vx 3 - Here, xp 2 is the streamfunction, and 
X 3 is the velocity potential. 

K = K 2 + K 3 , (8.2) 

where 

1 f Po f v • ~v , 

K=- / dS dp, (8.3) 

9 Jo Js 2 
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and correspondingly for K 2 and A 3 . Inserting (8.1) in (8.3) we find 


_ 1 f P0 [ /I 

9 Jo Js \2 


v 2 • v 2 +- v 3 ■ v 3 + v 2 ■ v 3 j dS dp. (8.4) 


Equation (8.2) will therefore hold if we can show that the last integral in 
(8.4) vanishes. We find 


dxp 2 0 * 3 \ „ . 


-f-— • —— a cos p dX dip. 

a cos <p oX a op J 


Further evaluation of the integrand in ( 8 . 6 ) leads to 


v 2 • v 3 dS 


/,[&( 




dX dp , ( 8 . 6 ) 


and it is seen that the integral in ( 8 . 6 ) vanishes. It follows from the defini¬ 
tions that 

dK 2 1 f P0 f ( du 2 dv 2 \ J 

nr = 9i J s { u ^ +v *ih) dSip (87) 


dK2 = 1 f P0 f ( 
dt g J 0 Js\ 

dK 3 = 1 [ Po [ ( 

dt g Jo Js\ 


du 3 dv 3 \ 

U3 ~dT + V3 ~dt J dS dp ' 


We recall from the previous chapters that 


dK _ 1 r po r 
dt g Jo Js 


v -V 01 dS dp + 


- [ P ° [ v F dS dp ( 8 . 8 ) 
g Jo Js 


of which the first integral is the conversion from available potential energy 
or from total potential energy (see Chapters 3 and 4). With our notations 
we find easily that 

C(A, K) = -- f P ° f (v 2 + v 3 ) • V0i dS dp (8.9) 

= -- [ P ° [ v 3 -V 01 dS dp 
9 Jo Js 

because v 2 is nondivergent. 

After these preparations we are ready to start on the main problem. 
The equation of motion for the horizontal velocity is 

d ~v — d ~v — — — 

-x-+ v -V v +W-Z— + V0 + / k x v=F ■ 
at op 


( 8 . 10 ) 
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It is easy to see by differentiation that 

~v -V ~v= Vk + C k x v , 


( 8 . 11 ) 


where k is the kinetic energy per unit mass. We then may write (8.10) in 
the form __ 

4^+Vfc + (C + /) k X v +o)4^- + V0=F. (8.12) 

at op 

The division of v into v 2 and v 3 is introduced in (8.12). Using the con¬ 
vention on subscripts, we obtain 


d v 2 d v 3 


dt dt 


-Vfc+(^2 + /) k X ^2 + u 3^+^3 


d 


(v 2 + V 3 ) 


dp 


f V0i —F • 
(8.13) 


To obtain the change in the kinetic energy of the nondivergent motion we 
shall multiply (8.13) by v 2 and integrate over the mass of the atmosphere. 
It may be convenient to calculate the integrations term by term. The first 
term gives dK 2 /dt. The second term integrates to zero because 


f s v 2 d s = J s k x V^ 2 • V dS , (8.14) 


but the integral (8.14) is analogous to (8.6) when V ^3 is replaced by 
V ( 8 x 3 /dt) and will therefore vanish. 

The integral of the third term will vanish because v 2 is nondivergent - 
that is, 

J v 2 -VkdS = j V • (k u 2 ) dS = 0. (8.15) 

The fourth term will give the contribution 

- r f (/ + C 2 ) v 2 ■ k X v 3 dS dp (8.16) 

9 Jo Js 

because v 2 • x v 2 j =0. 

The contribution from the fifth term may be written as two integrals 


as follows: 


I r° t 

9 Jo Js 

1 r f 1 r po r 

= - / ^ 3 ^- dS dp + - u 3 

9 Jo Js dp g J o J s 


- d v 2 + v 3 

uj 3 v 2 --- dS dp 

s dp 


(8.17) 


d v 3 

v 2 ■ — dS dp 


1 r po r 

9 Jo Js 


k 2 V- v 3 dS dp + 


1 r po r 

- UJ 3 V 

9 Jo Js 


dp 
d v- 
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dp 


dS dp. 
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Noting finally that 

J ~v 2 -V0i dS = J V ■ ($ i v 2 ) dS = 0, 


(8.18) 


we may write the final result as follows: 


dK2 

dt 


+ 

+ 




fc 2 V- V 3 +U>3 V 2 


d V3 
dp 


(fc x u 3 ) 
dS dp 



v 2 • F 


dS dp. 


(8.19) 


The first integral in (8.19) originates from the advection terms and the 
Coriolis term in (8.10), while these terms give no contribution to (8.8). 
When we obtain the equation for dK^/dt by subtracting (8.19) from (8.8), 
the first integral in (8.19) will appear with the opposite sign in the equation 
for dK^/dt. It therefore is clear that the integral represents the conversion 
from K 3 to K 2 - that is, 


C(K 3 ,K 2 ) = -~ 
9 



(/ + C 2 ) v 2 - k x v 3 +fc 2 V- v 3 


+(^3 V 2 * 


d v 3 
dp 


dS dp, 


and (8.19) can then be written 


where 


^ =C(K 3 ,K 2 )-D(K 2 ), 


D(K 2 ) = -- I ! v 2 FdS dp. 
9 Jo Js 


Carrying out the required subtraction we obtain 
dK 

-JJ=C(A, K 3 ) - C (K 3 , K 2 ) - D (j K 3 ), 
where C(A,K 3 ) is given by (8.10) and 

D(K 3 ) = -~ r [ v 3 F dSdp. 

9 Jo Js 

We thus have obtained the following results: 


( 8 . 20 ) 

( 8 . 21 ) 

( 8 . 22 ) 

(8.23) 

(8.24) 
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Fig. 8.1: A diagram for the kinetic energy, where K 3 is the kinetic energy of 
the divergent motion, while K 2 is the kinetic energy of the nondivergent flow. 


1. The conversion from available potential energy to kinetic energy goes 
entirely into the kinetic energy of the divergent part of the flow. 

2. The energy transformation from K 3 to K 2 depends on the interaction 
between v 3 and v 2 in a complicated way as given by (8.20). 

A diagram showing the energy conversions is given in Fig. 8.1. The 
directions of the transformations are included based on continuity principles 
for a long-term average starting from the assumptions that C(A, K 3 ) > 0, 
D(K 3 ) > 0, and D(K 2 ) > 0. 

The integral in (8.20) is as difficult to evaluate as the conversion integral 
C(A, K 3 ) because it is a necessity to obtain good estimates of the vertical 
velocity u 3 with respect to p. The divergent part of the velocity v 3 must 
thus be obtained first by finding the velocity potential through solving the 
equation 

V 2 X3 = V- u 3 =-^. (8.25) 


Using the velocity potential we obtain v 3 from the relation v 3 = Vy 3 . 
Such a procedure can be carried out using data from a prediction or gen¬ 
eral circulation model, but it can hardly be carried out in the above form 
from observed data. 

The expression for C(K 3 ,K 2 ) given in (8.20) is, however, very conve¬ 
nient when investigating various simplifications in atmospheric modeling 
introduced in the past. As it stands, (8.20) applies to a general primitive 
equation model in which only the hydrostatic assumption has been used. 
The first term in the integrand in (8.20) comes from the horizontal ad- 
vection terms while the last two are connected with the vertical advection 
of momentum. Based on the results of scale analysis (Phillips, 1963), we 
therefore would expect that the first term in the integrand gives the major 
contribution. Haltiner (1971) considers two models the first of which is the 
general hydrostatic model while the other has v 2 instead of v = v 2 + t> 3 in 
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the term for the vertical advection of momentum. Considering the deriva¬ 
tion of (8.20) it is seen that the conversion in the latter case is 


C(K 3 ,K 2 ) = -~ r { [(/ + C 2 ) v 2 (jfc x7 3 )+fc 2 V- V; 
9 J 0 J s 


dS dp. 
(8.26) 


If one were to neglect the vertical advection of momentum completely, 
the last term in the integrand of (8.26) would also disappear . The models 
just mentioned are still based on the primitive equations or, equivalently, 
on the vorticity and divergence equations. The main point is that K 3 may 
still change in time for these models, and the energy diagram in Fig. 8.1 
applies in principle although the expression for C(K 3 , K 2 ) is simplified. 

On the other hand, if we simplify even further and go to the so-called 
balanced models, we experience a radical change because in this case the 
divergence equation is replaced by a balance equation requiring at least the 
neglect of the time derivative in the divergence equation. In that case, K$ 
cannot change, and the conversion C{A, K 3 ) must be equal to the conver¬ 
sion C(Ks,K 2 ) because friction is neglected in the balance equation. 

We may obtain the balance equation by taking the divergence of (8.27), 
neglecting the time derivatives, and maintaining only those terms that be¬ 
long to classes 1 and 2. The result is: 

V 2 &2 - V • [(C 2 + /) Vi/> 2 ] + V 2 4> 1 = 0. (8.27) 


It may easily be shown by differentiation that (8.27) reduces to the more 
well-known form 


V • [fVifo] + 2 


d 2 rp 2 d 2 ip 2 

( d 2 i> 2 \ 2 ' 

dx 2 dy 2 

\dx dy) 


V 2 0i. 


(8.28) 


Since we know for these models that C(A, K$) = C(Ks, K 2 ), we should be 
able to obtain this result from the balance equation. Noting that C(A, K 3 ) 
is related to the pressure force, we write (8.27) in the form 

v 2 0 1 = V • [(C 2 + /) v^ 2 ] - v 2 fc 2 . (8.29) 


To obtain the energy balance we multiply both sides of (8.29) by X 3 - From 
the left-hand side we obtain 

1 rpo r 1 rpo r 

- X3V 2 <hdSdp = - / [V-(X 3 V</> 1 )-VX3-V</> 1 ] dSdp 

9 Jo J s 9 Jo J s 

= -- r [ V 3 -V0! dS dp, 

9 Jo Js 


(8.30) 
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but the last expression in (8.30) is C(A,Ka). 

From the right-hand side in (8.29) we obtain 

1 r po f 

~ / X 3 [v • [(C 2 + /) VV> 2 ] - v 2 fc 2 ] dS dp (8.31) 

9 Jo Js 

= ~9 I I + ^ ‘ k X +fc 2 V ' ^ 3 ] dS d P ’ 


which is a form of C(K^, K 2 ) corresponding to the proposal by Haltiner 
(1971) mentioned above. Now, the general vorticity equation is obtained 
in the normal fashion from (8.12) by taking the curl of the equation. The 
result, written without subscripts is 

(8.32) 


| + v.[(/ + o 


V 


+ k -V x I u> 


d v 
dp 


We observed earlier that the form (8.32) is obtained if v in the vertical 
advection term is replaced by v 2 . The consistent vorticity equation corre¬ 
sponding to the complete balance equation (8.29) is thus 

)=fc-Vx?. 
(8.33) 

Suppose next that we apply the following simplified balance equation: 

V 2 01 = V • [fVrh] ■ (8-34) 


dC , 2 


dt 


hV- £(/ + C2) v 2 +V- |^(/ + C2) v 3 + k -V X | U3 


d v 
dp 


The left-hand side of (8.34) still gives (8.30) for C(A, A 3 ), while the right 
hand side gives 

1 rPo f 1 rPo r 

- / X 3 V • [fVih] dS dp = — / /V^2 • dS dp (8.35) 

9 Jo Js 9 Jo Js 

= - r [ fk XV 2 -V 3 dS dp 

9 Jo Js 

= ^ J j fv 2 - (^k X dS dp. 


The question once again is which simplifications must we make in the vor¬ 
ticity equation to get (8.36). It is easily verified that it has to be 
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To verify that (8.26) and (8.36) are consistent with each other, we must 
multiply (8.36) by —V >2 and integrate, in which case we get 

= " " r f f ^3 -VV>2 dS dp-D (K 2 ) , (8.37) 

dt g Jo Js 

which agrees with (8.26). 

The most simple model is the one in which the balance equation is 
reduced to 

V 2 4> 1 = /oV 2 V> 2 . (8.38) 


In this case we find from the right-hand side that 

1 fPo r 1 rPo r 

- / / /oX 3 V 2 ^2 dS dp = — / / 0 VV>2 * V X 3 dS dp (8.39) 

9 Jo Js 9 Jo Js 

and the consistent vorticity equation is 

^ + V • [(/ + < 2 ) u 2 ] + /oV- v 3 =k Vx F • (8.40) 

The three balanced models considered here, having the balance equa¬ 
tions (8.27), (8.34), and (8.38) with the corresponding vorticity equations 
(8.33), (8.36), and (8.40), have the property that K 3 is a constant. The en¬ 
ergy reservoir K 3 therefore has a catalytic effect because it participates in 
the conversions C(A, K 3 ) and C(K 3 , K 2 ), but K 3 itself remains unchanged. 
We also know from scale analysis that the amount of kinetic energy in K 3 
is small at all times. It is therefore plausible that C(A, K 3 ) and C(K 3 , K 2 ) 
in the real atmosphere remain approximately equal because if there was a 
significant difference for any length of time, K 3 would grow or decay. 

The discussion in this chapter follows to a large extent the paper by 
Chen and Wiin-Nielsen (1976). We shall also use the results from this pa¬ 
per to describe the behavior of C(K 3 , K 2 ). The observational study is based 
on Eq. (8.20). For reference purposes we define the following integrals: 



1 

fPo 

r - - 

Al : 



f V 2 ■ k X v 3 dS dp. 


9 . 

Jo • 

Js 


1 

rPo 


A2 : 



/ C2 v 2 ■ k x v 3 dS dp. 


9 . 

Jo . 

Js 


1 

rPo 

f - 

B : 



/ fc 2 V- v 3 dS dp. 


9 . 

Jo • 

Js 


1 

rPo 

f _> d i) 3 , 

C: 



/ u>3 v 2 ■ dS dp. 


9 . 

Jo • 

Js dp 


As seen from (8.20), 

C (tf 3> K 2 ) = (Al) + (A2) + (B) + (C). 
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Unfortunately, only a single study based on a short two-week period (1- 
15 August 1970) is available. In the study all available data from the 
Northern Hemisphere were used. The observed winds were used to calculate 
the vorticity, and the equation V 2 rp = £2 was solved by the spectral 

method to obtain the streamfunction ip 2 . Finally, v 2 =k xV ^2 was used 
to calculate v 2 , and v 3 was obtained by the relation v 3 =v — v 2 . The 
amounts of kinetic energy were 


K 2 = 639 kJ m -2 , 
K 3 = 71 kJ m -2 , 

K = 739 kJ m" 2 . 


The fact that K ^ K 2 + K 3 is due to the fact that for a limited region the 
integral involving the scalar product of v 2 and v 3 does not vanish exactly. 
As we see, the difference is quite small. The major result is that K 3 <C K 2 . 
In round numbers we have K 2 /(K 2 +K 3 ) « 90% and K 3 /(K 2 +K 3 ) « 10%. 
The amount of kinetic energy is rather representative for this time of the 
year. For August 1963 a mean value of 911 kJ m ~ 2 was found by Wiin- 
Nielsen (1967). Oort and Peixoto (1974) found from a study using five 
years of data that K = 737 kJ m -2 for the month of August. For the 
various energy conversions the following values were obtained: 


m 

(B) 

C(K 3 ,K 2 ) 


0.588 W m ~ 2 
-0.030 W m “ 2 
-0.032 W m “ 2 
0.526 W m ' 2 


These values are probably not representative due to the short period. As 
expected (Al) gives by far the largest contribution. We may compare that 
contribution with the energy conversion C(A , A 3 ) calculated for the same 
period. It turns out to be 0.620 W m -2 . 

Earlier in the discussion we made the point that K 3 should be quasi- 
catalytic. We may investigate this point by estimating the residence times 
and find that K 3 /[C(K 3 , K 2 )) « 1.4 days while K 2 /[C(K 3 , K 2 )\ « 12.3 
days, verifying that the first is an order of magnitude smaller than the 
second. 

Another study has been made, more representative in time and space 
but using a global general circulation model rather than observed data. 
The model is global, based on the primitive, hydrostatic equations with 
height as the vertical coordinate and in the form in which it existed in 
1975. For such a model it is not strictly true that the framework used in 
the theoretical derivations in this chapter applies. The reason is that one 
obtains certain additional terms due to the fact that the density varies in a 
constant height surface. It is this density variation that is avoided by using 
the isobaric surfaces as reference surfaces. However, these extra terms are 
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probably negligible. 

The calculations of C(Kz, K 2 ) and related quantities were obtained 
from a simulated 30-day period consisting of days 71-100 of a 100-day 
simulation. The horizontal spacing was 2.5° in longitude and latitude. 
The data were u, v, w, p, p, and the components of the frictional force 
per unit volume in the longitudinal and latitudinal directions. An iterative 
scheme suggested by Endlich (1967) was used to obtain the nondivergent 
and divergent parts of the horizontal wind fields - that is, v 2 and v 3 . We 
may assume that the simulation applies to January conditions. 


Table 8.1: 


K 

k 2 

k 3 k 2 /k 

k 3 /k 

1470 

T7»__- 

1452 

18 98.8% 

• u ——2 

1 . 2 % 


Energy amounts in kJ m 


The total kinetic energy (see Table 8.1) compares favorably with the 
value 1849 kJ /rmm -2 obtained by Wiin-Nielsen (1967) which was based 
on data from one year north of 20° N and the value of 1239 kJ m -2 from the 
study for a five year period by Oort and Peixoto (1974). The ratios K 2 /K 
and K3/K indicate quite clearly that K3 K 2 , even more than in the data 
study. The major contributions to K 2 come naturally from the two major 
jet stream systems in the two hemispheres while K 3 is influenced mostly 
by the divergent region above the equator and by contributions from the 
region in and above the planetary boundary layer. 


Table 8.2: 


(Al) 

(A2) 

( B ) 

(C) 

C(K 3 ,K 2 ) 

C(A,K 3 ) 

D(K 2 ) 

D(K 3 ) 

1.72 

-0.29 

0.27 

0.04 

1.74 

2.85 

2.52 

0.22 


Unit: W m" 2 . 


The energy conversions are given in Table 8.2. It is obvious that the 
model is not in a balanced state during the period used for the calculations 
of the mean values in Table 8.2. It is clear, however, that the main result 
is the same for the model study and the data study because the major 
contribution to C(K 3 ,K 2 ) comes from the integral (Al) with a very mi¬ 
nor contribution from (A2) + (B) + (C). The result is also in agreement 
with (8.26) in the sense that both the integrals (A2) and (B) are needed 
for consistency, while the vertical advection term uj(d v)/(dp) apparently 
could be approximated by u)(d v 2 )/(dp) without any major damage. 

We finally shall make a comment on the implied residence times. For the 
energy of the nondivergent flow we find K 2 /[C(K3, K 2 )\ « 9.7 days while 
K3/[C(K3, K 2 )\ ~ 2.9 hours. Obviously, K3 is a quasi-catalytic quantity 
in the model and in the atmosphere. 
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In studies of atmospheric energetics we have so far considered a global rep¬ 
resentation: (1) a division between the energetics of the zonally averaged 
fields and those of the deviation from the zonal average, the so-called ed¬ 
dies, (2) a division between the energetics of the vertical mean flow (the 
barotropic component) and the vertical shear flow (the baroclinic compo¬ 
nent), and (3) the energetics of the divergent flow and the nondivergent 
flow. The purpose of these more or less artificial partitions in each case 
is to throw some light on the energy flow through the atmosphere and 
to investigate various processes from an energetical point of view. One 
may naturally visualize that several of these partitions are used succes¬ 
sively. One may for example consider first a division into the barotropic 
and baroclinic components, where each of these subsequently is divided 
into the zonal average and the eddies. Such studies have indeed been done 
by Wiin-Nielsen (1962) from observations and by Smagorinsky (1963) from 
model integrations. For such studies it is of course necessary to expand the 
theoretical framework. 

In addition to the interests just mentioned there have also been consid¬ 
erable efforts to determine the atmospheric scales that give a major or at 
least a significant contribution to a given energy amount or to a genera¬ 
tion, conversion, or dissipation. For this purpose it is necessary to employ 
a procedure that can be used to isolate the contribution from a given scale. 
A representation of the atmospheric fields in terms of a series expansion 
in orthogonal functions is a procedure that can be used for this purpose. 
It was first introduceed in the field of atmospheric energetics by Saltzman 
(1957) who selected a Fourier analysis along latitude circles as his repre¬ 
sentation. 

We shall briefly review such a representation. Let us consider a given 
latitude <p. Considering first the real domain we want to write an atmo¬ 
spheric parameter a(A, (fi,pi, ti) = a(A,</?) at a given instant t\ and at the 
isobaric surface p\ as a series of the form 

OO 

a = B 0 (p) + ^ [B m (ip) cos(mA) + C m ((p ) sin(mA)]. (9.1) 

m= 1 

A is longitude varying from 0 to 27 t. We note for the trigonometric functions 
in (9.1) that they are periodic with the period of 27r. Over this period each 
of them integrates to zero. It is also easy to verify that the solutions to the 
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following integrals are true: 


1 

2tt , 

f 2n f 0 

/ cos(mA) cos(nA) dX = < 

JO l 2’ 

m ^ n 
m = n 

(9.2) 

1 

2n , 

f Po [ 0 

/ sin(mA) sin(nA) dX = < { 

Jo l 2’ 

m 7 ^ n 
m = n 

(9.3) 

1 

27T , 

r2n 



/ sin(mA) cos(nA) dX = 0. 

Jo 


(9.4) 


When (9.1) is integrated from 0 to 2n we get 

B 0 (if) = a z , (9.5) 

where a z is the zonal average. 

To get an expression for the computation of B m .(<f) we multiply (9.1) 
by cos(ra.A) and integrate from 0 to 2n. Using the relations (9.2) - (9.4) 
we find that 

1 f 2n 

Bm.i'-p) = ~ acos(ra»A) dX. (9.6) 

7T Jo 

Similarly is obtained by this procedure using sin(ra*A) as a multi¬ 

plier, with the result that 

1 f 2n 

C m . (<p) — - l asin(ra*A) dX. (9.7) 

7r JO 

The formulas (9.5) - (9.7) can be used to calculate B 0 ((p), and 

C m (y?) for all integers m if a(A, <p) is available along the latitude circle. The 
integrals are normally replaced by finite sums using a suitable integration 
formula. Equation (9.1) is naturally also truncated at some point m = M. 
The magnitude of M depends on the nature of the variable a = o(A, (p). If 
a is the temperature along a latitude circle of a long-term climatic mean, it 
contains only the larger scales, and M will be comparatively small, say M = 
8 to 10. On the other hand, if we are dealing with instantaneous synoptic 
maps, M should be somewhat larger - its magnitude being determined 
by the spacing of observation points. No general rule can be given, but 
numbers used in various investigations are of the order of M = 15 to 20. A 
wave of wavenumber 15 in middle latitudes will correspond to a wavelength 
of about 2000 km, while M = 20 corresponds to 1500 km. Such wavelengths 
can be resolved over continental regions with good accuracy, but this is 
not the case over oceanic regions such as the Pacific Ocean or in many 
parts of the Southern Hemisphere. In any case, as we shall see later that 
the Fourier coefficients of most atmospheric parameters as represented in 
synoptic, objective analyses tend to become quite small for large values of 
M. 
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It is sometimes convenient to compress the series representation into 
Fourier series by using the complex domain. In this case we write 

OO 

a= A me im \ (9.8) 

m =—oo 


where A m is a complex number, and where m is a positive or negative 
integer (but m / 0). We note that 


27r 



dX = 


{ 


0 , 

1 , 


m/0 

m = 0 


It is thus seen that 


Aq = a z . 


(9.9) 


(9.10) 


The following orthogonality relation holds: 

J_ f 2n e imX e inX dX= _L [ 2 * e i(m+n)X dA = J m + n^0 

2n J 0 2 tt Jo \ 1, m + n = 0. 

(9.11) 

We find therefore the value of A m . by multiplying (9.8) by e mA and inte¬ 
grating from 0 to 2n, giving 


1 f 2n 

Am. = — J ae imX dX. (9.12) 


The parameter a in (9.8) is a real variable. We must thus assure that 
the right-hand side in (9.8) is real as well. This is accomplished by the 
convention that A m is the complex conjugate of A_ m . To get agreement 
between (9.1) and (9.8) it is necessary to define 

Am = 2 i^Tn iCm) > 77T > 0, 

A-m = ^ (B m + iCm) , m < 0. (9.13) 

At this point it is important to recall the discussion in Chapter 7, especially 
the generations, conversions, and dissipations defined in (7.29) as well as 
the amounts of energy in A and K. We note that each of these quantities 
are integrals over the mass of the atmosphere. One of the parts in the triple 
integral is an integration with respect to longitude. The integrand contains 
in our formulation a function of pressure, in some instances a function of 
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latitude and pressure such as u z or T z , and not more than two factors that 
are functions of longitude as well. The integrals are then of the form 


1 rPo r n /2 

c =~ / / F(p,p)r(X,<p,p)s(\,ip,p) dS dp. (9.14) 

9 Jo J-it /2 Jo 


In evaluating such an integral in the wavenumber domain we write the 
integral as follows: 


2tt fP° /* 7r / 2 f i r 27r 'j 

C = — / / F(ip,p) < —— / rs dX > a 2 cosip dip dp. (9.15) 

9 Jo J-n/2 L 27r Jo J 


The inner parenthesis presents therefore the problem of expressing the zonal 
average of a product in the wavenumber domain - that is, 


(rs) z .= r z s z + ( r E s E ) 2 
Let r and s be described by 


(9.16) 


r= Y, R » 

771— — OO 

We have then 


AmX 


m ^ 0; s — ^ S n e tnX ; n ^ 0. (9.17) 


i f 2n ( °° 1 f 00 

{re ‘ B) ‘ = n l { E E 


S n e in f dXj m ^ 0, n ^ 0. 

(9.18) 

Multiplying these series and integrating we notice that each term in the 
first series gives a nonzero contribution with only one term in the second 
series - that is, index m combined with (— m). The result is therefore 


(9.19) 


{?E$e) z — ^ ^ RmR —77i) ^ ^ 

771= — OO 

or in real numbers 

oo OO 

(j*E$ e) z — ^ ^ {RmS—rn H“ R—m^m) = ~ ^ ^ {^m^m H" ^m^m) 5 (9.20) 


m= 1 


771=1 


when Rm = ^(r m — iq m ) and S m — \{sm — Rm)- The expression 

1 °° 

(rs) 2 - r z S z + - ^2 ( r mSm + q m tm) 


771=1 


(9.21) 
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is known as Parseval’s generalized identity. 

We should recall that the Fourier coefficients are functions of p and p. 
Substituting (9.21) into (9.15), we may write: 


2tt f po f*/ 2 1 

C = — / / F(ip,p) r z s z + - V (r m s m + q m tm) 

9 Jo J-n/2 2 “i 


a 2 cos p dip dp, 
(9.22) 


which in turn can be written in the form 

OO 

C = C 0 + J2 C n 

n=l 


where 


C n 


2;r fP° /’ 7r / 2 

C 0 = — / / F(ip,p)r z s z a 2 cosip dip dp, 

9 JO J—n/2 


^ rPo r ^/"2 

- / F(p,p) (r n s n + q n t n ) a 2 cos p dp dp. 

9 Jo J-n/2 


(9.23) 


(9.24) 

(9.25) 


It is thus understandable from (9.25) that all the generations and con¬ 
versions in the energy diagram containing A z , Ae , Ke and K z can be 
evaluated as a function of wavenumber m. 

The series (9.23) represents a one-dimensional spectrum or histogram 
of the process C. This representation is a spectral decomposition with re¬ 
spect to wavenumbers in the longitudinal direction, and has been widely 
used in studies of atmospheric energetics. It is popular because we nor¬ 
mally think of atmospheric waves as moving in the west-east direction 
with the wavelength measured in the same direction. In addition, global 
maps have become available only recently. Before this time many studies 
of atmospheric energetics were made with hemispheric or even smaller re¬ 
gions. If the maps were reaching from the North Pole to latitude </?*, we 
should replace the limits of the second integration by ip * and n/2. It is 
also for this reason that C, Co, and C n normally were divided by the total 
area, which in our example would be 5 = 27T 2 (1 — sin <p t ). The formulas 
developed in Chapter 7 and other chapters are of course not always correct 
in these limited area cases because in many instances they were obtained 
making repeated use of the fact that the global integrals of a divergence 
or a Jacobian are zero. Whenever areas of less than global dimensions are 
used, it is necessary to carry all the boundary integrals. 

We may give an example. The integral for C(Ke,K z ) in (7.29) is ac¬ 
tually obtained without any integrations by part. Expanded it becomes 


7t/2 


i rPo rn/t r 

C{Ke,K z ) = — / 

9 JO J<P* Jo 


Uz d (ugt;g) z cos 2 tp 
a cos 2 ip dip 


a 2 cos ip dX 


dip dp 
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a f Po f n/2 f 2n Uz d (u e ve) z cos 2 p 

9 Jo Jo cos P d P 


dX dp dp. 


(9.26) 


We can integrate by parts with respect to latitude and obtain 

rPo 


(9.27) 


a ypo i*Zt\ 

C(K e ,K z ) = - / u z (p*)(u E v E ) COS p* dX dp 

9 Jo Jo 

a r po r /2 r 2 *, . 2 d f u z \ 

+ - / / / \U E V E ) Z cos v?— - dX d<p dp. 

9 Jo J<p. Jo d<p\cospJ 


In this case one may commit an error if the first integral in (9.27), which 
is a boundary integral at ip = <£>*, is omitted. This boundary integral is 


I 



Uz (p*) [u E (<p*)v E (p+)\ z cos<^* dp, 


(9.28) 


and it could be particularly large if p+ were about 30° N, where u z (p*) 
and the momentum transport are both large. 

We may give an example. The data presented by Obasi (1965) give 
the value of C(K E ,K Z ) in (9.26) and the last integral in (9.27). These 
two integrals would be equal if the boundary term were zero. Denoting 
I\ = C(K e ,K z ) and I 2 for the last integral in (9.27), we find the following 
values for these integrals if we assume that the boundary was at p m as 
indicated in Table 9.1. 


Table 9.1: 

Summer 1958 Winter 1958 


p* 


h 

h 

Bndry. 

h 

h 

Bndry. 

30° 

S 

1.0048 

0.4746 

0.5302 

1.1446 

1.7105 

-0.5659 

25° 

S 

0.8021 

0.5302 

0.2672 

0.8912 

0.3000 

0.5912 

20 ° 

S 

0.6341 

0.5488 

0.0853 

0.6584 

0.4025 

0.2559 

15° 

S 

0.5223 

0.5243 

-0.0020 

0.5194 

0.4494 

0.0700 

10 ° 

S 

0.4542 

0.4822 

-0.0280 

0.4497 

0.4357 

0.0140 

5° 

S 

0.4130 

0.4389 

-0.0259 

0.4133 

0.3918 

0.0215 

0 ° 

S 

0.3802 

0.4009 

-0.0207 

0.3886 

0.3687 

0.0199 


Unit: W m 2 


It is seen that a boundary at 30° S or 25° S gives very large differences 
in the two estimates. The differences become small for p < 15° S. 

Although Fourier analysis along latitude circles is as far as one can go 
with less than global regions, the procedure is nevertheless a mixture of 
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spectral representations and finite differences. It is more natural to use 
orthogonal functions well suited to the spherical shape of the earth. The 
spherical harmonic functions come to mind in this regard because they 
form an orthogonal set over the complete sphere. In addition, they are 
widely used in the so-called spectral models applied in numerical weather 
prediction. These functions have been applied in the field of atmospheric 
energetics, but far less than the Fourier analysis along latitude circles. 

The series expansion of a function a(A, ip) in spherical harmonic func¬ 
tions is 

OO OO 

«(*,¥>) = E E KPZ(>P)e im \ (9.29) 

m =—oo n>|m| 


in which P™(ip) are the associated Legendre functions, while A™ are con¬ 
stants. In most applications it is convenient to introduce the variable 
fj. = sin ip. The associated Legendre functions satisfy the equation 

^(( 1 -'‘ 2 )f) + (’* (re+1) -r^) z =°- < 930) 


where m and n are integers. In the special case of m = 0, the functions 
are called Legendre functions, and they are polynomials. The associated 
Legendre functions are orthogonal over the sphere, and they satisfy the 
following integral relations: 





0 , 

2 (re+m)! 

2n+l (n — m)!’ 


n = n*. 


(9.31) 


Based upon (9.30), it is possible to introduce normalized associated Leg¬ 
endre functions in the sense that the integral of the square of a function is 
constant. We shall use a normalized function defined by 

PTM=((2»+l)j^2jj )' W (9.32) 

In that case we get 

r [ p ^(/<)] 2 d /. = 2 . ( 9 . 33 ) 

It is convenient to introduce a notation for the spherical harmonic functions. 
We write 

y 7 = Y™ = P™e imX ( 9 . 34 ) 

in which 7 is a shorthand notation for the complex number 7 = n -I- im. 
It is clear already from (9.29) that we need a definition for the associated 
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Legendre function when m is negative. We define 




(9.35) 


We have then 

Yn m = P?(n)e~ iTnX = Ty, (9.36) 


where 7 is the complex conjugate 7 = n — im. The selection of the constant 
2 in (9.33) is justified because the following integral over the whole sphere 
is then unity: 

1 /*"*■! 1 /*+! r -I 2 

l Y^dl [JTW] 

= \J + '(K ) 2 <*/* = !• (9.37) 

In the following discussion we shall assume that the associated Legendre 
functions are normalized, and we shall drop the overbar. With these prepa¬ 
rations we see from (9.29) that the coefficient A 7 = A™ can be computed 
from the integral 


1 r 2n 

A-y = — / / a(A, /x)Vy dX dp,. (9.38) 

4tt J_i Jo 


A-y is of course a complex number. If we use the same convention as in the 
case of the Fourier analysis, that is 


Ay = A n = \ (C - ic n) > m > 0, 


A 7 

= K m = \K + <), m > 0, 

we find from (9.39) 

that 

K = 

Y /»+l /*27r 

2^j -J J Q a(X,p)P™{p)cos(mX) dX dp, 

C = 

1 r +1 /»27r 

2- J J o(A, p)P™(p) sin(nA) dX dpi. 


(9.39) 


(9.40) 


After this brief summary of those properties of the spherical harmonic 
functions that we shall need immediately, we may continue with a couple 
of examples. The properties just described have been used to consider the 
spectral representation of atmospheric energy, mostly the kinetic energy. 
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We shall start by considering the approximate form of available potential 
energy. We recall that 


A -hCJM"+ (9 - 41) 

The spectral representation applies as shown above to functions of A and 
p, but there is no orthogonal representation of the vertical direction in the 
present formulation. It is thus necessary in practice to treat the integration 
with respect to pressure using finite sums. Since a, the specific volume, 
is inconvenient in practice, we replace it with temperature using the gas 
equation. Therefore 


Let us define 


A-±r f£*i*ds 

gS Jo Js 2a P 


dp. 


Up) = \Jj a dS. 


(9.42) 

(9.43) 


Furthermore, let V be expanded in spherical harmonic functions: 


r = '£ i T y Y y . 

7 

We then have 

I= rJ-!C(^) (? T ^) 

which using (9.37) becomes, 


'=5> 7 tv. 

7 


We finally may write 


A = 



R 2 

2 ap 2 





(9.44) 


(9.45) 


(9.46) 


(9.47) 


where the integral is calculated as a finite sum using the values of T 7 at 
the various pressure levels. 

We may visualize the sum in (9.47) as contributions from all the com¬ 
ponents, 7 = n + im and 7 = n — im, where we recall that n > \m\. It is 
customary to plot a point for each component in a coordinate system with 
m as the abscissa and n as the ordinate. The sums in (9.47) and the other 
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Fig. 9.1: Two different truncation schemes in a diagram with the longitudinal 
wavenumber as the abscissa and the meridional index as the ordinate. The dots 
indicate the components included in a triangular truncation, and the two small 
circles remind us that a total component consists of (m, n) and (—m, n). The 
crosses are the additional components included in a rhomboidal truncation. 


formulas are of course finite, and there have been at least two different 
ways to make the truncation. They are illustrated in Fig. 9.1. 

Each component and its complex conjugate (see the two circles) are de¬ 
noted by a dot or a cross. One truncation widely used is to set n — n max = 
N, in which case only the dots are included. This is called the triangular 
truncation. Another truncation is to include all points where n — m < N in 
which all the components are those indicated by dots and crosses. This is 
called the rhomboidal truncation. The components with a cross, which are 
those added to the triangular truncation to obtain the rhomboidal, are all 
characterized by a large value of n. They therefore have a small meridional 
scale. If N is sufficiently large, they will not contain much energy and will 
not add very much to the accuracy. 

Each term in (9.36) may be plotted in a diagram such as Fig. 9.1 using 
only the sector where m > 0. From an analysis using isolines, one may vi¬ 
sualize the two-dimensional spectral distribution and locate those scales (if 
any) that give the major contributions. One may also construct two one¬ 
dimensional spectra by either summing all the contributions for constant 
n, and thereby getting a histogram as a function of n, or taking vertical 
sums in Fig. 9.1 for constant m and plotting the spectral distribution as 
a function of this variable. The former procedure is generally preferred 
because the Laplacian of 6(A, y?) in (9.29) is 

V 2 !. = £B 7 V 2 >V 

7 


(9.48) 
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According to (9.30) the result is 


^ 2 y 7 = 


n(n + 1) 


y _ _SlV 

I-y — , 


(9.49) 


The quantity n(n + l)/a 2 is thus analogous to the square of the one¬ 
dimensional wavenumber. It is thus in this sense natural to call [n(n + 
l)] 2 /a the two-dimensional wavenumber. 

As our next illustration we shall consider the kinetic energy of the non- 
divergent flow, and we shall limit ourselves to the contribution from one 
level with the understanding that such contributions are added in accor¬ 
dance with the integration with respect to pressure. Therefore 

K2 = \ J \vi>-Vrl>dS. (9.50) 

Integration by parts gives 

1 [+1 r2ir 

K 2 = — J 1 j (-V>VV) d\ dll. (9.51) 

Letting 

^ = £>7^, (9-52) 

7 

we have 

VV = £-5^V (9.53) 

7 

Inserting in (9.51) we obtain 

* 2= \ h s*i r j dx d /*. ( 9M ) 

< 9 - 55 ) 

7 \ / 

An integral quantity, called enstrophy, was introduced in dynamic me¬ 
teorology some years ago in connection with studies of two-dimensional, 
large-scale turbulence. Enstrophy is defined as the area integral of one half 
of the square of the vorticity. For a given isobaric level the vorticity is 
defined as 

c = vV = £(-^ 7 y 7 ), 

7 


(9.56) 
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Fig. 9.2 : The spectral distribution of the eddy available potential energy for 
January, April, July, and October 1962. 

and therefore, following the same procedure as in (9.54), we find 


7 

0 ^^) ’ 

(9.57) 

En( 7) 


(9.58) 


The techniques described in this chapter have been used extensively in 
both diagnostic studies and model simulations. We conclude the chapter 
by showing some examples. Fig. 9.2 shows an example of the spectral 
distribution of the available potential energy for January, April, July, and 
October 1962. The energy is computed for the total wave disregarding a 
separation into standing and transient components. We observe that the 
largest contributions originate from the longest waves. The same observa¬ 
tion can be made from Fig. 9.3, which displays the spectra of the kinetic 
energy for the same four months. While the spectra in Figs. 9.2 and 9.3 
may be rather typical, it should be pointed out that on occasion there are 
large deviations. As an example we take January 1963, where the spectra 
were as shown in Fig. 9.4. In this month wavenumbers 2 and 3 made very 
large contributions. January 1963 was a very unusual month with blocking 
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Fig. 9.3 : The spectral distribution of the eddy kinetic energy for January, April, 
July, and October 1962. 




Fig. 9.4 : The spectral distribution of the eddy available potential and the eddy 
kinetic energies for January 1963. 
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Fig. 9.5: The energy conversion from the zonal available to the eddy avail¬ 
able potential energy as a function of the longitudinal wavenumber. Data from 
December (1976) and January and February (1977). The contribution from the 
standing eddies is shaded. Unit: 10 -2 W m -2 . 

patterns in both the Pacific Ocean and the Atlantic Ocean. 

The contribution from an individual wavenumber to the spectrum can 
be computed in any energy integral where the integrand is a product of 
two factors. It is thus seen that all quantities in quasi-geostrophic ener¬ 
getics can in principle be represented as spectra. As examples we show 
some selected quantities for the winter season 1976-77 for the Northern 
Hemisphere. Fig. 9.5 shows the the conversion C(A Z , Ae) as a function 
of wavenumber. In this investigation the author (Chen, 1982) has sepa¬ 
rated the total wave into the standing wave and the transient wave. The 
contribution from the standing waves is shaded in this and the following 
figures. Fig. 9.5 shows that the standing waves contribute their largest 
amounts to the conversion from the longest waves (that is, wavenumbers 1, 
2, and 3) with very small contributions in the other waves. The standing 
waves are apparently forced by heat sources and sinks and by the influ¬ 
ence of the mountains on the atmospheric flow. Fig. 9.5 also shows that 
the transient waves, taken by themselves, give a maximum contribution 
around wavenumber 6, which in mid-latitudes corresponds to a wavelength 
of about 6000 km. The contribution by the transient waves can then be 
ascribed to the baroclinic waves created by the instability mechanism. 
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Fig. 9.6: The energy conversion from eddy available potential energy to eddy 
kinetic energy as a function of longitudinal wavenumber. Data and units as in 
Fig. 9.5. 


Fig. 9.6 shows the energy conversion from available potential energy to 
kinetic energy as a function of wavenumber from the same study. This fig¬ 
ure is consistent with the previous figure with respect to the contributions 
from the standing and transient waves, and may be taken as a verification 
of baroclinic instability theory. Fig. 9.7 shows finally the spectrum of the 
energy conversion from the eddies to the zonal flow. The contributions 
from the standing waves are again to be found at the largest wavenumbers. 
All the shorter waves contribute to the conversion from the eddies to the 
zonal flow. 
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Fig. 9.7 : The energy conversion from the eddy to the zonal kinetic energy as a 
function of wavenumber. Data and units as in Fig. 9.5. 
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INTERACTION AMONG WAVES 


In addition to the energy exchange between the waves and the zonal av¬ 
erage, it is also possible to consider exchange of energy among waves. We 
recall from Chapter 9 that it was possible to calculate the energy exchange 
between the zonal average and the eddies as a function of wavenumber, 
or in other words, we can compute the conversion between an individual 
wavenumber m ^ 0 and wavenumber 0, which is the zonal average. 

In this chapter we shall be interested in the interaction between waves, 
which is a process originating in the nonlinear advection terms. One of the 
early contributions to this subject is given by Fjprtoft (1953), who consid¬ 
ered the changes in the spectral distribution of kinetic energy in nondiver- 
gent flow. The constraints on such a flow are that the total kinetic energy 
and the enstrophy are conserved. As shown by Platzman (1960) these con¬ 
straints are true also for systems with a finite number of components. A 
low-order system of special interest is the three component system. We de¬ 
note the components by subscripts 1, 2, and 3, where 1 is the large, 2 the 
middle, and 3 the small scale. If K\, K 2 , and K 3 are the kinetic energies 
and Ei, E 2 , and E 3 the corresponding enstrophies, we have 


Ki + K 2 + K 3 = K 0 , (10.1) 

Ei 4- E 2 + E 3 = Eq. 


We know from (9.55) and (9.57) that 



( 10 . 2 ) 


The system (10.1) then becomes 


Ki + K 2 + K 3 — Kq, (10.3) 

c\Ki + c 2 K 2 + c 3 K 3 = a 2 Eo- 


Equation (10.1) has been used to create a mechanical equivalent, first pro¬ 
posed by Charney in a lecture. The equivalence to K\, K 2 , and K 3 will 
be three mass points. The first equation in (10.3) is then an expression 
for conservation of mass. Setting a = 1, the second equation then can be 
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considered as a balance (see Fig. 10.1) where Eq has the distance 1 and 
Ki, A 2 , and A 3 the distances ci, C2, and C3, respectively. Suppose then 
that we change A 2 by AA 2 . There must then be changes in K\ and A 3 
such that the equations in (10.3) continue to be fulfilled. The changes can 
of course be calculated from (10.3). They are 

A Ki = -A K 2 • C3 ~ C2 , (10.4) 

Ci~ C\ 

A A 3 = - A K 2 • 

C3 - Cl 


It is thus seen that AKi and AA 3 have the same sign. It has furthermore 
been reasoned that the change in K\ must be numerically larger than the 
change in A 3 . In other words, a given change on the middle component 
should result in changes of the opposite sign on the other components in 
such a way that the larger of the two changes will take place on the larger 
scale. Unfortunately, this agreement does not hold completely. It is of 
course true that AK\ and AA 3 have the same sign, which will be positive 
if AK 2 is negative, but it is not always true that |AAi| > | AA 3 I. Consider 
the following example. Let the three components be (2,2), (3,8), and (5,9). 
This triplet satisfies all the selection rules of Platzman (1960) because 

m 3 = mi + m 2 , 

n 2 - ni < n 3 < n 2 + ni, 

ni + n 2 + ^3 is odd. 

However, for the ratio AA 1 /AA 3 we get 

AAi C 3 — c 2 18 
A A 3 c 2 — Ci 66 ' 


and thus 


AAi < AA 3 . 


We next shall consider the interaction among waves in general. It is possible 
to formulate all the problems concerning the exchange of available potential 
energy and kinetic energy among waves by using Fourier analysis along 
latitude circles. Such a formulation has indeed been carried through by 
Yang (1967), and we shall later consider his results. The derivation of the 
formulas to calculate these energy exchanges is, however, very laborious 
and complicated. We shall be satisfied to consider the problems using 
spherical harmonic functions, and we start by considering the contribution 
from the advection of vorticity in nondivergent flow. We recall that the 
kinetic energy of such a flow is 

K ' = *&&-**»*■ 


(10.5) 
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The series expansion is 

= 5 ^ 7 * 7 ’ 

7 

where the meaning of the symbols is given in Chapter 9. 

7 

from which it follows that 



( 10 . 6 ) 


(10.7) 


( 10 . 8 ) 


From (10.8) it is then seen that the problem is to obtain an equation for 
dip^/dt. To illustrate the procedure we consider the equation 


dV 2 ip 

dt 


- v V (V 2 ip) (10.9) 

1_ / dW 2 ip 1 dip _ dip 1 <9V 2 t/A 

a 2 \ dX cos <p d(p d\ cos <p dip J ' 


Using n — sin <p as before, we find that 

dV 2 ip _ J_ ( dV^p fhp _ chp dV 2 V> \ 
dt a 2 \ dX dn dX dn ) 


( 10 . 10 ) 


We recall that 

Vty = 53(10.11) 

7 


Equation (10.10) is then transformed by using (10.6) and (10.11). For 
this purpose we introduce the counters /3 and a to distinguish between the 
various summations. We get 


E 


C7 dt/>7 

a 2 dt 7 


( 10 . 12 ) 


1 


cr 



impippYp 



dn J 
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To obtain nonredundant sums we can add the contribution from (a, /?) 
since (10.13) gives the contribution from (/?, a). We then get 


£ 


Cy d'lpy 

a 2 dt 




a* 


(10.13) 
dY Q 


+ ~2 
a 2 


a* 


££ 

cfi d^L d ^ " d[l 

££ ^impipp\p a Yp^^- - ^im a \ppTp a Ya-j^ 


0 a 


££ 

0 a 


dp 


. Cfi Cq 
Z_ 9 _ 

a 1 




a ^ rn a Y a 


dYp „ dY r 


dp 


— mpYp 


dY a \ 
dfx ) 


Equation (10.13) is multiplied by Yy and integrated over the complete 
sphere. Recalling that 

1 /• +1 /*27T 

— / YyYy dX dn = 1 , (10.14) 

4?r J_i Jo 

we find 

^ ^ "~ c ~ ~ '^pTpoKi'y, P, a), (10.15) 

0 a 7 

where 

A( 7 ,/?,<*) (10.16) 

= i /.r r Yi ( m ° Y ^ - m " y ^)" *• 

= i /: r p -’ «**• 

We have then that A( 7 , /?, a) = 0 unless ra 7 = m Q + in which case 

a( 7 ,/?,<*) = ^ J + ^ P-y d P ( 1017 ) 

We seek now an equation for dipy/dt. This equation is obtained by taking 
the complex conjugate of both sides. According to the established conven¬ 
tion we have in general 


Xpy = Ipy. 


(10.18) 
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The result is 


dt 


-^EE 

(3 a 


c 7 


(10.19) 


Referring to (10.8) we find 

^ = EE \ *~i C P ’ Q ) ~ • (10.20) 

0 a 


The expression in (10.20) can be considered as the sum of contributions 
from all pairs ((3, a) that give a nonzero value of K{ 7; (3, a). We may denote 
it as the energy conversion between the component 7 and all other pairs 
(/?, a) that have an active interaction with 7. The notation c(7; (3, a) is 
used and defined as follows: 

cjc (7;/?,<*) = EE ^ 2 7, / 3 , a) - V’^M’7) • 

0 a 

(10.21) 


ck{i',!3, <*) should naturally be a real number. It is easy to show that 
this condition is fulfilled due to the fact that the complex conjugate of the 
general term in (10.21) is equal to the term itself because 


~ V^o^ 7 ] = -* 

= i (10-22) 


Equation (10.21) can be used to calculate the kinetic energy exchange 
among the components included in the expansion (10.6). The calculation is 
cumbersome because it is necessary in this formulation to have calculated 
all the interaction coefficients K( 7; /?, a). It is probably for this reason that 
formulas such as (10.21) have not been used in extensive observational stud¬ 
ies of atmospheric energetics and that these calculations have instead been 
restricted to the formulation in Fourier analysis along latitude circles that 
may be applied to less than global regions. 

At this point it should be stressed that the development just given 
can be used to calculate the wave-wave interaction in quasi-nondivergent 
models because the formalism applies to each level. We may write 


and 



(10.23) 


dp. 


(10.24) 
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The formalism developed in the section from (10.10) to (10.22) is applicable 
to the advection of relative vorticity in the barotropic equation or a quasi- 
nondivergent model. We have then only to remember that the expression 
for the nonlinear energy exchange in (10.21) should be evaluated at each 
pressure level - that is, ck(t, 0, a) is a function of pressure, say ck p (T, 0, a). 
The final result is then 


1 f Po 

ck(7; 0, a) = - / c K (r,0,a) dp. 
9 Jo 


(10.25) 


The nonlinear advection term in the thermodynamic equation will also give 
rise to an exhange of available potential energy among the components in 
the spectrum. Using once again the approximate form of the available 
potential energy, 


A = 



(10.26) 


we notice that the amount of available potential energy is from (9.47): 


A = 



(10.27) 


or 


dA 

dt 


i r po r 2 

9 Jo 2 ap 2 



,_dJ\ 

7 dt 


+ T' y 


dJj 

dt 


dp. 


(10.28) 


As in the previous case it is now a question of finding the equation for 
dTy/dt that must come from the thermodynamic equation, which is 

d ^- = -v xp VT' + + -H'. (10.29) 

at K c p 


In our case, where we are interested in the nonlinear exchange of available 
potential energy among the waves, we shall be interested only in the ad¬ 
vection term and its contribution. We know that the remaining two terms 
will result in the conversion integral from available potential energy and 
the generation integral for available potential energy due to differential 
heating. To isolate the effect in which we are interested, we write 

dV chp _ dT' dip' 
d\ dp dp dX 


(dr \ _ j_ 

\ dt adv.y a 2 


(10.30) 
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As before we use the series expansions 

T' = £r,r,, 

7 


(10.31) 


and obtain by substitution of (10.31) into (10.30) 


~ \ dt J a( j V- 


cr 




/? 


dYp 


(10.32) 


« £ imgTfsYf, j j £ ^ j 


y: im a ip a Y a 


+ 2 
a z 


a* 


im a T a Y Q | 

l? r -t 




dYp 

dn 


^2 impiipYp 

0 


where we have already written (10.32) in the nonredundant form. Equation 
(10.32) is next multiplied by Yy and integrated over the whole sphere. 
Making use of the orthogonality relation for the functions Yy, we get 


( 


^r) = 4 £ £ Wc. - T a <i>e) • K(r, 13, a) 

al /adv. a 0 a 


(10.33) 


in which K( 7; (3, a) is defined by (10.17). Taking the complex conjugate of 
(10.33), we get 


dTy 

dt 


adv. 


= ^££( I 3^- T ^) A 'h^> a )- ( ia34 ) 


(3 a 


After these derivations we have the necessary formulas to calculate the 
brackets in (10.28), which become 


m , 'dTy 

T= 1 7 


+ T 

^ dt J a( j v V dt j a( j v . 


(10.35) 


= ^0xi) a -T a ^0)%i>y-{T^^ — Tct4^^ Kin ;/?><*)• 


j3 ot 
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The expression on the right-hand side of (10.35) is proportional to the con¬ 
version of available potential energy in component 7 due to its interaction 
with all pairs of components (/?, a), which have a nonzero interaction coef¬ 
ficient K( 7; /?, a). In analogy with the notation used for the kinetic energy, 
we may write Ca p (t,I3, a) for the right-hand side of (10.35). The final 
result is then obtained from (10.28): 

1 f Po R 2 

C A (r,0,a) = - -z=-^C Ap (r,P,<x) dp. (10.36) 

g J 0 2ap* 

The results from a couple of data studies conclude this chapter. The 
first study was carried out by Yang (1967) who used a quasi-nondivergent 
formulation and data from one year, February 1963 - January 1964. How¬ 
ever, an earlier study by Saltzman and Teweles (1964) had calculated the 
kinetic energy exchanges for a nine-year period, but the study was based 
on only 50 kPa data. Yang’s study used daily calculations summerized as 
monthly averages. We however shall be content with the annual averages. 

As mentioned before, Yang used a Fourier decomposition along latitude 
circles, but finite differences in the meridional direction. In the following 
figures the total wave spectrum has been compressed to three scales: long 
(1-5), medium (6-10) and short (11-15) wavenumbers. Such a division 
cannot be fully justified because all latitudinal contributions are taken to¬ 
gether. However, realizing that the polar regions cannot contribute a major 
part due to their small areas and, furthermore, remembering that latitudes 
south of 20° N are not included, we may look on the wavenumbers 1-5 
as a reasonable representation of the long period waves. Using the same 
argument, wavenumbers 6-10 should represent the transient, baroclinic 
waves while wavenumbers 11-15 should be representative of the short sta¬ 
ble waves. 

Fig. 10.1 shows the results for the annual average of available potential 
energy. The energy of the zonally averaged field, A z , is shown to the left 
while the wave groups are represented by three boxes on the right. The 
three arrows going from A z to each of the other boxes indicate the conver¬ 
sion from A z to the wave groups. They are all in W m -2 . The arrows on 
the right-hand side of the figure indicate the exchange of available potential 
energy from the other groups into the group in question. We see that the 
very long waves export available potential energy received by the other two 
groups. For the available potential energy we may thus say that the energy 
is transferred from the larger to the smaller scales. 

For the kinetic energy the corresponding diagram is shown in Fig. 10.2. 
As expected, all three wave groups feed energy into the zonally averaged 
state from the waves. The interaction among the waves is an export from 
the medium-long waves to the very long and short waves. All numbers are 
again given in W m -2 . Fig. 10.2 is in agreement with the results obtained 
by Saltzman and Teweles (loc. cit.) with respect to the directions of the 
energy exchanges. 
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Fig. 10.1 : The exchanges of available potential energy on an annual basis 
between the zonal amount A z and the three wave groups: m = 1 to 5, m = 6 
to 10 and m = 11 to 15, as well as the exchanges among the three wave groups. 
Note that the cascade goes from small to large wavenumbers. 


A summary of the whole study is shown in Fig. 10.3 in which additional 
information has been included. The annually averaged amounts of energy 
in the zonally averaged state and the three wave groups are shown by the 
histograms. Another new piece of information is the arrows indicating the 
energy conversion from Ae to Ke, where we notice that the major con¬ 
version is between the medium long waves. Regarding the input of the 
kinetic energy, we see that the larger amount comes on the scale of the 
baroclinic, transient waves, which are amplified by the instability of the 
zonal currents. The kinetic energy received on this scale is then cascaded 
toward both larger and smaller scales. 

Another study using data from the complete Northern Hemisphere for 
10 levels (100, 85, 70, 50, 40, 30, 25, 20, 15, and 10 kPa) during a two month 
period (December - February 1971-72) has been carried out by Chen and 
Wiin-Nielsen (1978). The decomposition in orthogonal functions was in 
this case done using spherical harmonic functions. The proper measure of 
scale is n, where n is the meridional index of the associated Legendre func- 
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Fig. 10.2: The exchanges of kinetic energy on an annual basis arranged as in 
Fig. 10.2. Note that kinetic energy is transferred from the medium scale to the 
large and small scale. 


tion. The resolution is from n = 1 to n = 31, and the three wave groups 
were in this study defined by 1 < n < 7, 8 < n < 14, and 15 < n < 31. 

The results for available potential energy and kinetic energy are shown 
in Fig. 10.4. There is agreement between the directions of the energy ex¬ 
changes in the two studies, as can be seen comparing Fig. 10.5 with Figs. 
10.2 and 10.3. In Fig. 10.5 the amounts of energy exchange are larger 
because the second study is for two winter months only. We note also that 
the differences in the wavenumbers in three wave groups account for the 
difference in the division of the energy exchanges. 

We shall finally look at the nonlinear exchange of enstrophy, which was 
included in the study by Chen and Wiin-Nielsen. The results using a unit of 
10“ 18 s -3 are shown in Fig. 10.5. It is seen that the exchange of enstrophy 
has the same direction as the exchange of kinetic energy. The partitioning 
is, however, very different because for enstrophy the major transfer is from 
the middle to the small scale while the transfer for kinetic energy largely 
goes to the largest scales. 

It turns out that the spectra of available potential and kinetic energies 
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Fig. 10.3: The lower part is a schematic spectrum for the available potential 
energy, while the upper part is the spectrum for the kinetic energy. The verti¬ 
cal arrows indicate the conversion from eddy available potential energy to eddy 
kinetic energy, while the horizontal arrows indicate the transfer of energy within 
each spectrum. 


are such that in the region of the high wavenumbers the spectra can be 
approximated by a power law, where the exponent is close to (-3). The 
spectrum of the enstrophy can also be approximated by a power law, but 
here the exponent is (-1). If spherical harmonic functions had been used, 
in which case the scale would be given by the meridional index n(n+ 1), it 
would be obvious that a difference by 2 units would apply; but the studies 
which we refer to use m as the measure of scale. However, the empirical 
determination of the slope of the enstrophy spectrum characterized by the 
exponent (-1) shows that the difference of 2 in the power law holds even 
when finite differences are used in the meridional direction. 

At about the same time as these empirical determinations of the power 
laws were made, Kraichnan (1967) and Leith (1968) were interested in the 
properties of so-called two-dimensional turbulence. They demonstrated 
that two different regimes were possible. One regime would have a con¬ 
stant flux of kinetic energy and a vanishing flux of enstrophy, while the 















Fig. 10.4: A summary of a study of nonlinear exchanges of available potential 
and kinetic energy for the Northern Hemisphere during two winter months. The 
three groups are arranged according to the meridional index. Numbers are given 
in W m -2 . 

other would be characterized by a constant flux of enstrophy, but a van¬ 
ishing flux of kinetic energy. The latter regime would be characterized by 
a (-3) exponent in the power law for the kinetic energy, but a (-1) expo¬ 
nent for the enstrophy. When compared with the observed spectra, the 
high wavenumber end of the spectrum has the correct slopes for an inertial 
subrange of the second kind. The flux functions for both kinetic energy 
and enstrophy have been calculated to investigate if the first flux function 
is essentially zero and the other essentially constant. However, it was not 
possible to verify the existence of such an inertial subrange; see Steinberg, 
Wiin-Nielsen, and Yang (1971) for details. The lack of verification does not 
prove that the inertial subrange does not exist because the studies included 
only wavenumbers up to 15. 

Barros and Wiin-Nielsen (1974) have made a numerical experiment with 
a quasi-geostrophic, two-level model with forcing and dissipation complet¬ 
ing a long-term integration. The results were used primarily to investigate 
the spectra and the nonlinear cascade processes. The model results show 
also that the eddy kinetic energy is generated by conversion from eddy 
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Fig. 10.5 : The nonlinear exchange of enstrophy among the same wave groups as 
in Fig. 10.4. Note that enstrophy is transferred from the middle scale to the large 
and small scale with the large amount going to the small scale. Unit: 10“ 18 s -3 . 


available potential energy mainly on wavenumbers 4 and 5. The flux func¬ 
tion for enstrophy is almost constant for the interval 5 < m < 12. The 
interval in wavenumbers from 6 to 11 may therefore be an inertial sub¬ 
range; it does not extend to higher wavenumbers. This is explained in the 
experiment by the fact that the model equations include a lateral diffusion 
term that dissipates the kinetic energy effectively for wavenumbers higher 
than 12. This dissipation takes place in such a way that in this region of 
the spectrum there is a balance between the convergence of the flux and 
the dissipation. It may be of interest in the future to repeat an experiment 
of a similar nature, but to avoid the use of lateral diffusion. 
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ENERGETICS AND PREDICTABILITY 


The study of cascade processes gives the major result that the kinetic en¬ 
ergy enters the atmospheric spectrum on the scale of baroclinic instability. 
It is then cascaded to longer as well as shorter waves. In the region of 
the larger wavenumbers we have a cascade of both available potential and 
kinetic energy and enstrophy to higher and higher wavenumbers or smaller 
and smaller scales. At sufficiently high wavenumbers the energy is con¬ 
verted to heat. 

The shape of the atmospheric spectra for the higher wavenumbers is 
also important for the nature of the cascade processes. Empirically we find 
that the available potential and kinetic energy vary as the wavenumber to 
the (-3) power for the waves on a scale that is smaller than the scale of 
baroclinic instability but larger than the scale on which the (-5/3) power 
law applies. The (-3) power law was first found by Wiin-Nielsen (1967) 
in an analysis of spectra calculated from observations, and the distribu¬ 
tion has reappeared in numerous studies of both data and model results. 
Superficially the (-3) power law is in agreement with the predictions from 
two-dimensional turbulence theory as formulated by Kraichnan (1967) and 
Leith (1968), where it corresponds to a region of constant enstrophy cas¬ 
cade and vanishing cascade of energy, but it has not so far been possible to 
show clearly from simulations or data that such an inertial subrange exists, 
where the (-3) law is found. This agreement may thus be accidental. The 
first studies of the atmosphere spectra used the longitudinal wavenumber 
as a measure of scale, but later studies using spherical harmonic functions 
have used the so-called two-dimensional index as a scale measure (Chen 
and Wiin-Nielsen, 1978). 

Any numerical prediction model has a smallest scale that it can resolve 
with satisfactory accuracy. In the following discussion it will be an advan¬ 
tage to think about a model with spectral representation. If the model 
does not have any frictional processes, which gradually remove the kinetic 
energy, we will, due to the cascade processes, see an accumulation of en¬ 
ergy and enstrophy at the small scales. This accumulation will change the 
cascade processes, and there may then be a feedback from the accumu¬ 
lated energy to the smaller wavenumbers. If the cut-off scale is close to 
the significant scales, which should be predicted accurately, it may destroy 
the forecast and thus limit the predictability. This qualitative reasoning is 
made plausible from the fact that a numerical prediction with higher reso- 
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lution in general gives a better forecast, even if the initial analysis remains 
the same, and the description of the physical processes in the model is 
unchanged. Generally speaking, a higher resolution gives better forecasts, 
everything else remaining unchanged. 

The fact that atmospheric energy spectra fall off so rapidly, as shown 
by the (-3) law, indicates, on the other hand, that there should be a limit 
to how high the resolution can be and still give advantageous results. This 
limit is in a general sense determined by the scale through which only a 
very small energy cascade takes place. Knowing the spectra of the atmo¬ 
spheric energies, one may ask if it is possible to estimate such a scale. The 
remaining part of this chapter is devoted to this question. We shall divide 
the discussion into two parts. The first part will deal with the most simple 
model - that is, the barotropic model - while the second part will treat 
the quasi-geostrophic models without sources and sinks. The omission of 
sinks and sources allows the use of the conservation theorems, which apply 
in these adiabatic, frictionless models. 


11.1 Nondivergent, Horizontal Flow 


The barotropic model conserves total kinetic energy and total enstrophy. 
With reference to Chapters 9 and 10 we start by developing the stream- 
function in a series of associated Legendre functions. We can then express 
the total kinetic energy and the total enstrophy as infinite series. If n is 
the meridional index, we may write the kinetic energy in the form 

OO 

K=Y,K(»)- (H.l) 

71 = 1 


It follows then [see Eq. 9.58] that the infinite series for the enstrophy is 

OO 

a 2 E = ^^c(n)K(n), (11-2) 

71=1 

where a is the radius of the earth and c(n) = n(n + 1). 

For the considerations to follow it will be necessary to define both the 
kinetic energy and the enstrophy for certain wave groups. For a wave group 
starting at n' and ending at n" we define the kinetic energy in that group 
as 

n u 

K(n',n")= Y, (H- 3 ) 

n—n' 


while the following equation, which on the right-hand side has the enstro- 
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phy for the same wave group, defines the averaged scale for the wave group: 

n" 

cK(n',n") = ^ c(n)K(n). (11-4) 

n=n' 

In the following discussion we shall divide the whole spectrum in two 
parts. The first part will consist of the waves from n' = 1 to n" = n, 
where n so far is an arbitrary number. The second part will contain all 
other waves in the spectrum. Since it is our intention to study the effect 
of the cascade processes, we will in general place n in a region where the 
enstrophy goes from the larger to the smaller scales with certainty - that is, 
at large wavenumbers. The general plan is then to use the two conservation 
theorems which hold for the two-dimensional, nondivergent flow to obtain 
information on the intensity of the cascade through a given wavenumber 
or, to be exact, through the wavenumber which divides the spectrum in 
the two parts. 

The conservation theorems can be written in the following manner: 

A* + K„ = A, 

c*R* + = cK. (11.5) 


The first of these equations expresses the conservation of total kinetic 
energy, while the second does the same for the enstrophy. A* and are 
the kinetic energies for the low and high wavenumber parts of the spectrum, 
respectively, while c* and c„* are the corresponding averaged scales. K is 
the total kinetic energy in the spectrum, and c is the averaged scale for 
the total kinetic energy. We notice that the conservation theorems can be 
stated also as a conservation of scale for the total spectrum. Due to the 
cascade processes, we cannot expect that the scales for the two parts of the 
spectrum will do the same. On the contrary, since we select the dividing 
wavenumber in the region of cascade processes toward smaller scales, we 
should expect that both of the partial scales will change. 

The solution of (11.5) is 

K. = ——^ (11.6) 

/v C++ C+ i\ C++ C+ 

The second ratio measures the relative amount of kinetic energy which 
is contained in the high wavenumber part of the spectrum. We shall now 
proceed to show that there is an upper limit to the amount of energy which 
can reside in this part of the spectrum. The following two inequalities are 
seen to be correct because the first reduces to the statement that c\ < c„, 
while the second is true because c** > c(n +1): 

K** c - ci c - ci 

K ~ c„* - ci - c(n + 1) - ci 


= r. 


(11.7) 
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To work with (11.7) it is necessary to use an observed spectrum of the 
kinetic energy. In the following we use an averaged spectrum for January, 
obtained as an average for the three years 1983-85. Furthermore we use 
only the spectrum for the transient waves. The spectrum covers the range 
from n = 1 to n = 30. The averaged scale for the whole spectrum is 
c = 177.43, corresponding approximately to n = 13. An upper limit to 
the cascade across n = 30, estimated from (11.7), is 0.18. This number 
indicates that not more than 18% of the original spectrum can be cascaded 
to wavenumbers higher than 30. If the streamfunction field corresponding 
to the spectrum is used in a barotropic forecast with a resolution n = 
30, as much as 18% of the energy could be accumulating at the highest 
wavenumber in the prediction model. 

We may also use (11.7) in a different way. Let r denote the value of the 
last ratio in (11.7). We can then write 

c(n + 1) = - [c - (1 - r)ci]. (11.8) 

r 


To take a specific example we may assume that the observations in our 
judgment do not justify a resolution higher than, say n = 30. Due to the 
cascade processes, the prediction model should have a higher resolution. 
Equation (11.8) can then be used to calculate c(n + 1) in such a way that 
not more than the ratio r will be cascaded to wavenumbers higher than 
c(n + 1). Suppose that we select r = 0.01. We find c(n + 1) = 17,545, 
corresponding to a value of n = 132. It is encouraging to see that this value 
of n is of the same order of magnitude as the resolution presently being used 
in the most advanced and best prediction models. The same argument as 
above has been applied earlier in a qualitative sense by Wiin-Nielsen (1985) 
to explain why an increase in resolution without any improved quantity of 
observations or any change in the various parameterization schemes can 
give a better forecast. 


11.2 The Quasi-geostrophic Case 


For the general case of the primitive equations we do not have two con¬ 
servation theorems which are essential for the arguments in this chapter. 
However, for the intermediate case of quasi-geostrophic flow with its two 
theorems, we may hope to employ analogous considerations to obtain some 
more general results. For the quasi-geostrophic case we have conservation 
of the potential vorticity expressed as 



(11.9) 




As indicated by (11.9) it has been assumed that the flow is adiabatic and 
frictionless. In that case we have conservation of the total energy, which is 
the sum of the available potential and kinetic energy, provided we use the 
boundary condition at the surface of the earth that the vertical derivative 
of the streamfunction vanishes. Under the same boundary condition it can 
be shown (Wiin-Nielsen, 1990) that the enstrophy is conserved in an inte¬ 
gral sense. We therefore have two conservation theorems in analogy with 
the barotropic case. 

In the following discussion we shall express each of the two theorems in 
wavenumber space. For each isobaric surface we use an expansion of the 
streamfunction in spherical harmonic functions. In addition it will be nec¬ 
essary for our purposes to introduce the vertical dimension in the problem 
by defining a set of vertical structure functions, which should be orthogo¬ 
nal and normalized over the vertical interval. As we have recalled several 
times, the static stability in the quasi-geostrophic model is a function of 
pressure only. There is, however, some degree of freedom, because the the¬ 
ory does not specify the exact nature of the function. Several possibilities 
are open, but we shall prefer to select the most simple vertical structure 
function, which appears when it is assumed that the static stability is in¬ 
versely proportional to the square of the pressure. In that case we must 
also abstain from letting the top surface of the model be at p = 0. The top 
surface will be at p = pr- In that case the structure functions are solutions 
to the equation 


d f 2 dEq \ 

^ { p -^J 


+ = 0 


( 11 . 11 ) 



In the above equations we have used a normalized pressure p* = p/po- 
The required solutions to (11.11) can be shown to be (Wiin-Nielsen, 1989) 

/ o \ 1/2 

E t(p') = ( l + ) e{/2 l s ' n (M«)0 - 2 Ml) cos(/j(g)£)|, 

(11.13) 

where 

f = -ln p*, £ T = -ln p T , p(q) = f^, (11-14) 

ST 
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and where the first factor in (11.13) has been determined in such a way 
that the structure functions are normalized. We note also that 

Ms) 2 = A (qf - i, (11.15) 


which can be converted to 


A \q) 


fo 

°oPo 



(11.16) 


In complete analogy to the nondivergent, horizontal case we get in this 
case 


= M n > 2 +*< m ’ »• «> 2 - < u - 17 ) 

* q n m 

E = r £EE [*< n ) 2 + M?) 2 ] 2 *(m,n, 9 ) 2 . (11.18) 

9 q n m 

Setting 

T = K + A = r ( n '?)' (H-W) 

y q n 

we find 

( 11 . 20 ) 

9 Q 

with 

a(n,q) 2 = s(n) 2 + \(q) 2 , s(n) 2 = (11.21) 

CL 

For a given truncation in n and q the numbers a(n, q) 2 may be arranged 
as an increasing series. In the following discussion we shall assume that 
this has been done, but the numbers are not produced here. We shall use 
r as the counter in this series. We may then define the mean scale by the 
equation 

OO OO 

m 2 -§E T w = |E“< r ) 2T ( r )- ( n - 22 > 

We realize of course that in practice all spectra have to contain a finite 
number of terms. When we nevertheless use an infinite upper limit, it is 
with the understanding that T(r) should be essentially zero for sufficiently 
large values of r. We can now, just as in the barotropic case, divide the 
whole spectrum into two parts. Let R be the end of the first group such 
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that the two groups are defined by r = 1 to r = R and r > R. The mean 
scales are defined by 

oo R 

m?£T(r)='£a(r) 2 T(r), 

r=1 r= 1 

oo oo 

ml. Y T(r) = Y, «M 2 nr). (11.23) 

r=R+l r=R +1 


We may now proceed in a way completely analogous to the barotropic 
case. The two conservation theorems are 


qR 1 coo 
^1 "T &R. 


+ 




r»OC 

m 2 S? 


(11.24) 


It is then seen that all the arguments in the barotropic case will hold 
again, and also that the final result will be formally the same. We find 
therefore that 


S R+i m 2 -o:(l) 2 

5f° a{R+ l) 2 -ct(l) 2 


(11.25) 


Using (11.25) it is possible to make some statements about cascade 
processes in the quasi-geostrophic case following the same reasoning as in 
the previous case. For example, let us assume that it has been decided that 
n = 30 and q — 3 is the highest resolution justified by the data. We can then 
use (11.25) to calculate a(R +1) 2 for b — 0.05. We find a(i2+1) 2 = 8.34 x 
10" 10 m -2 . Having this value we go to the table mentioned before, where 
we have arranged the three-dimensional wavenumbers according to size. 
Naturally we can always find a value in the table closest to the computed 
value. In that sense the problem has a unique solution. On the other 
hand, we have an inaccurate estimate, and we therefore have a number 
of values in the table which could just as well be used. For example, the 
following values of (n, q) are all very close to the computed value: (112,15), 
(98,16), (80,17), and (56,18). Even more extreme cases could be given with 
extremely large values of n but very small values of q, or vice versa. The 
practical resolution in those places where it is needed - that is, close to 
the solution - is to select the appropriate value of q to secure a sufficient 
vertical resolution at the tropopause and then to determine the value of 
n. Based on these considerations we would probably prefer the first of the 
values given above. 

A data study has been carried out in order to make further statements. 
These data (Wiin-Nielsen, 1990) had a horizontal resolution of n = 63 as 
the largest value of n, and the vertical resolution permitted use of the first 
five vertical structure functions. The mean scale for the whole spectrum was 
2.715xl0 -11 m -2 corresponding very nearly to n = 15 and q = 3. Using 
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the spectrum a number of estimates were made for the expanded scale in 
a prediction model. Using b = 0.02 this time we found the following series 
of “close” solutions: 


n 

q 

89 

21 

109 

20 

124 

19 

138 

18 


With respect to the horizontal resolution we find values comparable 
to those presently used in the global prediction models with the highest 
resolution. On the other hand, the estimate of the vertical resolution in 
terms of structure functions is considerably higher than those used at the 
moment. The reason for this is most probably that the structure functions 
used in this study have relatively few zeros in the lower part of the tropo¬ 
sphere. To get the large variability in the lower part of the atmosphere, 
especially the planetary boundary layer, it is necessary to use structure 
functions with a large value of q. 
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ENERGETICS OF AN OPEN DOMAIN 


So far we have discussed only the atmospheric energetics of a closed domain. 
The spectral energetics study, however, revealed that synoptic-scale distur¬ 
bances are the most effective atmospheric motions, releasing atmospheric 
available potential energy (Chen, 1982). Moreover, Palmen and Newton 
(1969) pointed out that “only about four to five developing cyclones of typ¬ 
ical size and intensity are required to account for the entire kinetic energy 
generated in the extratropical cap of the hemisphere .” Therefore, in view 
of the importance of extratropical cyclone energetics, it is desirable to for¬ 
mulate the energetics scheme in an open domain. 

In dealing with the atmospheric energetics of an open system, we face 
two unavoidable difficulties: (1) selection of the system’s lateral boundary 
and (2) more than one possible expression of certain energy conversion. The 
first difficulty is related to the evolution of the energy transport process. 
However, it may be cumbersome to develop a mathematical rule for the 
definition of the lateral boundary of an open system. Practically speaking, 
a relatively objective selection may be made based upon the synoptic struc¬ 
ture of the system in question. On the other hand, the second difficulty 
should be resolved physically. The necessary condition when discussing the 
existence of a conversion term between two energy forms is the appearance 
of an energy conversion term bearing the opposite sign in the energy equa¬ 
tions of the two forms. In fact, an energy conversion process in an open 
system can be expressed using several mathematical expressions. However, 
a proper conversion term between two energy forms cannot be formed; only 
a direct physical relationship can be established between them. 


12.1 Eulerian Energy Budget Analysis 


a. Kinetic Energy Equation and Budget Analysis 

The horizontal equation of motion is 


dV 

dt 


- „ - d V a 
f V *V V +u>—- k 


dp 


xf V= —V</>+ F • 


( 12 . 1 ) 
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Multiplying this equation with V , one obtains 


dk 

dt 


—■ dk — 

+ V «V k + — — V *V</>+ V * F ■ 

dp 


( 12 . 2 ) 


This Eulerian kinetic energy equation can be combined with the continuity 
equation giving the flux form 


§ + V*(Ufc) + ^-M;) = - V *V</>+ V • F 
at op 


(12.3) 


where k — 1/2 V • V- The vertical integration of (12.3) averaged over an 
open domain, s, is 


dK 

dt 


gs 



V •V<f> dp ds —— [ [ V • (U k) dp ds 

9 s Jo Js 

G(K ) B(K) 


+ — f [ V • F dp ds, (12.4) 

gs Jo J s 


D(K) 


where K = [l/(<?s)] J 0 Po J k dp ds. The boundary conditions u = 0 at p — 0 
and p = po are applied to obtain (12.4). G(K) is the generation of kinetic 
energy due to the cross-contour flow, B(K) the divergence of kinetic energy 
flux, and D(K) the dissipation of kinetic energy. 


Table 12.1: The energy units are 10 5 J m 2 , and those of energy conversions 
are W m -2 . 



K 

dk/dt 

G(K) 

B(K) 

D(K) 

Extratropical cyclones 

15 

0.5 

8.5 

-1.7 

-6.3 

Hemispheric general 
circulation 

12 

0 

4 

0 

-4 


Table 12.1 shows the climatology of the extratropical-cyclone kinetic 
energy budget, computed by Rung and Baker (1975) for 780 cyclones oc¬ 
curring in North America over a five year period, and for the general cir¬ 
culation in the Northern Hemisphere, as described by Smith (1980). The 
energy budget values cover the atmosphere from the surface to 100 mb. 
Note that the negative values of B(K) and D(K ) indicate energy sinks. 
G(K) may be changed so the time variation of kinetic energy can be re¬ 
lated to that of available potential energy in the following manner: 

G(K) = — f P ° / -V • (V <t>) dp ds + — f P ° [-aw dp ds (12.5) 

9 s Jo Js 9 s Jo Js 

B(4) C(A,K) 
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or 

G(K)-C(A,K) = B(<f>). (12.6) 


b. Available Potential Energy Equation and Budget Analysis 


Palmen and Newton (1969) found that developing extratropical cyclones 
are vital systems for the generation of kinetic energy, maintaining hemi¬ 
spheric general circulation. Therefore, after developing an open domain 
kinetic energy budget equation, we naturally explored the “contribution” 
of developing cyclones to the globally or hemispherically available potential 
energy budget, following the Lorenz energy cycle. Note that the average 
pressure surface determining the minimum potential energy in (4.2) is a 
sphere - namely, a closed domain. In essence, the available potential en¬ 
ergy defined by (4.9) is used to illustrate the global general circulation. 
Therefore, to evaluate the contribution of an open domain to the glob¬ 
ally available potential energy, we face the dilemma of defining the average 
pressure surface. 

Adopting an expression of potential energy given in (4.9), we formulate 
the contribution of an open system to globally available potential energy 
as 

A s 0 = - [ [ P ° P —^T dp ds. (12.7) 

gs Jso Jo p k 

Also, let us introduce p So : 

Ps 0 =—[ p(X,<p,&) ds. (12.8) 

s o Jso 

Using a “local” average pressure on the potential temperature surface (0) 
passing a given point within an open domain, (12.7) can be written as 


l s 0 


= — [ [ 
9&Q J sq Jo 


PO _ pK 


So 


T dp ds -|- 


Cp 


gs 0 


If 

J so JO 


P0 Pso - Pr 


p K 


Tdpds. (12.9) 


X S 0 l 


A Sol is the available potential energy of an open domain, defined with the 
local reference state without any exchange of mass with the surrounding 
environment, and A Sog is the contribution of an open system to the globally 
available potential energy attributed to the departure of the local reference 
state from that of the global atmosphere. 

To relate open-domain available potential energy to open-domain ki¬ 
netic energy, we shall focus on the A Sol budget. Suppose the area of an 
open domain so remains constant, then the rate of change of A Sot within 
the concerned open domain should be 

dA b±= c 1L t f K 1 st p, 0 ae e a p ,„ 
dt gs 0 Jo \ dt Poo dt pfo dt 


dp ds; poo = 100 cb. 

( 12 . 10 ) 
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We have applied the Poisson equation and assumed that dpo/dt = 0 in 
(12.10). Using the thermodynamic equation, we may express all local rates 

of change of T, O, and P ao in (12.10) as 




0 % _ dpi, 


SO 


dt 


dt 


V*Vp ao -u> 


dpi 


so 


dp ’ 


( 12 . 11 ) 


where a is specific volume, and Q is the heating rate per unit mass. Sub¬ 
stituting ( 12 . 11 ) and ( 12 . 10 ), the latter equation transforms into 


dt 


1 [ f P ° QLO dp ds + 1 [ r° ( P Pso ' 

9S0 Jso Jo 9S0 Jso Jo V P K > 

| Q dp ds 

1 f f po p K — Pi —* 

+— / / V • (V T) dp ds 

9S0 Js 0 Jo P 

(12.12) 

(1) 


+ X U &> e) -> T) ) dp<fa 

(12.13) 

(2) 


- cp [ r r ( dp }-v.vpi o -^) dPds . 

9 Jso Jo P K V dt ^ s ° dp J 

(3) (4) 



Applying Poisson’s equation and combining terms ( 2 ) and 
we obtain 


< 2 > + < 4 > = | 



(4) of (12.13), 


and combining ( 1 ) and (3) yields 


( 1 ) + (3) = V. 


( 


P 




Defining the so-called efficiency factor as N = (p K — p So K )/p K , (12.13) can 
be written as 


dAsj 

dt 


i r r po 

9 $0 Jso Jo 


au dp ds + 


C(A,K) 


i r r po 
9 s 0 Jso Jo 


N Q dp ds 
G(A ) 


1 

9Sq 



V • ( c p N V T ) dp ds H—— 

9 s o 


B(A) 



<T.r <!]%, 
p K dt 
DP 


dp 


ds. 


(12.14) 
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Extratropical Cyclone 


CD 

aA s 0 i/at 

35 

(25) 

C(A,K) 

280 

w 

G(K) 

8.5 

w 

aK/dt 

0.5 

(15) 

D(K) 
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w 

^- 
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> 

r 
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General Circulation 


G(A) 

4 

w 

o 

C(A,K)=G(K) 

4 

w 

o 

D(K) 

4 

w 


(38) 


(12) 



Fig. 12.1: Energy budgets of extratropical cyclones and the hemispheric general 
circulation. After Smith, 1980. Energy contents are shown by parenthetical 
numbers with units of 10 5 J m -2 . Energy conversions have units of W m” 2 . 


Equation (12.14) is the available potential energy budget equation of an 
open domain. G(A) is the generation of available potential energy by di- 
abatic heating, B(A ) the horizontal flux divergence of available potential 
energy, and DP the integrated change of the area-mean pressure within an 
open domain. DP vanishes when integrating over the entire atmosphere 
(Boer, 1976). The averaged extratropical cyclone available potential en¬ 
ergy budget and the corresponding hemispheric values evaluated by Smith 
(1980) are displayed in Table 12.2. The energy budget analysis of extra¬ 
tropical cyclones presented in Tables 12.1 and 12.2 can be summarized by 
Fig. 12.1; the parenthetical values are energy contents. The numerical sum 
of all of the energetics terms shown in Table 12.2 results in a residual of 
15 W m -2 , which may be the result of computational uncertainty. 

Table 12.2: The units of A Sol are 10 5 J m -2 and that of energy conversion is 
W m -2 . 


As ol 

dA Sol /dt G(A ) 

C(A,K) 

B(A) 

DP 

Extratropical 25 

cyclones 

35 

10 

-280 

100 

220 

Hemispheric general 38 
circulation 

0 

4 

-4 

0 

0 


According to the Lorenz energy cycle and the hemispheric energetics 
analysis, G(A) is the only energy source driving the atmospheric circu¬ 
lation. However, this argument does not seem to hold for the energetics 
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budget of open domains shown in Fig. 12.1. The significant values of B(A) 
and DP indicate that G(A) is insignificant in developing extratropical cy¬ 
clones. In fact, the pronounced contrast between G(A) and either B(A) 
or DP suggests that a substantial amount of available potential energy is 
exchanged between the open domain accommodating the cyclone and its 
surrounding environment. Additionally, it is well known that the atmo¬ 
spheric general circulation is a very inefficient thermodynamic engine: the 
generation of atmospheric circulation energy (4 W m -2 ) is about 1% of 
input solar energy (~ 350 W m -2 ). For extratropical cyclones, the con¬ 
trasting numerical values between C(A,K ) and G(K) that shown in Fig. 
12.1 indicate that only 3% of the released available potential energy is used 
to generate the kinetic energy of cyclones. Comparing this figure to that of 
general circulation energetics, one may legitimately claim that the cyclone 
systems are also rather inefficient thermodynamic systems. 


12.2 Quasi-Lagrangian Energy Budget Analysis 


The energy budget equations developed in the previous section were formu¬ 
lated in a coordinate system fixed in space - that is, an Eulerian system. 
Thus, energy budget analyses must be performed in a region sufficently 
large to contain the meteorological phenomenon concerned - for example, 
the extratropical cyclone - during the time period of interest. Because 
synoptic-scale weather systems generally migrate, one may compute the 
energy budget over a smaller area containing the storm at any given time 
in a moving frame of reference - that is, a Lagrangian system. 


a. The Kinetic Energy Equation and the Budget Analysis 

First, let us deal with the Lagrangian kinetic energy budget of an open 
domain. The relation between the local rate of change in the Eulearian 
(d/dt) and Lagrangian (6/6t) systems is described as 

V=V +5,v() ’ <i2i5) 


where C= dx/dt i 
open system in the 
to (12.15) yields 


+dy/dt j +du>/dt k is the translation velocity of an 
Lagrangian system. Applying the continuity equation 

V = ^ +v *P ( >]• < 1216 > 


Also, the time rate of change of kinetic energy K So moving with an open 
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system can be written as 


^£0 

6t 


1 

9So 



Po dk 1 

— dp ds + — 
at gso 



V • (C k) dp ds. 


(12.17) 


Substituting (12.2) into the previous equation, we obtain 


SKso 

St 


1 

gs 0 

If 

J so JO 

— Vh dp ds 

l 

+ — 
gs 0 

If 

J so JO 

V.[(C» 

- V k )k\ 



Bl(K) 

B(K) 

l 

+ — 
gs 0 

r rPo 

J sq J 0 

V k 'F k 

dp ds, 



D(K) 



(12.18) 


where ( )h denotes the horizontal component of ( ) - for example, 

-* A A 

Vh= U i +u j. 

On the right-hand side of (12.18), the first term represents kinetic en¬ 
ergy generation due to cross-contour flow, the second term the horizontal 
divergence of kinetic energy flow across the boundaries of an open, moving 
system, and the last term the dissipation. The second term can also be 
split into Bl(K), the divergence of the horizontal system kinetic energy 
flux, and B(K), the divergence of horizontal Eulearian kinetic energy flux. 
The comparison between (12.4) and (12.18) shows that the mathematical 
difference between them is Sl(/c), caused by the translation of an open 
system. Moreover, in the practical budget analysis, both the boundary of 


So and the translation velocity Ch will be subjectively determined using 
synoptical arguments. 

As a result of the subjective constraint of determining the boundary 

of so and Ch , few kinetic energy budget analyses of an open system have 
been performed using the Lagrangian approach. Chen and Bosart (1977) 
selected four similar cases of well-developed cyclone-anticyclone couplets 
over North and Central America for this purpose. These winter cases in¬ 
volved cold-air penetration from the North American continent deep into 
low latitudes behind a major east coast cyclone. A grid spacing of 254 km 
on a polar stereographic map valid at 60° N was used. Presented in Ta¬ 
ble 12.3 is the Lagrangian kinetic energy budget of the cyclones integrated 
from 1000 to 100 mb and averaged over an llarll grid area. 

For the anticyclone region, B(K) decreases from 37.2 to 5.5 W m -2 , 
while the cross-contour destruction of kinetic energy decreases to 6 W m -2 . 
However, the horizontal system flux increases from 0.6 W m -2 during times 
3-4 to 15.3 W m -2 in the next 12 hours. The opposite situation is observed 
in the downstream cyclogenetic region: the kinetic energy influx increases 
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Table 12.3: Unit: W m 2 



Time period 

SK ao /St 

G(K) 

Bl(K) 

B(K) 

D(K) 

Anticyclone 

3-4 

- 0.8 

-9.5 

0.6 

-37.2 

45.4 


4-5 

- 0.8 

- 6.0 

15.3 

-5.5 

44.8 

Cyclone 

3-4 

3.7 

24.5 

- 11.8 

17.7 

-26.9 


4-5 

-14.3 

64.5 

- 20.1 

32.2 

-91.3 


from 17.7 to 32.2 W m -2 from times 3-4 to times 4-5. The kinetic energy 
generation also increases from 24.5 to 64.5 W m -2 for the same time peri¬ 
ods. In contrast, the kinetic energy of the cyclone region is lost by the hor¬ 
izontal system flux 11.8 and 20.1 W m -2 , respectively, for the same time 
periods. Thus, the in-situ generation of kinetic energy by cross-contour 
flow is apparently the major energy source of developing cyclones, while 
the kinetic energy exported from the upstream anticyclone region is not a 
negligible source. The dissipation of kinetic energy, computed as a resid¬ 
ual, is 26.9 and 91.3 W m ~ 2 in the cyclone region for the two time periods 
respectively. Peculiarly, kinetic energy is generated by the dissipation term 
45.4 and 44.8 W m~ 2 , respectively, during the two time periods over the 
anticyclone region. In addition to the computational errors, the dissipation 
computed as a residual may also include other physical processes involving 
subsynoptic-scale disturbances that cannot be resolved by the operational 
radiosonde network. 

Finally, a comment should be made about comparing the Eulearian (Ta¬ 
ble 12.1) and Lagrangian (Table 12.3) kinetic energy budget analyses. It 
is obvious that the intensity of Chen and Bosart’s kinetic energy budget is 
much greater than Rung and Baker’s (1975) long-term time averaged result 
due to the selected cyclones and the size of the computational domain. 

b. The Available Potential Energy Equation 

The time rate of change of available potential energy A So moving with 
an open system is 


dA 


So 


dt 


Cp d 

gsQ dt 


If 


NT dp ds, 


(12.19) 


Following the same procedure as in the formulation of the Lagrangian ki¬ 
netic energy equation, we obtain 


SA 


so 


St 


ft- f \ P °f (NT)dpds 

9so Jsq Jo dt 


+ 


fv 

9So J So Jo 


NT ( Ch 




dp ds. ( 12 . 20 ) 
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Using the thermodynamic equation, the integrand of the first term on the 
right-hand side of (12.20) may be written as 


! (JVD-£($ + «*,)-T 



( 12 . 21 ) 


Let us apply the equation of state and dp/dt = uj to (12.21). We may then 
express this equation as 


it^=i 


NQ + au — a 



dps o 
dt 


( 12 . 22 ) 


Substituting (12.22) into (12.20) yields 


SAsp 

6t 





uq dp ds 


_ 1 _ 

9so 


G(A n ) 



C(A n ,K. „) 



Bl(A,„) B(A n ) 



(12.23) 


This is the Lagrangian available potential energy equation of an open sys¬ 
tem. G(A So ), C(A So , K So ), and B(A So ) have the same physical meaning as 
before. Bl(A So ) represents the available potential energy flux across the 
boundaries due to the translation of the boundaries. The last term in the 
right-hand side of (12.23) is the effect of the time change in the reference 
pressure of the moving system on its available potential energy. 

As expressed earlier, C(A So , K So ) can be rewritten as 


or 


C(A, a ,K, 0 ) 



Vh dp ds 


G(K, „) 



BW 


dp ds 


(12.24) 


C(A, 01 K, 0 ) = G(K, 0 )-B(4>). 


(12.25) 


To illustrate the energy budget of a moving open system, a schematic 
energy diagram is presented in Fig. 12.2. No diagnostic analysis of the 
Lagrangian available potential energy equation (12.23) has been made. 
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Fig. 12.2 : The energy budget diagram of a moving open system; the arrow 
indicates the direction of the energy conversion. 


12.3 The Kinetic Energy Budget of Baroclinic and Barotropic 
Flow in an Open Domain 


The divergence of kinetic energy flux and the generation of kinetic energy 
by cross-contour flow from (12.4) can be written as 


1 

9 


1 

9 


ds dp 

= ~~ J /V. (Vm ds dp 


n 


CL" 


V ds dp 


_ _i r po f 

9 Jo J s 

i r po r 

9 Jo J s 


Vm »V0 m ds dp 


Vs «V0s ds dp. 


(12.26) 


(12.27) 


Using (5.14), we can obtain the barotropic kinetic energy equation of an 
open domain: 


dK M 

at 



l 



B(K m ) 


1 f po f - 

ds dp -/ / Vm *V0m ds dp 

9 Jo Js 


G(K m ) 


If L P * (^ 5 X ^ M ) + (^ 5 * ^m) V * Vs 

C(K s ,Km) 


ds dp 
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+ - f [ Vm »Fm ds dp. (12.28) 

9 Jo J s 

D{K m ) 

Compared to (5.16), two extra terms appear in the barotropic kinetic en¬ 
ergy equation of an open domain. These two terms are the divergence of 
kinetic energy flux by barotropic flow, B(Km), and the generation of the 
barotropic kinetic energy, G(K). 

Due to our boundary condition, the barotropic atmospheric flow does 
not have available potential energy to release. As indicated by (5.15) or 
(5.16), G(Km ) integrates to zero in a closed domain, but not in an open 
domain. The generation of barotropic kinetic energy can be written as 

- [ [ Vm ds dp = -- f /v*(vm ds dp. 

9 Jo J s 9 Jo Js ' ' 

B(M (12.29) 


Apparently, the barotropic kinetic energy of an open system can be supplied 
by the transport of barotropic potential energy through boundaries B(4>m)- 
Up to this point, the discussion concerning (12.29) makes clear that the 
rate of change of barotropic kinetic energy within an open domain can 
be induced by the external energy reservoir through lateral transport, in 
addition to the internal conversion and dissipation processes. 

The baroclinic kinetic energy equation may be formulated using the 
following convenient approach: 


dKs dK OKm 
dt dt dt 


(12.30) 


Subtracting (12.28) from (12.4), we find that 

dK s = 
dt 


+ 


+ 


- [ P ° [ V • fv s k] ds dp — — f P ° f V s *V0 5 ds dp 
9 Jo Js V / 9 Jo Js 

B(K S ) G(K S ) 

Cs + (Vs • Vm') V. V s j 


I [ P0 [ 

9 Jo Js 


Vs x Vm 

J 

-C(K s ,K m ) 
V s *F s ds dp. 

D(K S ) 


ds dp 


(12.31) 


In’order to relate the rate of change of baroclinic kinetic energy to available 
potential energy, G(Ks ) can be written as 


- r [ V s «V0s ds dp 
9 Jo Js 


-1 J*° J' v • (v s 0 s) dsdp 


BW 
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1 f Po f 

H— / / wa ds dp. 

9 Jo Js 


C(A,K S ) 


(12.32) 


The generation of baroclinic kinetic energy is a sum of the internal conver¬ 
sion from available potential energy into baroclinic kinetic energy C(A, Ks ) 
and the transport of baroclinic potential energy through boundaries. It 
was shown in (5.17) that the baroclinic kinetic energy of a closed domain is 
maintained by the release of available potential energy, the conversion from 
baroclinic into barotropic kinetic energy, and the dissipation of baroclinic 
kinetic energy. As with the open domain, the rate of change of baroclinic 
kinetic energy is also affected by the external energy reservoir through the 
transport of baroclinic potential and kinetic energy across its lateral bound¬ 
aries. 

Equations (12.28) and (12.31) can be written symbolically as 


dK M 

dt 


B(K m ) + B(M+C(K S , K m ) + D{K M ), (12.33) 

G(K m ) 


dK s 

dt 


B{K S ) + B{<t> s ) + C{A,K S ) -C(K s ,K m ) + D(K S ). 

' -v-' 

G(K S ) (12.34) 


These two equations can be illustrated by the schematic energy diagram 
shown in Fig. 12.3. Note that B((ps ) and B(4>m) have not been evaluated 
in any practical energetics analyses. Instead, G(Ks) and G(Km) have 
been computed. The development and structure of all the weather systems 
within a limited area may not always be the same. It is therefore extremely 
difficult to draw any universal conclusion from the energetics analysis of 
an open domain. Nevertheless, for illuminating the dynamic processes in¬ 
volved in the development of any synoptic-scale weather system, the kinetic 
energy budget analysis of an open domain is certainly informative. Some 
effort has been made along this line to explore the kinetic energy budget 
of baroclinic and barotropic flow over North America. 

Petterssen and Smebye (1971) classified two types of cyclones. Type A 
contains a frontal wave and is initiated as a result of baroclinic instabil¬ 
ity. Type B is developed by an incipient upper trough over a region where 
fronts may or may not be present and where baroclinicity in the lower tro¬ 
posphere is relatively weak. Two consecutive cyclones over North America 
were developed from the cyclone in the vicinity of such an initial baroclinic 
contrast during March 1973. One evolved between 0000 GMT 13 March 
and 0000 GMT 16 March, and the other between 0000 GMT 16 March and 
0000 GMT 18 March. The first cyclone exhibited Type B characteristics, 
whereas the second cyclone was Type A. The kinetic energy budget anal¬ 
ysis of baroclinic and barotropic flow would therefore be a good dynamic 





B«>m> [<3( k m)] 



Fig. 12.3 : The energy budget diagram of baroclinic (subscript S) and barotropic 
(subscript M) flows in an open system. 


Cyclone I 

B(K S ) 10.6 B(K m ) 12.2 



D(K S ) 6.7 D(K m ) 18.1 

Cyclone II 

B(K S ) 2.4 B(K m ) .55 



D(K S ) 4.3 D(K m ) 7.0 


Fig. 12.4: Barotropic and baroclinic kinetic energy budget diagrams for Cyclone 
I (upper) and Cyclone II (lower) averaged over their entire life cycles (after Alpert, 
1981). Arrows indicate the direction of energy conversion. Units: kinetic energy 
(10 5 J m -2 ); energy conversion (W m -2 ). 
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B(K S ) 3.6 


B(K m ) 1.3 


G(K S ) 4.3 



G(K m )1.8 


D(K S ) 0.0 


D(K m ) 2.1 


Fig. 12.5: Barotropic and baroclinic kinetic energy budget diagrams averaged 
for 111 medium- and short-scale waves. Units: kinetic energy (10 5 J m~ 2 ); energy 
conversion (W m -2 ). 


diagnosis to illustrate the difference between the development of these two 
cyclones. 

Such an energetics analysis task was undertaken by Alpert (1981). The 
results taken over the life cycle of these two cyclones are summarized in 
Fig. 12.4. The top energy diagram of Fig. 12.4 shows that the horizon¬ 
tal kinetic energy fluxes, B(Ks ) and B(Km), are much larger than the 
generations of kinetic energy, G(Ks) and G(Km)- It seems that Cyclone I 
developed from the input of external kinetic energy instead of from internal 
baroclinic processes. In contrast, the horizontal kinetic energy flux by the 
barotropic flow of Cyclone II, shown in the lower energy diagram, exports 
energy out of the cyclone vicinity. Thus, the major energy source develop¬ 
ing this cyclone comes from generations of kinetic energy by both baroclinic 
and barotropic flow. Although the schematic energy diagram of Fig. 12.3 
indicates that G(Km) and part of G(Ks) are attributed to the transport 
of external baroclinic and barotropic potential energy across boundaries, 
the energetics of these two cyclones’ development shown in Fig. 12.4 are 
consistent with Petterssen and Smebye’s classification. 

Sheu and Smith (1981) also applied the same energy analyses to 111 
medium- and short-scale waves of various 500-mb flow regimes over North 
America during the 1967 and 1969 winters and the 1970 spring. Their 
composite energy diagram is shown in Fig. 12.5. Sheu and Smith’s results 
differ in some ways from those of Alpert’s case study or Wiin-Nielsen and 
Drake’s (1965, 1966) hemispheric analysis. The dissipation of baroclinic 
kinetic energy and C(Ks , Km) are much smaller in Sheu and Smith’s com¬ 
posite results, although their baroclinic energy transfers are on average 
more vigorous than such transfers usually are. They argued that their 
results might differ from others because of their exclusion of longer waves. 
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12.4 The Kinetic Energy Budget Of Rotational and Divergent 
Flow in an Open Domain 

The contributions of rotational and divergent winds to the divergence of the 


kinetic energy flux and the generation of kinetic energy by cross-contour 


flow from (12.4) can be written as 
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(12.35) 

1 r po f - 

1 

rPo 

f -» 

— / / V *V0 ds dp = 


/ 

/ V ^2 *V0i ds dp 

9 Jo J s 

9 . 

Jo < 

Js 


1 

rPo 

f - 



/ 

/ V 3 *V0i ds dp. (12.36) 


9 . 

Jo « 

Js 


Multiplying (8.13) with V 2 , we obtain the rotational kinetic energy equation 
of an open domain: 


dK?, 

dt 


~Uo° Is ^ dS dP ~ ~9 lo° Is V * k ) dS d? 

INTR B(K 2 ) 
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(12.37) 


G(K 2 ) 


D(K 2 ) 


The time variation of K 2 within an open domain can be induced in some 

way by V 3 through INTR, which is physically difficult to interpret. B(K 2 ) 
is the divergence of the kinetic energy flux by the rotational flow, and G(K 2 ) 
is the generation of rotational kinetic energy by cross-contour rotational 
flow. According to (8.14), (8.15), and (8.18), INTR, B(K 2 ), and G(K 2 ) 
integrate to zero in a closed domain. Since it vanishes in a closed domain, 
G(K 2 ) is considered by Pearce (1974) and Chen and Wiin-Nielsen (1976) 
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as the generation of kinetic energy due to the barotropic process. Alterna¬ 
tively, (8.18) implies that the rotational kinetic energy of an open domain 
can be changed through the transport of potential energy by rotational 
flow through boundaries: 

G(K 2 ) = ~ LL v •(v2<i>i S ) dsdp = BR(4> i). (12.38) 


Both B(K 2 ) and BR(<fi i) indicate that the time variation of the rotational 
kinetic energy inside an open domain may be due to the external energy 
reservoir through lateral transports, as well as to the internal conversion 
and dissipation processes. 

Substituting (12.35) and (12.36) into (12.4) and subtracting (12.38) 
from the resulting equation, we can obtain the divergent kinetic energy 
equation: 
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(12.39) 


The time variation of K 3 may be caused by V 2 through INTD. As INTR, 
it is also difficult to interpret physically INTD. G(K 3 ) does not integrate 
to zero in a closed domain and is regarded by Pearce (1974) and Chen and 
Wiin-Nielsen (1976) as the generation of kinetic energy due to baroclinic 
processes. To relate the time variation of divergent kinetic energy inside 
an open domain to available potential energy, G(K 3 ) may be written as 

G(K 3 ) = -- r f v 3 *V<A 1 ds dp 

9 Jo Js 

— ~~ J j^ * (u 3 (fridpi'j ds dp+J J Jau ds dp. 

BD(<f>i) -C(A,K 3 ) (12.40) 

G(K 3 ) is influenced by the internal conversion from available potential to 
divergent kinetic energy, C(A, K 3 ), and by the potential energy transport of 
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Fig. 12.6: Divergent (subscript 3) and rotational (subscript 2) kinetic energy 
budget diagrams in an open system. 


the divergent flow through the boundaries, BD{(j>\). For a closed domain, 
(8.23) indicates that divergent kinetic energy is maintained by the release 
of available potential energy, the conversion from divergent to rotational 
kinetic energy, and the dissipation of divergent kinetic energy. In addition 
to these energy transformation processes, (12.35) and (12.40) show that 
the transport of kinetic and potential energy by divergent flow from the 
external energy reservoir across lateral boundaries also affects the time 
variation of divergent kinetic energy inside an open domain. 

The symbolic expressions of (12.37) and (12.39) can be written as 


dK 2 

dt 


-INTR + B(K 2 ) + C{K 3 , K 2 ) + BR{4>) +D{K 2 ), 


G(K 2 ) (12.41) 


dK 3 

dt 


= -INTD + B(K 3 ) - C(K 3 , K 2 ) + BD(<t>) + C(A, K 3 ) 

--v-- 

G(K 3 ) 

+ D(K 3 ). (12.42) 


The schematic energy diagram representing these two equations is illus¬ 
trated in Fig. 12.6: A short-wave disturbance (13-16 March 1973) devel¬ 
oping into a cutoff low aloft and resulting in an intense surface cycle was 
classified by Chen et al. (1978) as the Type B cyclone of Petterssen and 
Smebye (1973). The cyclone system was analyzed by Alpert (1982) for the 
kinetic energy budget of baroclinic and barotropic flows. The kinetic en¬ 
ergy budget of this cyclone was characterized as distinctively different from 
a Type A cyclone of Petterssen and Smebye. The import of kinetic energy 
by a strong and persistent jet stream in the upper troposphere provided 
most of the energy for development. In contrast, the generation of kinetic 
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B(K 3 ) 5.0 


B(K 2 ) 21 .3 


G(K 3 ) 8.1 



K 3 0.76 

C(K 3 ,K 2 ) ? 

K 2 27.7 


^3 9 




dt 







G(K 2 ) 6.1 


D(K 3 ) 


D(K 2 ) 


Fig. 12.7: Divergent and rotational kinetic energy budgets of a shortwave 
disturbance during 13-16 March 1973. Units: kinetic energy ( K 2 and K 3 ) (10 5 
J m -2 ); others (W m -2 ). 


energy by cross-contour flow was a secondary energy source. Chen et al. 
(1978) analyzed the kinetic energy budget of divergent and rotational flow 
of this cyclone system. Their results are shown in Fig. 12.7 

Chen et al. found that V 3 contributes 12% of the total kinetic energy 
but nearly 25% of the convergence of the total kinetic energy flux during 
the lifetime of the cyclone. The generation of kinetic energy by divergent 
cross-contour flow, G(K$), is comparable to the rotational cross-contour 
flow, G(K 2 ), averaged over the lifetime of the cyclone. Thus, one may 
safely replace the total wind by the divergent wind when calculating the 
total kinetic energy. In contrast, the convergence of kinetic energy flux 
and the generation of kinetic energy are sensitive to the magnitude of the 
divergent wind. Any significant reduction of the divergent wind compo¬ 
nent affected by smoothing or filtering the analyzed wind fields will cause 
significant errors in the time variation of the kinetic energy of the cyclone. 
Later, the conclusion by Chen et al. was further confirmed by Tibaldi et 
al. (1980), DiMego and Bosart (1982), and Boyle and Bosart (1986) for 
various mid-latitude cyclones. Nevertheless, these studies never included 
the computation of C(Kz, K 2 ) and could not estimate dissipation of both 
K 3 and K 2 - that is, of D(Ks) and D(K 2 ). 

To explore the roles of the divergent and rotational flows in the kinetic 
energy budget of a limited open domain associated with intense convec¬ 
tion activity, Fuelberg and Browning (1983) and Buecheler and Fuelberg 
(1989) analyzed the kinetic energy budgets of two intense convective peri¬ 
ods: ( 1 ) the fourth Atmospheric Variability Experiment (AVE IV) and the 
first Atmospheric Variability Experiment - Severe Environment Storm and 
Mesoscale Experiment (AVE-SESAME I). The AVE IV period extended 
from 0000 GMT 14 April to 1200 GMT 25 April, 1975. Soundings were 
taken at 6 -hour intervals and covered the eastern United States. The AVE 
IV period contained the development of two mesoscale convective com¬ 
plexes (MCC) (Maddox, 1980) in the absence of major cyclone activity. 
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AVEIV B(K 3 )4.4 B(K 2 ) 3.18 




15.03 


Fig. 12.8: The divergent and rotational kinetic energy budgets averaged over 
the periods of AVE IV and AVE-SESAME I. Units: kinetic energy (K 2 and K 3 ) 
(10 5 J m -2 ); others (W m -2 ). 


The first convective outbreak attained its maximum spatial extent over the 
Midwest near 0060 GMT 24 April 1975, and the second convective out¬ 
break peaked over eastern Kansas near 0060 GMT 25 April, 1975. The 
AVE IV data were objectively analyzed onto a grid with a spacing of 158 
km by Buechler and Fuelberg (1986) using the Barnes (1964) technique. 
The AVE-SESAME I period included 1200 GMT 10 April to 1200 GMT 11 
April 1979. The soundings provided meso o-scale resolution every 3 hours 
and covered the southern-central United States. The data were objectively 
analyzed onto a grid with 127 km spacing (Buecheler and Fuelberg, 1986). 
AVE-SESAME I was characterized by a synoptic condition common to 
severe storm outbreaks, namely strong lower- and upper-level jets and an 
intense cyclone with an associated front. During AVE-SESAME I, the Red 
River Valley tornado occurred between 2100 GMT and 0200 GMT and the 
Wichita Falls tornado touched down near 0000 GMT. The kinetic energy 
budget analysis of the divergent and rotational flows of these two intense 
convection periods are shown in Fig. 12.8. 

The intensity of the AVE-SESAME I period is much stronger than that 
of the AVE IV period because of the stormy synoptic conditions of the for- 
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mer. Regardless of this difference, G(Kz) and B(K 2 ) are energy sources, 
and G(K 2 ) and B(K 2 ) are energy sinks during both intense convection pe¬ 
riods. As exhibited in Fig. 12.8, C{Kz,K 2 ) does not seem to be a crucial 
energy conversion. In fact, according to Buecheler and Fuelberg (1986), 
the smallness of C(Kz, K 2 ) is due to the cancellation of contributions from 
physical processes involved in this energy conversion. Moreover, the magni¬ 
tudes of both D(Ks) and D(K 2 ) are, in contrast, comparable to the global 
model atmosphere case (Chen and Wiin-Nielsen, 1976), in which D(K^) is 
about 10% of D(K 2 ). Apparently, the energetic characteristics of convec- 
tively active regions differ substantially from those of large-scale motions. 
In view of its contribution to various energy conversions and transports 
of limited open domains associated with intense convection, the divergent 
wind is an indispensable ingredient of the kinetic energy budget. Finally, 
it should be pointed out that although K$ is much smaller than K 2 , it 
still acts as a “catalyst” during the intense convection periods, as can be 
observed in major cyclone systems and in the global atmosphere. 
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ENERGETICS OF SOME SPECIAL PHENOMENA 


13.1 Subtropical Jet Streams 


The most conspicuous elements of the atmospheric general circulation in 
the extratropics are the subtropical jet streams. Since Rossby and his col¬ 
laborators (1947) initiated a pioneer study of several aspects of subtropical 
jet streams, numerous efforts have been made to explore their structure, 
their relation to other weather systems and the mechanisms that create and 
maintain them. However, we still lack a satisfactory mechanism explain¬ 
ing the existence of subtropical jet streams. In contrast, the maintenance 
of these jet streams, to a great extent has been successfully explained in 
several studies. 

Namias and Clapp (1947) proposed the confluence theory to illustrate 
the maintenance of subtropical jet streams. They showed that a thermally 
direct cross-jet circulation exists in the jet entrance regions with the rising 
warm air to the south of the jet and the sinking cold air to the north. The 
former regions are located over the Gulf Stream and the Kuroshio current, 
while the latter regions are located over the cold continents. Conversely, 
a thermally indirect cross-jet circulation exists in the jet exit regions with 
the rising cold air to the north of the jet over the Aleutian and Icelandic 
lows, and the sinking warm air to the south of jets where the subtropic 
oceanic anticyclones are located. Analyzing various physical variables with 
periods of 2.5-6 days and 10-90 days, Blackmon et al. (1977) confirmed 
the confluence theory that jet streams depicted by a time-mean flow are 
maintained upstream by the thermally direct cross-jet circulations. In con¬ 
trast, the thermally indirect cross-jet circulation maintained by baroclinic 
waves slows down jet streams downstream. 

Later, Holopainen (1978) and Lau (1979) analyzed the kinetic energy 
budgets of time-mean and transient modes. Their results indicated that 
the kinetic energy generated by ageostrophic flow in the upstream of jet 
streams is transported downstream and destroyed by ageostrophic flows. 
The time-mean ageostrophic winds in the upper troposphere are geograph¬ 
ically consistent with cross-jet circulations. The kinetic energy budget anal¬ 
ysis of Holopainen and Lau is therefore consistent with Namias and Clapp’s 
confluence theory and Blackmon et al.’s illustration for the generation or 
destruction of jet-stream kinetic energy by the ageostrophic cross-jet cir¬ 
culation. 
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It was illustrated by Krishnamurti (1961) and Blackmon et al. (1977) 
that the circumpolar maximum westerlies in the mid-latitudes of the North¬ 
ern Hemisphere possess a three-jet structure. These three subtropical jet 
streams are located at the northern end of the Hadley circulation (Palmen 
and Newton, 1969). Constructing the planetary-scale divergent circulation 
in the upper troposphere (Krishnamurti, 1971; Krishnamurti et al., 1973), 
Krishnamurti (1979) pointed out that divergent centers of the upper-level 
planetary-scale divergent circulation over the three tropical continents cor¬ 
respond well to the three subtropical jet streams primarily depicted by 
the rotational flow. Thus, we may infer that the planetary-scale diver¬ 
gent circulations maintained by the tropical diabatic heating (Chen and 
Yen, 1990) contribute in some way to the maintenance of the subtropical 
jet streams. Seemingly, the interhemispheric interaction between the diver¬ 
gent and rotational circulations may be an important factor in maintaining 
the subtropical jet streams. Chen et al. (1988) used the energetics scheme 
of divergent and rotational flows developed in Chapter 8 and Section 12.3 
to illustrate the maintenance of the three subtropical jet streams based on 
interhemispheric interaction. 

This brief historical account concerning the maintenance of subtropical 
jet streams by energetics analyses shows the two approaches that have been 
taken: regional ageostrophic circulation mechanisms and interhemispheric 
interactions between planetary-scale divergent circulation and midlatitude 
rotational flow. The energetics analyses for the maintenance of subtropical 
jet streams will be developed and illustrated in this section, based upon 
these two approaches. And a discussion of the relationship between these 
two approaches will follow the energetics analyses. 


13.1.1 Regional Ageostrophic Circulation Mechanism 

The equations of time-mean and transient motions can be written as 

<9 V - - dV a —► __ _ dV 

— f+ V*V V+u^r- -fk X v= V0 + F + V'.VV'+O>'— (13.1) 
at op op 

and 

dV' _ _ _ QW <9V dV' 

^-+V»VV'+V'*VV-V'* VV'+iJ— W — -u/— = —V0+F'. 
ot op op op 

(13.2) 

Multiplying (13.1) with V and (13.2) with V r and applying the continuity 
equation, we obtain the time-mean ( k ) and transient ( k ') kinetic energy 
equations as follows: 

f)k _ _ 

— = - V • (Vk) - V • (uu 1 + W) V' 

ot 

B\(k) B 2 (k ) 
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— — + ('uu' + vv') u' j 

- V* V0 + V • F - C (fc, A;'), (13.3) 

G(k) D(k) 

and 

r\ if r\ 

— = - V • VA;' - V • (WF) - — (u/F) - V' • V</>' + V' • F 7 + C (k, F) 

° P (13.4) 

Hi (A:') 5 2 (A:') G(fc') D(fc') 

The combination of (13.3) and (13.4) yields the conventional kinetic energy 
equation 

f)]? _ r) _ _ 

— + V* (VA;) - — (uk) - V* V0 + V.F, (13.5) 

B(k ) G(fc) L>(fc) 

where k = (u 2 + v 2 ) /2, A: = (u 2 + u 2 ) /2, and A= (m' 2 + m' 2 ) /2. The 
time-mean transient components of any variable are defined as ( ) = 
(l/T)/ o r ( ) dt and ( )' = ( ) - O- Note also -V* V</> = V • 

- V'* V0', and 


C(fc, A:') = 


m'm' 5m m'm' cos pdf u \ u'v' dv 


a cos ip dX a dp \ cos (p J a cos p dX 


v'v'dv ——-tana? ——-du ——-dv 

-——(- v'v'v -u'u/ —- v'u' — . 

a dp a dp dp 



Integrating (13.3)-(13.6) vertically and averaging them over a long period 
of time, we obtain 

- (B^k) + B 2 (k)) - (G(k )) = (D(k)) + (C(k, k')) (13.7) 

and 

- (Bi(k') + B 2 {k')) - (G(k')) = (D(k')) - (C(k , A;')), (13.8) 


where ( ) - (1/po) / 0 P °( ) dp. The assumptions uj = 0 at p — po and p = 0 
were applied to (13.7) and (13.8). We can combine (13.7) and (13.8) to 
form 


- (B(k)) - ( G(k )> = (D(k)). (13.9) 


The computation of the kinetic energy generation by cross-isobaric flow 
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(a) <k> 




Fig. 13.1 : Horizontal distribution of (a) total kinetic energy ( k ), (b) kinetic 
energy of time-mean flow ( k ), and (c) kinetic energy of transient flow (k') in the 
GLAS climate model. The values of ( k') larger than 8 x 10 5 J m -2 are hatched. 


is sensitive to the ageostrophic wind contained in the analyzed data. Gen¬ 
erally speaking, the evaluations of G(k), G(k ) and G(k') are subject to a 
bias from the objective analysis scheme used in preparing the observational 
data on a certain grid system. The bias makes it difficult to assess a quan¬ 
titative spatial relationship between the generation and transportation of 
kinetic energy. The history data generated by the simulation of a general 
circulation model are, of course, not real, but provide an alternative data 
source for this purpose. Chen and Lee (1983) made an attempt to use the 
history data generated by the GLAS climate model for the winter simula¬ 
tion to illustrate the maintenance of the Northern Hemisphere subtropical 
jet streams in terms of the kinetic energy budget analysis (13.7)-(13.8). 
Their results are presented in Fig. 13.1. 

The spatial distribution of (k) (Fig. 13.1a) exhibits three maxima as- 
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Fig. 13.2: Horizontal distribution of (a) ( G(k )), (b) ( G(k )), and (c) ( G(k ')) in 
the GLAS climate model. The negative values are hatched. The contour interval 
is 10 W m -2 for (a) and (b), and 5 W m~ 2 for (c). 


sociated with the subtropical jet streams over the east coasts of North 
America, East Asia, and North Africa. The resemblance between the ( k) 
and (k) (Fig. 13.1b) distributions reflect the fact that the major part of ( k) 
is contributed by the time-mean flow. The maxima of ( k') appear northeast 
of either maximum ( k) or maximum ( k ) where the maximum baroclinicity 
exists, but these are absent northeast of the North African jet. The 2.5-6 
day bandpassed statistics of some general circulation variables shown by 
Blackmon et al. (1977) are significant in association with this jet stream. 
They seem to suggest that the cyclogensis frequency northeast of the North 
African jet is much less in the GLAS model. 

The k , k, and k' generations are displayed in Fig. 13.2. Surprisingly, 
spatial distributions of ( G(k )) and ( G(k )) resemble each other and the 
magnitudes of these two variables are also comparable. Obviously, ( G(k )) 
is mainly explained by the time-mean ageostrophic effect. In comparing 
with (k) and (k), both ( G(k)) and ( G(k)) are positive (negative) in the up- 
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stream (downstream) side of jets. That is, the kinetic energy of jet streams 
is generated (destroyed) in the upstream (downstream) side. In contrast, 
the spatial distribution of ( G(k')) is less organized than either (G(k)) or 
(i G(k )), and the numerical values of ( G{k')) are also much smaller than 
those of the other two forms of kinetic energy generation. Even so, it is 
still discernible that ( G{k')) has some relatively notable values over re¬ 
gions where ( k') is significant - that is, northeast of jet streams. Because 
(i G(k )) and ( G(k )) alternate between positive and negative values in the 
longitudinal direction, the area averages of both ( G(k)) and ( G(k )) over 
the Northern Hemisphere result in a numerical value comparable to that 
of ( G(k ')) as shown in Table 13.1. 


Table 13.1: Unit: W m 2 


Variable 

Value 

(G(k)) 

2.10 

(G(k)) 

0.23 

(G(k')) 

1.87 


The function of the kinetic energy flux is to redistribute the kinetic en¬ 
ergy of atmospheric motion. The area of import (export) of kinetic energy 
is denoted by the convergence (divergence) of that energy. The comparisons 
between Figs. 13.3 and 13.2 show that ( B(k )) and (G(k)) possess similar 
spatial distributions and are comparable in magnitude, but opposite in 
sign. In other words, these two energetical processes counterbalance each 
other. Also, the contrast between ( B(k )) and (G(k)) confirms Blackmon et 
al.’s (1977) proposal that the kinetic energy of jet streams is generated by 
an ageostrophic process in the upstream side. The generated kinetic energy 
is transported downstream and destroyed by ageostrophic processes. 

Recall from (13.3)-(13.4)_that (B(k)) = (B^k)) + (B 2 (k)) + (B^k')) + 
{B 2 (k')). Additionally, ,{B x {k))+{B 2 {k)) = ( B(k )) and (B^k'^+iB^k')) = 
(B(k ')) belong to the k and k' equations, respectively. Although ( B(k )), 

( B(k )), and ( B(k' )) are relatively consistent in their spatial structure, it 
is observed that ( B(k )) ~ ( Bi(k )). Apparently, the time-mean flow is 
responsible for the major part of the local transport of the atmospheric 
kinetic energy. Moreover, the contrast between ( G(k )) and (Bi(k)) resem¬ 
bles that between ( G(k)) and ( B(k )), which suggests that the time-mean 
flow redistributes the kinetic energy generated by the ageostrophic process 
of time-mean flow. In other words, the counterbalance between ( G(k )) and 
(B(k)) confirms the confluence theory of Namias and Clapp (1947). 

Finally, let us discuss ( C(k,k ')). The magnitude of this energy vari¬ 
able is very small compared to other energy variables in the kinetic energy 
equations. The area-mean value of ( C(k , k')) over the Northern Hemi¬ 
sphere is —0.04 W m 2 . It does not seem that (C(k, k')) plays any vital role 
in the local maintenance of subtropical jet streams, although some studies 
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Fig. 13.3: Horizontal distribution of (a) ( B(k )), (b) (B\(k) + B 2 (k)), (c) 
(Bi(k') + B 2 (k')), and (d) (B\(k )) in the GLAS climate model. The negative 
values are hatched. The contour interval is 10 W m -2 for (a), (b) and (c), and 5 
W m -2 for (d). 
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90*W 30°W 90°E 180° 90°E 


Fig. 13.4: A schematic illustration of the winter subtropical jet streams in the 
Northern Hemisphere and some associated features of the upper-level circulation. 
After Krishnamurti, 1979. 

- Holopainen (1978) for example - claim that the transient eddies may be 
important to the maintenance of the long-term mean flow. 


13.1.2 Hemispheric Interaction Mechanism 

Using the schematic diagram shown in Fig. 13.4, Krishnamurti (1979) 
suggested that the formation of the three subtropical jet streams may 
be related to the rainfall over the three tropical continents through the 
planetary-scale divergent circulation. To illustrate this possibility, we shall 
use (12.37) and (12.39) and neglect terms involving vertical motion because 
these terms are generally small in magnitude. Thus, we may write these 
two equations in the following approximate form: 

QU. 

- -V • (V 3 *) - (C + f)(u 3 v 2 - u 2 v 3 ) - V 3 • V0, (13.10) 

B(h) -C(k 3 ,k 2 ) G(k 3 ) 

~ -V • (V 2 fc) + (c + f)(u 3 v 2 - u 2 v 3 ) - V 2 • V(f) (13.11) 
B{k 2 ) C(k 3 ,k 2 ) G(k 2 ) 

Chen et al. (1989) perform the k 2 and k 3 budget analysis at 200 mb 
with the wind fields generated by the FGGE Ill-b analyses of the Euro¬ 
pean Centre for Medium Range Weather Forecasts for the 1978/79 win¬ 
ter (December-February). The three northern subtropical jet streams de¬ 
scribed previously are well depicted by V 2 in Fig. 13.5a. The planetary- 
scale divergent circulation (Fig. 13.5b) exhibits three convergence centers 
in the Northern Hemisphere connected to the three subtropical jet streams. 
The comparison between the rotational circulation V 2 and the generation 
of rotational kinetic energy G(k 2 ) reveals that k 2 is generated in the up¬ 
stream side of jet streams by the downgradient cross-contour flow and is 
destroyed in the downstream side of the upgradient cross-contour flow. On 
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Fig. 13.5 : The winter-mean (December-Feburary) 200 mb (a) rotational (V 2 ) 
and (b) divergent (Vo) circulation. Thin solid lines of (a) are isotachs and contour 
intervals are 10 m s -1 . The contours of (b) are velocity potential (x) whose 
positive values are shaded. The contour intervals of x are 2 x 10 6 m 2 s -1 . 


the other hand, the generated &2 is transported from upstream to down¬ 
stream as indicated by B(k 2 ) (Fig. 13.5b). The counterbalance between 
G{k, 2 ) and B(k, 2 ) seems to maintain the subtropical jet streams in a similar 
manner as that between G{k ) and B(k), illustrated by the ageostrophic 
circulation mechanism. 

The comparison between the k 3 generation G(ks) (Fig. 13.6c) and 
planetary-scale divergent circulation reveals that £3 is generated by the 
downgradient divergent flow between the equator and the northern sub¬ 
tropic jet streams. Moreover, the contrast between G(kz) and the interac¬ 
tion between divergent and rotational flows C(ks,k 2 ) (Fig. 13.6d) shows 
that these two energy variables possess a similar distribution: positive and 
significant along the equatorward side of subtropical jet streams. The diver¬ 
gence of kinetic energy flux by divergent flow is generally small compared 
to the other two energetics processes. Because £3 is always much smaller 
than k 2 , the resemblence between the G(k 3 ) and the C(kz, ^ 2 ) distributions 
confirms Chen and Wiin-Nielsen’s (1976) suggestion that most of the gen¬ 
erated k$ is converted to maintain the rotational flow, especially the three 
subtropical jet streams. 
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Fig. 13.6: Various energy conversions of (13.10) and (13.11) at 200 mb aver¬ 
aged over the entire northern winter: (a) G(/c 2 ), (b) £(£ 2 ), (c) G(ks ), and (d) 
C (/c 3 , A^ 2 )• Contour intervals are 2.5 x 10“ 3 m 2 s~ 3 . 
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13.1.3 Relation Between the Two Mechanisms 

Blackmon et al. (1977) illustrated the maintenance of subtropical jet 
streams in terms of the zonal momentum budget analysis 

% = fv °’ (1312) 

where v a — (v — v g ) is the ageostrophic meridional wind. According to 
(13.12), the zonal flow of a subtropical jet stream is accelerated by the 
Coriolis force on the upstream side of jets where v a flows poleward at up¬ 
per levels - that is, thermally direct cross-jet circulation. The opposite 
situation occurs on the downstream side of jets. One may illustate this ar¬ 
gument using energetics analyses. Multiplying (13.12) by it, one can obtain 
the total time variation of the zonal kinetic energy caused by the work done 
by the Coriolis force ( fuv a ), which is equivalent to the work done by the 
cross-contour flow along the x-direction - that is, —u d<fr/dx. This simple 
argument brings out the essence of the ageostrophic circulation mechanism 
maintaining subtropical jet streams. 

From the viewpoint of interaction between rotational and divergent 
flows, Chen and Wiin-Nielsen demonstrated that for a closed domain 

G(k 3 )~C(k 3 ,k 2 ). (13.13) 


Because k 3 is always small and B(k 3 ) is insignificant, the diagnostic 
result of the k 3 budget analyses displayed in Fig. 13.6 shows that (13.12) 
is also locally true. As suggested by Fig. 13.4, the planetary-scale diver¬ 
gent circulation is correlated with the atmospheric circulation between the 
tropics and mid-latitudes and contributes to the local maintenance of the 
subtropical jet streams. This suggestion is demonstrated by (13.12). 

Regardless of the difference between them, both mechanisms discussed 
previously explain the maintenance of the same subtropical jet streams. It 
is believed that these two mechanisms are related in a certain way. Be¬ 
cause (13.3) is true for the maintenance of subtropical jet streams locally, 
the total generation of kinetic energy by cross-contour flow can be written 
as 


G(k ) = -V.V0 = -V 2 *V0-V 3 *V0 = -V 2 *V0 + C(fc 3 ,fc 2 ). (13.14) 

Based upon (13.14), the maintenance of subtropical jet streams by the 
ageostrophic circulation mechanism described by (13.9) can be illustrated 
by (13.11). On the other hand, the hemispheric interaction between di¬ 
vergent and rotational flows maintaining subtropical jet streams can be 
delineated by (13.10) or (13.13). Thus, it becomes clear that the kinetic 
energy budgets of rotational and divergent flows can be used to depict the 
two mechanisms. 
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Fig. 13.7 : Schematic picture of the energy changes and energy conversions 
during a blocking situation. Day t = to is the onset of the blocking. After 
Lejenas, 1977. 


13.2 Spectral Energetics of Blocking 


Summarizing the hemispheric energetics analyses of blocking that have 
been conducted in several previous studies (Winston and Krueger 1961; 
Miyakoda 1963; Paulin 1970), Lejenas (1977) presented a schematic di¬ 
agram of blocking energetics (Fig. 13.7) over the life cycle of the phe¬ 
nomenon. The time evolution of blocking energetics is characterized by 
energy conversions, indicated by arrows, during various phases of blocking. 
The energetics characteristics of blocking observed by Lejenas have also 
emerged in more recent studies by Hansen and Chen (1982), Chen and 
Shukla (1983), and Fischer (1984). Of course, Lejenas’ schematic diagram 
of blocking energetics sheds some light on the physical processes involved 
in blocking development. The hemispheric energetics analysis of blocking 
episodes contains contributions not only from blocking itself, however, but 
also from other effects possibly unrelated to blocking. Thus, the former 
may be masked to some extent by the latter. 

Compiling the geographic distributions of blocking, Rex (1950) found 
two major blocking regions during the Northern Hemisphere winter: one 
in the eastern Pacific, centered around 140° E; and one in the Atlantic, be¬ 
tween 0° and 40° W (Fig. 13.8). Thus, Rex’s blocking climatology supports 
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Fig. 13.8: Comparison between the longitude of the initial splitting of the jet 
(Rex, 1950) and the normal phases of the planetary waves at 500 mb (Eliasen, 
1958). After Austin, 1980 


the argument that it may be improper to use the hemispheric energetics 
analysis to illustrate physical processes in developing blocks. Eliasen (1958) 
analyzed the structure of stationary long waves (wavenumbers 1-3) with the 
500 mb height field. The latitudinal variations of the longitudinal positions 
of ridges are also displayed in the bottom of Fig. 13.8. By contrasting Rex’s 
geographic locations of maximum blocking occurrence and Eliasen’s struc¬ 
ture of stationary long waves, one can easily observe that stationary long 
waves interfere constructively between 50° and 60° N at the following lo¬ 
cations: (1) wavenumbers 2-3, at about 140° W and (2) wavenumbers 1 
and 2 at about 20 0 E. Based upon the studies of Rex and Eliasen, Austin 
(1980) drew the conclusion that “blocking in the two (Rex’s) geographic 
locations is associated with planetary waves of very large amplitude but 
normal phase.” The wavenumber signatures observed by Austin are listed 
in the following table: 


Wavenumber 

Pacific 

Atlantic 

Double 

1 

small 

large 

large 

2 

large 

large 

large 

3 

large 

small 

large 


The “very large amplitude” of stationary long waves means that the 
development of blocking is caused by the amplification of certain quasi¬ 
stationary waves. In view of Austin’s observation, the spectral energetics 
analyses over the life cycle of blocking events would be a powerful tool to 
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gain an understanding of the mechanism amplifying stationary long waves 
associated with blockings. Keeping this scenario in mind, Chen and his 
collaborators (Chen and Shukla, 1983; Hansen and Chen, 1982) employed 
the spectral energetics scheme proposed by Saltzman (1957) to perform a 
number of case studies of blocking. This approach was later adopted by 
Fischer (1984) and Kung and Baker (1986) as well. 

Shutts (1983) suggested that blocking can be maintained by the strain¬ 
ing mechanism of time-mean flow caused by transient eddies. This theory 
was widely accepted. Furthermore, numerous diagnostic studies have been 
performed in the past several years to support or to extend Shutts proposal 
(e.g., Illari, 1984; Holopainen and Fortelius, 1987). In fact, most diagnos¬ 
tic studies following Shutts’ theory essentially deal with the maintenance 
of time-mean blocking. It was pointed out by Holopainen and Fortelius 
that the Reynolds expression for the eddy effects does not apply when the 
“mean” flow is not clearly separated by a spectral gap from the eddy part 
of the flow. The role of high-frequency eddies in the onset and breakdown 
of blocking - that is, the time evolution of blocking - cannot, therefore, be 
studied in terms of the Reynolds approach. Chen (1982a) has shown that 
the stationary and transient modes are the primary contributors to the en¬ 
ergy amounts of the long-wave and short-wave regimes, respectively. It is 
therefore not surprising that the nonlinear interaction between long waves 
and short waves revealed in the spectral energetics study should represent 
the nonlinear interaction between stationary and transient eddies rather 
well. 


13.2.1 Spectral Energetics Analyses of Some Blocking Events 


The wavenumber representation of a meteorological variable in the longitu¬ 
dinal direction, as determined by the Fourier analyses, has been presented 
in Chapter 9. Following this approach, Saltzman (1957) formulated the 
Lorenz energy cycle (Lorenz 1955) in the one-dimensional spectral domain: 


dKz 

dt 

dKn 

dt 


dAz 

dt 


N 

J2 C(K n , K z ) + C(A Z , K z ) + B(K Z ) - D(K Z ), 

71=1 

(13.15) 

- C(K n ,K z ) + CK(n\m,t) + C(A n ,K n ) (13.16) 

+ B(K n ) - D(K n ), 

N 

— ^2 C(Az, A n ) — C(Az, Kz) + B(Az) + G(A Z ), 

71=1 


dA n 


dt 


C(A Z , An) - C(A n , K n ) + CA(n\m, £) 


(13.17) 

(13.18) 



ENERGETICS OF SOME SPECIAL PHENOMENA 


165 


+ B(A n ) + G(A n ). 


Note that 


N 

£ C(K n ,K z ) = C(K E ,K z ), 

71=1 

N 

^ G(A Z , A n ) = C(A^, As). 

71=1 


Equations of eddy energies 

/V N 

Ke = ^ K n and Ae = ^ A n 

71 = 1 71=1 


can be obtained by summing (13.16) and (13.18) from n = 1 to N, that is, 
^ = - C{K e , ATz) + C(A e , K e ) + B(K E ) - D(K E ) (13.19) 

and 

^ - C(A Z , A e ) - C(A e , K e ) + B(K E ) + G(A E ). (13.20) 

The conventional Lorenz energy cycle consists of (13.15), (13.17), (13.19), 
and (13.20). Presumably, Austin’s constructive interference argument de¬ 
scribes the basic mechanism forming blockings. However, we still need to 
understand how each wave involved in blocking development amplifies and 
decays. To accomplish this goal, spectral energetics analyses using (13.16) 
and (13.20) for individual waves becomes necessary. The case studies per¬ 
formed by Chen and Shukla (1983) and Hansen and Chen (1983) will be 
used here for illustration. 

A. A Case Study of Constructive Interference 

To test the sensitivity of quasi-stationary waves to the north Pacific sea 
surface temperature (SST) anomalies of the 1976/77 winter compiled by 
Namias (1978), Shukla and Bangaru (1979) integrated the climate model of 
the Goddard Laboratory for Atmospheric Sciences (GLAS) for 60 days with 
the observed initial conditions for 1 January 1975 and with the anomalous 
SST. Two persistent ridge-trough systems over western North America and 
western Europe were produced. The spectrally filtered (SF) Hovmoller di¬ 
agrams at 500 mb and 50° N are shown in Fig. 13.9 for three wave groups: 
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Fig. 13.9: Spectrally filtered Hovmoller diagrams of the 500-mb height (m) at 
50° N for three wave groups (indicated in each panel) of both anomaly [(a)-(c)] 
and control experiments [(d)-(f)]. Dotted contours are negative values. 


(1) wavenumbers 1-15, (2) wavenumbers 1-4, and (3) wavenumbers 5-15. 
A comparison between the first two wave groups clearly shows that the 
large-scale pattern of the trough-ridge system is primarily explained by the 
long-wave regime. The persistent blocking ridges simulated by the model 
appeared in the first two weeks of February and were a result of the long- 
waves becoming stationary and amplifying. Moreover, the combination of 
wavenumbers 2 and 3 forms the two persistent blocking ridges well. 

The height and temperature structure of wavenumbers 2 and 3, and the 
combination of these two waves at the mature stage of blocking, 1200 GMT 
4 February, is exhibited in Fig. 13.10. The high centers of wavenumber 
2 are located over the Alaska Bay and northern central Europe, whereas 
those of wavenumber 3 are anchored at the west coast of Canada, in the 
North Sea, and in Siberia. The combination of these two waves forms two 
centers on the west coast of Canada and the North Sea respectively, with 
a deep low situated at Labrador and another broad low extending from 
North Africa to the northwestern Pacific. These two high centers form the 
persistent blocking ridges. However, the thermal centers of wavenumber 2, 
as opposed to those of wavenumber 3, have significant phase lags behind 
height. This contrast of thermal structure reveals that wavenumber 2 is 
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Fig. 13.10: Synoptic charts of the spectrally filtered height (m) and temperature 
(°C) of the anomaly experiment for wavenumbers 2 and 3 and combinations of 
these two waves at 500 mb on Feburary 4. 


baroclinic and wavenumber 3 barotropic. Such a synoptic analysis of these 
two waves should ease our understanding of their respective spectral ener¬ 
getics analyses. 

The time evolutions of various energies and energy conversions averaged 
between 26° and 86° N for wavenumbers 1-4 are shown in Fig. 13.11 and 
13.12. The inclusion of wavenumber 1 and 4 energetics is for the purpose of 
comparison. Compared to other waves, A 2 and K 2 are enhanced systemat¬ 
ically after the end of January when the persistent blocking ridges start to 
develop. According to (13.18), A2 is maintained by C(Az, A2), C(Az, K2), 
and CA( 2 \m,£). Note that A2, C(Az, A2), and C(A 2 , K2) all vary in phase 
and in time. Moreover, both C(Az,A 2 ) and C(Az,K 2 ) are positive over 
the entire period of analysis, while CA( 2 \m, £) extracts energy from A2 over 
most of the blocking period. K 2 is maintained by C(A. 2 , K 2 ), C(K 2 , K 2 ), 
and CK( 2 \m,£). The sign of C(A2, K2) indicates that A2 is always con¬ 
verted to K 2 , which is then converted to Kz, except in the second week 
of February, as shown in Fig. 13.12. The nonlinear interaction CK( 2 \m, £) 
essentially drains K2 during the persistent blocking period. C(Az, A2) 
and C(A 2 , K 2 ) involve the baroclinic processes of horizontal and vertical 
sensible heat transport, respectively, whereas C(K 2 ,Kz) is caused by the 




Fig. 13.11: Time variations of (a) available potential energy and (b) kinetic 
energy for wavenumbers 1, 2, 3, and 4 in the anomaly experiment. 
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Fig. 13.12: Time variations of energy conversions of (a) wavenumber 2 and (b) 
wavenumber 3 in the anomaly experiment. 
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barotropic process of momentum transport. The maintenance of and 
K2 by C(Az, A2) and C(Az, K2) is consistent with the synoptic condition 
of wavenumber 2 in that its temperature structure has a phase lag behind 
its height. Apparently, the development and maintenance of wavenumber 
2 is attributable to the baroclinic process. 

Compared with A\ and A 2 , A 3 does not change significantly during the 
persistent blocking. Athough C(Az, A 3 ) and CA(3\m,£) are major energy 
sources for the maintainance of A 3 , neither of these two energy conversions 
is augmented during blocking. Furthermore, < 7 (^ 3 , R 3 ) does not seem to 
play a vital role in blocking developments. In contrast, K 3 increases to a 
certain extent and is maintained by C(A 3 , Kz), the barotropic conversion 
releasing the available zonal kinetic energy. Clearly the physical processes 
maintaining K 3 differ from those maintaining K 2 . As analysed previously, 
wavenumber 3 height and temperature do not possess a phase lag, as does 
the wavenumber 2 synoptic structure. Thus, the synoptic condition and en¬ 
ergetic analysis indicate that wavenumber 3 is largely developed and main¬ 
tained barotropically during the existence of the simulated persistence of 
blocking ridges. 


B. A Case Study of Nonlinear Forcing 

During the second half of December 1978, a major blocking ridge developed 
over the North Atlantic Ocean, located around 30° W. A shortwave 500 
mb trough appeared over the western Great Lakes on 17 December. By 
19 December, this trough had deepened considerably and extended south¬ 
eastward over the Atlantic. In the meantime, a ridge was building south 
of Greenland ahead of this trough. The block attained maturity on 22 De¬ 
cember, with a closed high centered at 68 ° N over the Greenland shore of 
the Denmark Strait. The block remained at about the same location until 
28 December. Strong 500 mb easterlies along 60° N persisted throughout 
the mature period of this Atlantic block, and the 500-mb contour pattern 
exhibited a classic Rex blocking structure (Fig. 13.13). However, begin¬ 
ning on about 28 December, the westward extension and retrogression of 
the blocking ridge started. By 1 January 1979, the Atlantic block had 
completely decayed. The synoptic evolution of this Atlantic blocking ridge 
resembled that depicted by Berggren et al. (1947). In summary, the block 
developed from 19 to 22 December, reached maturity from 22 to 29 De¬ 
cember, and decayed rapidly from 29 December to 1 January. 

Hansen and Chen (1982) used the Atlantic block case just described to 
illustrate the blocking development forced by cyclone-scale disturbances. 
To accomplish this goal, the spectral energetics delineated by (13.16) and 
(13.18) are grouped into long-wave (wavenumbers 1-4) and cyclone-wave 
(wavenumbers 5-10) regimes. An energy variable of the long (cyclone)-wave 
regime is obtained by summing the contributions of all wave components 
contained in this wave regime as expressed by the following mathematical 
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Fig. 13.13: The 500-mb contour charts at 1200 GMT 25 December 1978. The 
contour interval is 2 decameters. 


form: 


( M( «] = £< 

n=l 


10 

E< 

l_n=5 



The time evolutions of the spectral energetics for both long-wave and 
cyclone-wave regimes, averaged between 30° and 80° N over the second 
half of December 1978, are shown in Figs. 13.14 and 13.15. The values 
of and Kl peaked when the Atlantic block reached its mature phase, 
but both Ac and Kc attained their maximum values before the Atlantic 
block matured. The large energy conversions of the long-wave regime be¬ 
fore 20 December (not shown) were primarily attributable to a deepening 
ultralong-wave trough over East Asia. In contrast, the significant energy 
contents and conversions of the cyclone-wave regime during the third week 
of December were essentially located over eastern North America and the 
western Atlantic. 

The physical processes involving the development of blocking may be 
inferred from the time evolution of spectral energetics in the long-wave 
and cyclone-wave regimes. The spectral energetics analysis, however, is 
inadequate to illustrate contributions from local physical processes. The 
synoptic and geographic delineation of these possible physical processes 
should be employed to supplement the spectral energetics analysis. In the 
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Fig. 13.14: Upper part: time variations of K\-a (solid line) and 
A\-a (dashed line); lower part: time variations of C(Az, Ai_ 4 ) (heavy 
solid line), C(Ai_ 4 , Ai_ 4 ) (dashed line), C(Kz,K 1 - 4 ) (dot-dashed line), and 
CK(n/m,l) i _4 (thin solid line). 


developing phase of the Atlantic blocking - for example, at 1200 GMT 18 
December - the cyclone-scale 500 mb height field (Fig. 13.16a) exhibited 
a deep NW-SE -tilted trough extending from northeastern America into 
the western Atlantic, with strong cyclone-scale ridges both upstream and 
down. The cyclone-scale trough corresponded to the trough located over 
northeastern America in the synoptic chart of this date. Also, the maxi¬ 
mum center of C(Ac, Kc) appeared at this time and was located around 
the northeastern American cyclone system (not shown). The correspond¬ 
ing cyclone-scale heat transports and C(Az, Ac) were also centered around 
the same trough-ridge system. Heat transport increased during this stage, 
especially the northward warm air transport on the eastern side of the 
trough in the lower level. The 850-mb cyclone-scale heat transport at 1200 
GMT 19 December is shown in Fig. 13.16b. 

The time evolutions of the spectral energetics for both long-wave and 
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Fig. 13.15: Same as Fig. 13.14, except for wavenumbers 5-10. 


cyclone-wave regimes, averaged between 30° and 80° N over the second 
half of December 1978, are shown in Figs. 13.14 and 13.15. The values 
of Al and Kl peaked when the Atlantic block reached its mature phase, 
but both Ac and Kc attained their maximum values before the Atlantic 
block matured. The large energy conversions of the long-wave regime be¬ 
fore 20 December (not shown) were primarily attributable to a deepening 
ultralong-wave trough over East Asia. In contrast, the significant energy 
contents and conversions of the cyclone-wave regime during the third week 
of December were essentially located over eastern North America and the 
western Atlantic. 

The physical processes involving the development of blocking may be 
inferred from the time evolution of spectral energetics in the long-wave 
and cyclone-wave regimes. The spectral energetics analysis, however, is 
inadequate to illustrate contributions from local physical processes. The 
synoptic and geographic delineation of these possible physical processes 
should be employed to supplement the spectral energetics analysis. In the 
developing phase of the Atlantic blocking - for example, at 1200 GMT 18 
December - the cyclone-scale 500 mb height field (Fig. 13.16a) exhibited 


(a)Z(5-10) 122 18 December 1978 500 mb 


(b)VT(5-10) 122 19 December 1978 850 mb 



Fig. 13.16: (a) The 500 mb height field of wavenumbers 5-10 (Z 5 _io) at 1200 
GMT 18 December 1978; the contour interval is 100 m, solid (dashed) contours 
indicate positive (negative) values in this and the other three panels, (b) the 300 
mb momentum transport (uv 5 - 10 ) at 1200 GMT 19 December 1978, (c) Same as 
(a), except for wavenumbers 1-4 (Zi_ 4 ) at 1200 GMT 19 December 1978, and 
(d) the 850 mb sensible heat transport of wavenumbers 5-10 (vT^-io) at 1200 
GMT 19 December 1978. 
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a deep NW-SE -tilted trough extending from northeastern America into 
the western Atlantic, with strong cyclone-scale ridges both upstream and 
down. The cyclone-scale trough corresponded to the trough located over 
northeastern America in the synoptic chart of this date. Also, the maxi¬ 
mum center of C(Ac, Kc) appeared at this time and was located around 
the northeastern American cyclone system (not shown). The correspond¬ 
ing cyclone-scale heat transports and C.(Az, Ac) were also centered around 
the same trough-ridge system. Heat transport increased during this stage, 
especially the northward warm air transport on the eastern side of the 
trough in the lower level. The 850-mb cyclone-scale heat transport at 1200 
GMT 19 December is shown in Fig. 13.16b. 

During the developing phase of the Atlantic block, the long-wave 500 
mb height field showed a diffuse ridge over the North Atlantic, with easterly 
flow extending from south of Greenland to the Hudson Bay (Fig. 13.16c). 
The NW-SE tilting of the cyclone-scale trough-ridge system causes consid¬ 
erable negative momentum transport. Let us use 1200 GMT 19 December 
to illustrate this claim. Momentum transports at this time (Fig. 13.16d) 
were particularly pronounced over Newfoundland and south of Greenland. 
In fact, the cyclone-scale easterly momentum converged towards the long 
wave easterly flow from 18 to 22 December. As indicated by the contrast 
between Figs. 13.14 and 13.15, a negative correlation existed between Kl 
and K c . The rapid development of the Atlantic blocking coincided with 
both the reduction of K c and the growth of Kl- Moreover, a large non¬ 
linear interaction between the cyclone and long waves also appeared in the 
same period. Thus, the argument up to this point suggests that the growth 
of Kl associated with the Atlantic blocking may be caused by this nonlin¬ 
ear interaction. 

On 19 December, the Kc maxima existed over northeastern America 
and the North Atlantic (Fig. 13.17a), but Kl (Fig. 13.17b) was insignif¬ 
icant. In contrast, this situation was reversed after the Atlantic block 
reached maturity. On 23 December, the Kc center over the North At¬ 
lantic disappeared, and the Kl maximum associated with the blocking 
high was located over Greenland. A comparison of Kc and Kl distribu¬ 
tions between Figs. 13.17a and b supports the suggestion that K c was 
converted nonlinearly to enhance Kl over the North Atlantic. In view of 
both the large CK(n\m, £)l and CK(n\m, £)c shown in Figs. 13.14 and 
13.15 and the existence of easterly flow south of Greenland during the de¬ 
veloping phase of the Atlantic block, the mechanism responsible for this 
large energy conversion was the northward transport of easterly momen¬ 
tum by cyclone waves into the region of long-wave easterly flow over the 
North Atlantic, resulting in the acceleration of the easterly flow. Although 
C(Al,Kl) (Fig. 13.14) was also as large as or larger than C(n|m, £)l, the 
former quantity was scattered throughout various regions during this time 
period. We may conclude therefore that the nonlinear interaction provides 
the main kinetic energy source for the Atlantic block. 

A comment should be made here concerning the enhancement of Al 



(a)KE(5-10) 122 19 December 1978 500 mb 


100 * 



(b) KE(1 -4) 122 23 December 1978 500 mb 


100 ° 



Fig. 13.17: (a) K 5-10 and (b) K i_ 4 at 500 mb of 1200 GMT December 1978. 
The contour interval is 100 m 2 s -2 . 
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during the development phase of the Atlantic block. The value of Al 
peaked on 22 and 23 December. The maximum Al of this time period 
corresponded to the maximum amplitude of the Atlantic thermal ridge as¬ 
sociated with the block. The nonlinear interaction CA(n\m, £)l was not a 
significant quantity, and C(Al,Kl ) was not concentrated in the vicinity 
of the Atlantic block. The major energy source enhancing Al came from 
the excess of C(Az, Al) over C(Al, Kl )• These Al energetics were consis¬ 
tent with the synoptic structure of long waves associated with the Atlantic 
block. The height and temperature of this wave regime remained almost 
in phase throughout the development and mature phases of this block. 

All energy conversions supporting Kl had diminished to almost zero 
when Kl reached its maximum value on 23 December. Although ampli¬ 
tudes of the long-wave regime around the Atlantic block remained pro¬ 
nounced from 22 to 28 December, no significant energy sources existed in 
the vicinity of the block throughout its mature phase, and Kl declined 
rapidly (Fig. 13.14) after 23 December. By 1200 GMT 28 December, the 
Atlantic block started to retrograde, and this retrogression eventually led 
to the disappearance of the block. 


13.3 Energetics of Stationary Eddies 


The importance of stationary eddies to atmospheric general circulation 
is suggested by two examples. As reported by numerous studies (e.g., 
Hollingsworth et al., 1980), the most common systematic errors of op¬ 
erational forecast models are underforecasts of stationary waves and the 
excessive zonality of subtropical jet streams. The El Nino/ Southern Os¬ 
cillation (ENSO) is the most pronounced short-term climate variability. 
During the ENSO warm event, the effect of anomalously warm sea-surface 
temperatures over the tropical eastern Pacific exerts on the extratropical 
atmospheric circulation through the energy propagation from the tropics to 
the mid-latitudes by stationary eddies (Hoskins and Koraly, 1981). In fact, 
generation and maintenance of these eddies have been prominent subjects 
in dynamic meteorology (e.g., Charney and Eliassen, 1949; Bolin, 1950; 
Smagorinsky, 1953) since the inauguration of numerical weather prediction 
in the middle of this century. 

To understand the maintenance of stationary eddies, several diagnostic 
approaches have been introduced. Lau (1979) examined time mean local 
vorticity and heat budgets in the Northern Hemisphere. He found that the 
vorticity of stationary eddies is maintained primarily by the counterbalance 
between the local horizontal advection of relative vorticity by the station¬ 
ary flow and the vortex stretching term. Additionally, he pointed out that 
heat transports by transient eddies in the lower troposphere have a strong 
tendency to destroy the zonally asymmetrical component of the stationary 
temperature field. Note that stationary eddies can be well depicted by 
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time-mean eddy streamfunctions. Moreover, vorticity can be expressed in 
terms of the Laplacian of this streamfunction; Chen and Chen (1990) have 
suggested that the Laplacian inverse of the vorticity equation - that is, the 
streamfunction budget equation - may be a highly informative diagnostic 
tool for illustrating the maintenance of stationary eddies. Additionally, 
Chen and Yen (1991a) formulated a velocity-potential maintenance equa¬ 
tion by combining the thermodynamic and the continuity equations. These 
two equations were adapted by Chen and Yen (1991c) to establish a chain 
relationship between diabatic heating and divergent and rotational circu¬ 
lations, and to explore the maintenance of stationary eddies. 

In addition to diagnostic approaches proposed by both Lau and Chen, 
the Lorenz energy cycle was adopted by Holopainen (1970) to examine 
the maintenance of stationary eddies. He found that stationary eddies 
in the Northern Hemisphere winter derive their available potential energy 
from zonally averaged flow and convert it to support the kinetic energy 
dissipated by friction and transient eddies. The Lorenz energy cycle was 
formulated in terms of the zonally averaged form of the energy variables. 
To shed light on local contributions to the global or zonal averages of var¬ 
ious energy variables of stationary eddies, Lee and Chen (1986) displayed 
geographically all these energy variables before zonal averaging took place. 
To illustrate how stationary eddies are maintained, the energetics approach 
and results of a study will be summarized in this section. 


13.3.1 Energetics Scheme 

A variable X in the mixed space-time domain may be expressed as 


X = Xz + Xe + X'. 


(13.21) 


The kinetic energy of horizontal motion and the available potential energy 
integrated over the whole atmosphere and averaged over a period of time 
may be written as 

K = U a J*° + dpds = Kz + K s + K t (13.22) 

and 

l r fp° i / ~\2 

A = — J J -C P 7 ( T— Tj dp ds = Az -I- As + At, (13.23) 

where 

= ~ J s J s \ { u z + v z) d P ds > 


K 


(13.24) 
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1 f f po 1 

Ks = ~ 0 (“b + «!) d P 

9 JsJ0 z 


Kt = \ j,[‘\^ +gi ) dpds ' 

( 13 . 25 ) 

1 f fP° 1 „2 

Az = ~ 2 CplT z dp dS ’ 

( 13 . 26 ) 

1 f f Po 1 

As = - J J 2 C p^ T e dp ds ’ 



i r r Po 1 — 

A t = ~ ^p1T' 2 e dp ds. (13.27) 

9 J s J s & 


Note that (~) = 1 /s f g ( ) ds and ()" = () — (~) are departures from the 
area mean. 7 is a stability factor: 


R_ Spo\ R/Cp 

CpP\p) 



The energy equations of stationary eddies can be derived from both the 
equations of motion and the thermodynamic equation: 


dK s 

dt 

dK T 

~dT 

dA s 

dt 

OAt 

~W 


C(A S ,K S ) - C(K S ,K Z ) - C(K s ,K t ) (13.28) 

- D(K S ) + B(K S ), . 

C(A t , K t ) ~ C(K Z , K t ) + C(K S , K T ) (13.29) 

- D(K t )-B(K t ), 

C(A Z , A s ) - C(A S , K s ) - C(A S , A T ) (13.30) 

+ G(As) + B(As), 

C(A z ,A t ) - C(A t , K t ) + C(A S , A T ) (13.31) 
+ G(At) + B(At). 


The detailed mathematical expressions of energy conversions shown in 
(13.28)-(13.31) are 


C(A Z ,A S ) = 
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C(Az, At) = 
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The energetics schemes of the stationary and transient eddies shown in 
(13.28)-(13.31) are illustrated by the following schematic diagram (Fig. 
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Fig. 13.18: Schematic energy diagram of the stationary (subscribt s) and tran¬ 
sient (subscribt T) eddies. 


13.18); of course, only an overview of the energetics of stationary and tran¬ 
sient eddies can be obtained from such a diagram. Nevertheless, our main 
concern in this section is the local maintenance of stationary eddies. Vari¬ 
ous physical processes related to the conversions between energy reservoirs 
are therefore to be examined. As shown in (13.32), the vertical velocity u 
is an important variable in several energy conversions and is usually com¬ 
puted in terms of simplified indirect methods employing certain assump¬ 
tions. Therefore, the indirectly computed u field may not be dynamically 
consistent with other variables used in (13.32). To circumvent this possible 
inconsistency among data, the history data generated by a general circula¬ 
tion model (GCM) will be used. As Pitcher et al. (1983) have pointed out, 
the atmospheric circulation simulated by the Community Climate Model 
(CCM) of the National Center for Atmospheric Research (NCAR) is rel¬ 
atively realistic, although not real. Lee and Chen (1986) used the history 
data generated by the NCAR CCM in the energetics analysis of simulated 
stationary eddies. These results will be used to illustrate the maintenance 
of stationary eddies. 


13.3.2 The Three-Dimensional Structure of Stationary Eddies 


The horizontal structure of stationary eddies is illustrated in terms of 
seasonal-mean height ( Ze ) and temperature (Te) eddy anomalies. The 
upper troposphere Ze anomalies (Fig 13.19a) exhibit distinct low- and 
high-latitude regimes, with a reversal of the Ze sign at about 30° N, as 
observed by Holopainen (1970) and Lau (1979). The upper troposphere Ze 
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(a) Z E (200 mb) 


90 °N|-1-1-1-1-1-1-1-1-1-1-1-1 i i I l r 



(b)Z E (200 mb) 



Fig. 13.19: Geopotential heights of stationary eddies ( Ze ) at (a) 200 mb and 
(b) 850 mb simulated by the NCAR Community Climate Model. The contour 
intervals of (a) and (b) are 30 and 10 m, respectively. 


anomalies of the high-latitude regime possess negative centers over the east 
coasts of East Asia and North America and positive centers over the east¬ 
ern Pacific and Atlantic. These centers correspond to troughs and ridges, 
respectively; the simulation of Ze anomalies of all positive and negative 
centers are somewhat smaller in their amplitudes than indicated by ob¬ 
servations. Pitcher et al. (1983) suggested that this simulation deficiency 
is a result of a colder-than-observed tropospheric temperature. Lower- 
troposphere Ze anomalies (Fig. 13.19b) exhibit a structure similar to that 
of upper-troposphere Ze anomalies. 

The longitude-pressure cross sections of the Ze vertical structure (Fig. 
13.20) tilt slightly westward, a typical baroclinic structure of stationary 
eddies. In fact, this feature can be seen by comparing Ze (200 mb) with 
Ze (850 mb), especially over the east coast of Asia. The Ze maximum am¬ 
plitudes at middle latitudes exist in the vicinity of the tropopause, whereas 
those at higher latitudes extend into the lower stratosphere. In contrast, 
a phase change of the Ze vertical structure between different latitudes in¬ 
dicates that stationary eddies are trapped in the low latitudes, and that 
the stationary eddies’ upward propagation of energy from troposphere to 
stratosphere takes place in the high latitudes. 

Te and Ze can be related to each other through the hydrostatic rela¬ 
tion. It is expected that the Te maximum amplitude exists at the level 
where the maximum Ze vertical gradient is located. According to the Ze 
anomalies shown in Fig. 13.20, the Te maximum amplitude may appear in 
the middle troposphere of the middle latitudes. We therefore select T#(500 




mb (a) Z E (60.75° N) 




Fig. 13.20: Longitude-pressure cross sections of winter Ze of the NCAR CCM 
at (a) 60.75°N, (b) 47.25° N and (c) 24.75° N. The contour intervals of (a)-(c) 
are 20 m, 30 m and 20 m, respectively. 
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T e (500 m b) 


t- 1 —i—i—i—i—i—i—i—i—i—i- 1 —i- 1 —i—r 



180° 120°W 60°W 0° 60°E 120°E 180° 


Fig. 13.21: The winter temperature of stationary eddies (Tb) at 500 mb simu¬ 
lated by the NCAR CCM. The contour interval is 1 K. 


mb) to show the horizontal thermal structure of the stationary eddies (Fig. 
13.21). Like upper-troposphere Ze anomalies (Fig. 13.20a), Te (500 mb) 
undergoes a spatial phase change at about 30° N. Also, positive and nega¬ 
tive Te anomalies are associated with oceans and continents, respectively, 
and correspond well to positive and negative Ze anomalies. 

The longitude-pressure cross sections of the Te anomalies at three lat¬ 
itudes are shown in Fig. 13.22. Although minor maximum amplitudes 
appear in the middle troposphere of the mid-latitudes, TVs major maxi¬ 
mum amplitudes generally exist in the lower troposphere. A vertical phase 
change of Te occurs in the upper troposphere where the Ze maximum am¬ 
plitudes are located. As discussed by Lau (1979), the T e vertical structure 
does not exhibit a significant westward tilting in the troposphere as the 
Ze vertical structure does. Comparing Figs. 13.20 and 13.22, one finds 
that, in the lower troposphere, the Te vertical structure may be closely 
related to the underlying orography, with the cold air lying over the east 
coasts of East Asia and North America, and the warm air over the eastern 
oceans. Furthermore, a comparison of the Te and Ze vertical structures 
suggests that in the lower troposphere, thermal lows are located over warm 
oceans and thermal highs over continents, and that the opposite occurs in 
the upper troposphere. Additionally, based upon both the westward tilting 
of Ze anomalies and the fact that the positions of maxima and minima Te 
are about a quarter-wavelength to the west of those of the Ze anomalies, 
it can be assumed that the stationary eddies are baroclinic. 


13.3.3 Energetics of Stationary Eddies 


According to the schematic energy diagram (Fig. 13.18), stationary ed¬ 
dies can be maintained by three energetic processes: (a) interactions be¬ 
tween zonal-mean states and stationary eddies, (b) release of thermal en¬ 
ergy through baroclinic processes, and (c) interactions between stationary 







Fig. 13.22: Longitude-pressure cross sections of winter Te of the NCAR CCM 
at (a) 60.75° N, (b) 47.25° N and (c) 24.75° N. The contour intervals of (a)-(c) 
are 1 K. 
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Fig. 13.23: Energy diagrams of the stationary and transient eddies in the winter 
Northern Hemisphere of the NCAR CCM, following Fig. 13.18. Units of energy 
and energy conversions are 10 5 J m -2 and W m -2 , respectively. 


and transient eddies. The energetics analysis of stationary eddies simulated 
by the model is displayed in Fig. 13.23 and summarized in this section. 
The thermal field (T e) of stationary eddies, indicated by A s , is maintained 
by thermal interaction (a) - that is, C(Az, A s ) > 0. Furthermore, the dy¬ 
namic fields (ue and ve), indicated by K s , are supported through release 
of the available potential energy ( A s ) of stationary eddies by baroclinic 
processes. In turn, the stationary eddies maintain zonal-mean flow ( uz) 
through dynamic interactions (a). Transient eddies essentially extract en¬ 
ergy out of stationary eddies by both thermal and dynamic interactions (c) 
between these two eddy components of the atmospheric circulation. The 
energetics analysis of the model stationary eddies is therefore consistent 
with that of Holopainen’s (1970). 

The Lorenz energy cycle of stationary and transient eddies provides 
an overview of the maintenance of stationary eddies discussed in Section 
13.3.2. The horizontal distribution of various energy variables and the 
physical processes involved in these energy variables should be pursued. 


(A) Energies 

In view of the vertical structure of Te (Fig. 13.22), it follows that 
large A s exists in the middle and lower tropospheres (Fig. 13.24a). Com¬ 
pared with Chen’s (1982) observational analysis for the 1976/77 winter, 
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the model simulates smaller (larger) A s in the middle (lower) troposphere. 
Recall that thermal ridges and troughs are located over the eastern oceans 
and continents and are reflected in the horizontal distribution of vertically 
integrated A s (Fig. 13.24c). 

The maximum K s is associated with the maximum westerlies, as can 
be seen in the latitude-pressure cross section of K a (Fig. 13.24c). However, 
the model K s is smaller than K s in Chen’s (1982) observational analysis. 
The upper-level zonal wind anomalies ( ue) of stationary eddies can be esti¬ 
mated by the north-south gradient of Ze (200 mb) (Fig. 13.19a). Thus, we 
can expect negative Ue (200mb) anomalies to exist in the eastern Pacific 
and in the Atlantic, and positive Ue (200 mb) to be associated with the 
East Asian jet. This is shown in Fig. 13.24e. Moreover, the horizontal dis¬ 
tribution of the vertically integrated K s of the model generally corresponds 
well with that of ue (200 mb). 


(B) Interaction between the Zonal-Mean State and Stationary Eddies 

Fig. 13.25 illustates how two types of interactions - thermal and dy¬ 
namic - exist between the zonal-mean state and stationary eddies. The for¬ 
mer is measured in terms of the covariance between ( VeT e)z and dTz/adp 
- that is, C(Az,Ae) - whereas the latter is measured in terms of the co- 
variance between (ueVe)z and duz/a dp - that is, C(Ke, Kz)- 

Significant ( VeTe)z (Fig. 13.25b) and zonal-mean temperature gradi¬ 
ents appear in the mid-latitudes of the middle and low tropospheres. Thus, 
over this region, the thermal interaction field converts Az to support the 
thermal field of stationary eddies denoted by A s . Note that the maxi¬ 
mum value of C(Az,A s ) is about half that of Chen’s observational result. 
Lee (1983) has pointed out that dTz/a, dip was properly simulated by the 
model; the small value of the C(Az,Ae ) is thus attributed to the small 
( VeTe)z of the model. 

In the troposphere, Tz generally decreases towards the poles. There¬ 
fore, positive veTe represents the local contribution to positive C(Az, Ae)- 
Several positive veTe (850 mb) centers (Fig. 13.25e) are located over East 
Asia, the west coast of North America, and most of the Atlantic. Despite 
smaller magnitudes, these VeTe (850 mb) centers are relatively consistent 
with those found by Blackmon et al.’s (1977) observational analysis. The 
contrast between VeTe (850 mb) and A s (Fig. 13.24c) indicates that sig¬ 
nificant C(Az,A s ) corresponds to large A s . Obviously, A s is maintained 
locally by this energy conversion. 

Momentum transports by stationary eddies (Fig. 13.25d) occur primar¬ 
ily in the upper troposphere. A maximum northward transport is located at 
30° N, whereas a maximum southward transport is located at 60° N. The 
separation between northward and southward transport appears around 
50° N. However, the northward (southward) (ue^e)z of the model is some¬ 
what (much) smaller than the observational findings of Chen (1982). Note 















Fig. 13.25: Latitude-pressure cross sections of (a) C(Az, As), (b) (veTe)z, 
(c) C(Ks, Kz), and (d) (ueve)z, and horizontal distributions of (e) veTe (850 
mb) and (f) ueve (200 mb). The contour intervals of (a) and (c), (b), (d), (e), 
and (f) are 10 -3 W m -2 mb -1 , 2 K° m s _1 , 10 m 2 s -2 , 10 K° m s” 1 , and 20 m 2 
s -2 , respectively. 1QQ 
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that the maximum uz (not shown) appears around 35° N. As illustrated 
by Fig. 13.25c, the interation between uz and stationary eddies results in 
the acceleration (deceleration) of the mean-zonal flow south (north) of 30° 
N. 

The north-south gradient of uz (200 mb) changes sign at about 35° N. 
Fig. 13.25f indicates that south of the jets three UeVe (200 mb) positive 
centers over the western and central Pacific and the Atlantic account for 
the Kz maintenance by positive C(K a , Kz ). In contrast, around 45° N the 
positive ueVe (200 mb) centers around Japan and the west and east coasts 
of North America contribute to the major conversion from Kz to K a . Note 
that these centers correspond with large K s (Fig. 13.24d). Such a corre¬ 
spondence indicates that stationary eddies are barotropically maintained 
by mean-zonal flow over these locations. 


(C) Release of Available Potential Energy by Stationary Eddies 

The release of A s is accomplished by the thermally direct overturning 
of stationary eddies and is evaluated by the covariance ( u>eTe)z • This 
thermally direct overturning in the midlatitudes is clearly induced by the 
horizontal sensible heat transport of stationary eddies. As inferred from 
the maximum ( veTe)z (Fig. 13.25b) in the lower troposphere of the mid¬ 
latitudes, it is expected that the maximum (uJeTe)z will appear in the 
middle troposphere of the mid-latitudes. This inference is confirmed by 
Fig. 13.26a, whose maximum value for C(A S , K s ) is comparable to that of 
the observational analyses of Chen et al. (1981) and Chen (1982). 

In view of the existing relation between (veT)z and (u>eTe)z, ^eTe 
(500 mb) [ or C(A S , K s ) (500 mb)] centers in the horizontal domain should 
correspond to veTe (850 mb) centers. In fact, this does occur over the 
east coasts of Asia and North America and over the west coast of North 
America. By comparing the synoptic charts of aJe(500 mb) (Fig. 13.26b) 
and Te (500 mb) (Fig. 13.21a), one finds that uJeTe (500 mb) centers 
over the former two regions can be attributed to the sinking of cold air 
and that over the latter region can be attributed to the rising of warm air. 
Finally, the relation between energy reservoirs A s and K s and C(A Sl K s ) 
(Fig. 13.26c) can be inferred from the contrast between the horizontal 
distributions of these energy variables. Significant C(A s ,K a ) is located 
over regions where A a and K s are large. Seemingly, the release of A s is a 
vital energy source maintaining K a . 


(D) Interaction Between Stationary and Transient Eddies 

The interations between stationary and transient eddies are of two 
types: thermal and dynamic. The former interaction is primarily con¬ 
tributed by the determined covariance between Te and the divergence of 
transient eddy heat flux, whereas the latter is largely evaluated by the 




Fig. 13.26: (a) Latitude-pressure cross sections of C(As, Ks) (500 mb) and 
horizontal distributions of (b) the winter-mean pressure velocity [u (500 m6)] 
and (c) C(As,Ks ) (500 mb). Contour intervals of (a), (b), and (c) are 10 -3 W 
m -2 , 2 x 10 -4 mb s -1 , and 5 x 10 -4 m 2 s~ 3 , respectively. 
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Fig. 13.27: Latitude-pressure cross sections of (a) C(As,At) and (b) 
C(Ks, Kt) and horizontal distributions of (c) (C(As, At)) and (d) ( C(Ks , Kt))- 
Contour intervals of (a)-(b) and (c)-(d) are 5 x 10 -4 W m -2 mb -1 and 1 W m -2 , 
respectively. 
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covariance between V e and the divergence of transient eddy momentum 
transport. 

The hemispheric-average Lorenz energy cycle of stationary and tran¬ 
sient modes (Fig. 13.23) shows that the interaction between thermal sta¬ 
tionary eddies and transient eddy heat transport consumes A s . As shown 
in Fig. 13.27a, this consumption of A s by transient eddies occurs primarily 
in the middle and lower tropospheres of the mid-latitudes. Lau (1979) has 
pointed out that transient eddy heat flux convergence and thermal troughs 
at 700 mb correspond to each other. Thus, the contrast between geograph¬ 
ical distributions of C{A S , At) (Fig. 13.27c) and Te (500 mb) (Fig. 13.21) 
indicates that thermal troughs (ridges) are associated with the convergence 
(divergence) of transient eddy heat transport. The role played by transient 
eddies is therefore to dissipate A s - that is, to weaken stationary thermal 
eddies. 

The maximum northward momentum transport by transient eddies (not 
shown) appears near 30° N in the upper troposphere. As can be inferred 
from the Ks cross section (Fig. 13.24b), the maximum amplitude of 
is located around 35° N. The dissipation of Ks by transient eddies, as in¬ 
dicated by Fig. 13.27b, occurs primarily around the maximum zonal-mean 
westerly. In contrast, significant convergence of transient eddy momentum 
transport exists north of the maximum zonal-mean westerly, and Ks is 
supported by transient eddies. The contrast between positive and nega¬ 
tive C(Ks, Kt ) shown here is therefore consistent with Murakami’s (1963) 
analysis, in which C(Ks, Kt) is positive in the mid-latitudes and nega¬ 
tive in the high latitudes. Geographically, postive C(Ks, Kt) centers (Fig. 
13.27b) exist over the eastern oceans, over the eastern part of the United 
States, and in the vicinity of Japan, particularly in the latter region. Large 
Ks also appears over these regions. Evidently, Ks is locally dissipated by 
transient eddies through the transient eddy momentum transport. Con¬ 
versely, C(Ks, Kt) is negative; that is, Ks is supported by transient eddies 
south of the Aleutian Islands, Iceland and the west coast of North America, 
where convergence of transient eddy momentum transport takes place. 
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QUASI-PERIODIC VARIATION OF 
ATMOSPHERIC ENERGETICS 


An understanding of the physical processes and mechanisms creating or 
maintaining the quasi-periodic variation and atmospheric circulation prop¬ 
erties would benefit both weather and climate prediction. The two quasi- 
periodic variations of atmospheric energetics appearing most frequently in 
the meteorological literature are annual variation and vacillation. 

The most significant short-term climatic cycle is the annual variation 
of the atmospheric circulation. Rasmusson and Carpenter (1982) observed 
that the life cycle of the Southern Oscillation and the annual cycle of many 
atmospheric circulation elements over the Pacific Ocean have a phase-lock 
relation. To predict the interannual variability of atmospheric circulation, 
we should have a better understanding of the annual cycle. After Krueger 
et al. (1965) initiated an analysis of the annual variation of atmospheric 
energetics of the lower half of the troposphere, Wiin-Nielsen (1967) ex¬ 
tended this effort to cover the entire troposphere. To identify the phase 
relationships between annual cycle components of different energy vari¬ 
ables, Wiin-Nielsen (1967) performed a spectral analysis of various energy 
variables in time. This approach was applied by Chen and Buja (1983) 
to the global data generated by the FGGE Ill-b analyses of the European 
Centre for Medium Range Weather Forecasts. However, Krueger et al. 
and Wiin-Nielsen used the data north of 20° N produced by the National 
Meteorological Centre. Oort and Peixoto (1974) merged the daily data of 
the MIT general circulation library and R.E. Newell’s (MIT) tropical data 
between 25° S and 25° N, and with this new data set carried out a more 
extensive energy analysis for the annual cycle. 

The annual variation of atmospheric energetics analyzed by the studies 
just cited was presented in a hemispheric-averaged format. As revealed 
from the kinetic energy budget analysis of subtropical jet streams in the 
winter Northern Hemsiphere (Section 13.1), the annual variation of at¬ 
mospheric energetics must possess a pronounced spatial variation. Kung 
(1966,1967) evaluated extensively the source and sink of atmospheric ki¬ 
netic energy over the North American continent where the kinetic energy of 
the North American jet is generated. Kung and Soong (1969) later adopted 
Wiin-Nielsen’s (1967) spectral analysis in time to explore the annual cy¬ 
cle component of the regional kinetic energy budget. Holopainen (1973) 
analyzed the kinetic energy budget over the British Isles, where the down- 
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stream region of the North American jet is located, but did not successfully 
come up with a proper kinetic energy dissipation. Neither was the annual 
variation of the regional kinetic energy budget pursued in the downstream 
region of jets. 

Since the 1940s, the quasi-periodic variation of the zonal circulation 
intensity has been a topic in long-range weather forecasting. To measure 
the intensity of the zonal circulation, one uses zonal-mean surface pressure 
differences between 35° N and 55° N or the 700 mb westerlies averaged 
over this latitudinal zone as a zonal index. It has been documented by 
numerous investigators - for example, Petterssen (1956) and Palmen and 
Newton (1969) - that this zonal index undergoes a quasi-periodic (three- 
six week) variation, called the index cycle and often referred to as vacilla¬ 
tions. The alternation between high and low zonal indices is reflected in the 
quasi-periodic variation of zonal kinetic energy ( Kz ), which is contributed 
primarily by the zonal-mean westerlies. For this reason, the Lorenz energy 
cycle has been used by many studies to illustrate the physical processes 
involved in the index cycle. 


14.1 Annual Variation in the Northern Hemisphere 


14.1.1 Annual Variation of the Lorenz Energy Cycle 

The Lorenz energy cycle was developed in Chapter 7, (7.28) and (7.29), 
based upon the quasi-geostrophic system. If the daily upper-air wind, tem¬ 
perature, and height fields are available, a diagnostic analysis of the Lorenz 
energy cycle can be performed. In their examination of the long-term vari¬ 
ability of atmospheric energetics, Oort and Peixoto (1976) adopted this 
approach using the daily upper-air data archived in the Massachusetts In¬ 
stitute of Technology General Circulation Library for the five-year period 
of May 1958 - April 1963. Temperature can be used directly in compu¬ 
tations, however. Thus, expressions of energy variables involving specific 
volume (a) in (7.3) and (7.29) are modified as follows: 

A z = [ c pl \T'ldm, A e [ c v 1 \t' 2 e dm, (14.1) 
Jm ^ J m ^ 

C(Az,A e ) = f —c P 7 (veTe) z ? , 

Jm a d( P 

G(A Z )= [ -T'zH'zdm , 

Jm Cp 

G(A e )= [ —T e 'He dm. (14.2) 

J m Cp 


The conversion between A and K is involved in the u> field. Because of 
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Jul. 58 Jan. 59 Jul. 59 Jan. 60 Jul. 60 Jan. 61 Jul. 61 Jan. 62 Jul. 62 Jan. 63 

Fig. 14.1 : Time varitation of the monthly mean energies (Az, Ae, Kz, Ke) 
over a five-year period (May 1958-April 1963). 


the difficulty of evaluating u, Oort and Peixoto suggested calculating the 
work done by ageostrophic flow, thus using instead 


C(A Z ,K Z ) 
C(Ae, Ke) 



dm, 



—V e • dm. 


(14.3) 


The atmospheric general circulation attains maximum and minimum 
strength in winter and summer, respectively, and so do K z and Ke- Addi¬ 
tionally, the geostrophic thermal wind suggests that the annual variations 
of A z and Ae should behave in manners similar to those of K z and Ke- 
Pronounced annual variations, with a maximum in winter and a minimum 
in summer, clearly emerge in the five-year time series of monthly mean 
A z , Ae, K z , and Ke (Fig. 14.1). The A z time series possesses a rather 
flat maximum around February and a sharp minimum in July. In contrast, 
the K z time series has a wide minimum in July and a sharp maximum in 
February. Moreover, the A z time series is almost symmetric with respect 
to both maximum and minimum, but the K z time series is not, especially 




QUASI-PERIODIC VARIATION 


197 



Fig. 14.2: Time variation of the monthly-mean values of various terms in the 
Az equation (7.12) over a five-year period (May 1958-April 1963). 


in terms of the summer minima, as observed by Krueger et al. (1965) and 
Wiin-Nielsen (1967). They found that Ae and Ke annual variations are 
highly correlated with a fast autumn buildup and a slow spring decline. 

The nearly sinusoidal time series of Az , Ae, Kz, and Ke suggests that 
their time derivatives are about one-quarter cycle out of phase with respect 
to the energy time series. That is to say, time derivatives of these energies 
reach their maxima during autumn buildup and their minima during spring 
decline. The argument here is substantiated by the time series of dAz/dt, 
dAs/dt, dKz/dt, and dKE/dt shown in Figs 14.2-14.5. The magnitude of 
Az is approximately an order greater than the magnitudes of Ae, Kz, and 
Ke ; the magnitude of dAz/dt (with an amplitude of about 0.4 W m -2 ) 
is also approximately an order greater than the magnitudes of dAs/dt, 
dKz/dt , and dKE/dt. According to (7.28), a time derivative of any en¬ 
ergy indicates the combined effect of several physical processes represented 
by the energy conversions indicated in the equation. To illustrate the phys¬ 
ical processes related to annual variations of energy time derivatives, the 
five-year time series of monthly mean energy conversions is displayed in 
Figs 14.2-14.5. 

As shown in the Lorenz energy cycle (Fig. 7.8), the major energy 
conversions are G(Az) —► C(Az,Ae) —>► C(Ae,Ke ) —► D(Ke). Be- 
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Fig. 14.3 : Time variation of the monthly-mean values of various terms in the 
Ae equation (7.13) over a five-year period (May 1958-April 1963). 



Fig. 14.4: Time variation of the monthly-mean values of various terms in the 
Kz equation (7.26) over a five-year period (May 1958-April 1963). 
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Fig. 14.5 : Time variation of the monthly-mean values of various terms in the 
Ke equation (7.27) over a five-year period (May 1958-April 1963). 


cause geostrophic flow had been underestimated in the available data, 
C(Ae,Ke ) was not directly calculated by Oort and Peixoto (1976). In¬ 
stead, C(Ae, Ke) — G(Ae) and D(Ke) — G(Ae) were computed as resid¬ 
uals. Previous studies reviewed by Wiin-Nielsen (1967) and Oort and 
Peixoto (1974) concluded that G{Ae) is much smaller than G(A Z ). In 
essence, G(Ae) plays a minor role in annual variations of C(Ae, Ke) — 
G(A e ) and D(Ke)-G(A e ). Time series of G(A Z ), C(A Z , A E ), C(A E , K E )~ 
G(Ae), and D(Ke) — G{Ae) (Figs. 14.2-14.5, respectively) reveal that 
these energy conversions are comparable in terms of amplitudes of their 
annual variations (2.5~3.0 W m -2 ) and synchronous in their annual vari¬ 
ations, with maxima in winter and minima in summer. In short, annual 
variations of these energy conversions closely follow those of various ener¬ 
gies (Fig. 14.1) - that is, the annual variation of the atmospheric circula¬ 
tion. It is clearly shown in Figs. 14.2-14.5 that D(K Z ), C(A Z , K z ), and 
C(Ke , K z ) have small numerical values 1 . D(K Z ) is obtained as a residual 

1 Because of the small numerical values of C(A Z , Kz) and C(Ke, K z ), caution should 
be exercised when applying these two quantities to physical explanations of atmospheric 
general circulation. In the mid-latitudes, Tz" changes its sign from positive in the low 
latitudes to negative in the high latitudes. u>z exhibits a three-cell structure: Hadley, 
Ferrel, and a high-latitude cell. The covariance between Tz" and u>z alternates between 
positive and negative values of C(Az, Kz)- The small numerical value of this energy 
conversion is attributed to cancellations caused by the alternation between positive and 
negative values in the latitude-pressure cross-section (Chen et al. 1981; Chen 1982). 
Oort and Peixoto (1976) used (14.3) to evaluate C(Az , Kz) and attained an alternation 
between positive and negative values in the upper troposphere, like Chen and Lee’s 
(1982) calculation of —(V • V<fi)z- In another form of (14.3), it still results in a small 
numerical value. 

C(Ke, Kz) is evaluated with the covariance between ( ue,ve)z and duz/a dp. The 
maximum uz exists in the upper troposphere at 30° N, although (ueve)z changes its 
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in the Kz equation of (7.28) in which C(Az, Kz ) is a dominant term. It is 
not surprising that the variability of D(Kz ) resembles that of C(Az, Kz)- 
The negative values of D(Kz) are perhaps caused by the uncertainty in¬ 
herent in the evaluation of C(Az, Kz)- Obviously, it is relatively difficult 
to obtain a clear seasonal cycle of these three energy conversions. This 
difficulty was pointed out by Wiin-Nielsen (1967) in his pilot study of the 
annual variation of atmospheric energetics. 

The primary energy source driving the atmospheric general circulation 
is north-south differential heating (Hz')- The covariance between this phys¬ 
ical quantity and the north-south departure of zonal-mean temperature 
from its global average provides a measurement of G(Az). Many diagnos¬ 
tic studies of atmospheric diabatic heating - for example , Chen and Baker 
(1987) - come to the conclusion that atmospheric diabatic heating is rela¬ 
tively difficult to compute accurately as a residual term in the heat-budget 
analysis. Under these circumstances, G(Az) is generally evaluated as a 
residual in the Az equation of (7.28). The five-year time series of monthly 
mean G(Az) (Fig. 14.2) surprisingly exhibits maxima in autumn, when 
maximum Az buildup occurs. In view of the close correlation between the 
dAz/dt and the G(Az) time series, it is obvious that G(Az) builds up Az 
to attain the latter’s maximum in winter. In this season, the atmospheric 
circulation also peaks, and various physical processes represented by vari¬ 
ous energy conversions redistribute the built-up available potential energy. 
This argument is supported by the synchronization of various energies and 
by the major energy conversions of the Lorenz energy cycle in their annual 
variations. 


14.1.2 Fourier Analysis of Energy Variables 


The annual variations of various energy variables are neither exactly sinu¬ 
soidal in time nor perfectly symmetric with respect to maxima and minima. 
Although most of the energy variables, shown in Section 14.1.1, possess rel¬ 
atively distinct annual variations, it is unlikely that we can measure the 
precise temporal relation between these variations. Nevertheless, towards 
this end, Wiin-Nielsen (1967) proposed the Fourier analysis of energy vari¬ 
ables in time with one year as the basic period. Any energy variable can 


sign from northward to southward transport at 50° N. As show by Chen (1982), the 
covariance between these quantities offers positive C(Ke, Kz) south of 32° N, negative 
C(Ke> Kz) between 32° and 50° N, and positive C(Ke, Kz) again north of 50° N. 
The alternation between positive and negative values in a latitude-pressure cross section 
results in a small value of the latitudinal integration of C(Ke, Kz)- Consequently, it 
is relatively difficult to obtain a clear seasonal cycle for these two energy conversions 
(Wiin-Nielsen, 1967). The small numerical values and unclear seasonal cycles of both 
C(Az, Kz) and C(Ke, Kz) can be seen in Figs. 14.4 and 14.5, respectively. 
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be expressed in such terms as 2 

N 

F(t) = F n e in ^ /T)t (14.7) 

n= — N 

where 

F n = F nr + iF ni . (14.8) 

and where T is a one-year period. The amplitude (|F n |) and the phase ( 7 n ) 
of the Nth harmonic are defined by 

Fi = Fl+Fl, and tan (n|) 7 „) =-|K (14.9) 

Using February 1963-January 1964 as the basic period, Wiin-Nielsen 
(1967) performed a Fourier analysis of monthly mean energy variables. Af¬ 
ter the global data generated by the FGGE Ill-b analyses of the European 
Centre for Medium Range Weather Forecasts became available, Chen and 
Buja (1983) also analyzed the annual variation of atmospheric energetics 
for both hemispheres with the scheme of (14.7)-(14.9). The time series of 
energy variables shown in Figs. 14.1-14.5, however, reveal the existence of 
interannual and short-term variabilities. To filter out these two variabilities 
and to obtain a clear climatology of annual variations of energy variables, 
the Fourier analysis scheme (14.7)-(14.9) is applied to the five-year mean 
monthly energy variables of Figs. 14.1- 14.2. Fourier analysis results in an 
energy-variable time series provided by the three aforementioned studies, 
and this is presented in Table 14.1 for the first three harmonic compo¬ 
nents: the annual-mean mode (n = 0), the annual mode (n = 1), and the 
semiannual mode (n = 2). 

2 Conventionally, the Fourier expansion (14.7) can be written also as 
N 

F(t) = Fo + | FCn COS ( n ^T*) + FS n sin ( n 7pr*) j 

71 = 1 

N 

= Fo + (FCn - iFSn) e in (' 27r / T ) t + i (FC n + iFS n ) e - i "( 2 ’ r / r )*j 

71=1 

N 

= \ (FCn- iFSn) e in ^/ 7 "> t . (14.4) 

71= —N 

Compared to (14.4) and (14.7), the following identities can be established: 

Fnr — ~ FC n and F n % — ~ F C n , (14.5) 

Fn — Fnr + iFni- 


where 


( 14 . 6 ) 



Table 14.1: Amplitudes and phases of the first three Fourier components of 
energies and energy conversions. Unit: amplitude of energies is 10 5 J m -2 , and 
that of energy conversions is W m -1 ; phase is month/day. 


N 

Variable 


0 

Fo 



Pi 

1 


OP 1 

WN 2 

CB 3 

OP 

WN 

CB 

Az 

37.03 

31.64 

36.91 

22.29 

11.96 

18.20 

Ae 

7.39 

8.14 

5.39 

2.23 

2.78 

2.40 

K z 

4.64 

8.32 

5.60 

3.22 

6.36 

4.12 

K e 

7.03 

10.17 

6.60 

1.96 

3.46 

2.34 

dAz/dt 




0.42 



G{A Z ) 

0.90 



1.23 



C(Az,Ae) 

1.48 

2.37 

1.45 

1.16 

1.86 

1.18 

C(A e ,K e )-G(A e ) 



1.17 



0.51 

D(K e ) - G(A e ) 

1.31 



1.19 



C(K e ,K z ) 

0.19 

0.48 


0.06 

0.41 

0.09 

C(A z ,Kz ) 

0.11 



0.42 


1.00 


1. Obtained from Fourier analysis with Oort and Peixoto’s (1974) 
numerical values for various energy variables. 

2. Wiin-Nielsen (1967) 

3. Chen and Buja (1983) 



7i 



f 2 


2 

72 


OP 

WN 

CB 

OP 

WN 

CB 

OP 

WN 

CB 

1/10 

1/10 

1/27 

2.28 

2.03 

2.07 

4/1 

4/15 

2/18 

1/3 

1/22 

1/16 

0.54 

0.72 

0.67 

6/14 

1/11 

6/29 

1/14 

1/24 

1/28 

0.68 

0.86 

0.53 

1/29 

1/29 

2/9 

1/5 

1/25 

1/21 

0.18 

0.14 

0.40 

6/1 

5/2 

5/27 

10/10 



0.07 



2/15 



9/27 



0.44 



4/13 



12/31 

1/18 

1/10 

0.08 

0.01 

0.06 

3/6 

4/30 

5/14 



1/15 


0.07 



3/7 


1/6 



0.12 



2/15 




9/13 

12/30 

0.05 

0.04 

0.03 

4/13 

5/17 

5/7 



7/22 

0.05 

0.11 


6/16 

5/17 
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The computational domain of Oort and Peixoto (1976) and Chen and 
Buja (1983) is the entire Northern Hemisphere, whereas that of Wiin- 
Nielsen (1967) is only that area north of 15° N. Consequently, departures of 
zonal-mean temperatures from the domain-average temperature are smaller 
in Wiin-Nielsen’s analysis. On the other hand, the intensity of atmospheric 
circulation and the magnitudes of atmospheric-disturbance variables - that 
is, of temperature and wind - are smaller in the tropics than in the mid¬ 
latitudes. These contrasts, which are caused by differences between the 
computational domains of the different studies, result in smaller Az and 
larger Ae, Kz, and Ke in Wiin-Nielsen’s annual-mean value than in Oort 
and Peixoto’s (1976) or Chen and Buja’s (1983). This contrast in energy 
magnitudes is also true in the annual-variation mode (n = 1 ). 

A pronounced annual-variation component has emerged from the time 
series of most of the energy variables shown in Figs. 14.1 and 14.2. The 
amplitudes of all annual-variation modes, Fi, displayed in Table 14.1, are 
generally larger than a quarter of their annual-mean values, Fo. On the 
other hand, the amplitudes of semiannual-variation modes, F 2 , are much 
smaller than those of either Fo or F \. In view of the magnitude of contrast 
between the Fis and F 2 s, the seasonal variation of atmospheric energetics is 
dominated by the annual-variation mode. Except for energy variables with 
small magnitudes, phases of annual-variation modes 71 indicate that the 
maximum values of the first harmonics obtained by Wiin-Nielsen (1967) 
and by Chen and Buja (1983) occur in late January, about three to four 
weeks after the winter solstice. In contrast, the maximum values of the 
annual-variation components in the Oort and Peixoto (1976) analysis ap¬ 
pear about two to three weeks earlier than those of either Wiin-Nielsen or 
Chen and Buja. The maximum energy input, G(Az), and the maximum 
Az tendency, dAz/dt, occur in early autumn during the autumn buildup 
of Az- 

Shown in Figs 14.6 and 14.7 are the time series of annual (n = 1 ) and 
semiannual (n = 2 ) harmonics, and a combination of these two harmonics 
for four energies and several significant energy conversions. It was pointed 
out in Section 14.1.1 that Az{Kz) has a wide maximum in winter (sum¬ 
mer) and a narrow minimum in summer (winter). As revealed by 72 , the 
semiannual component of Az(Kz) exhibits its minimum (maximum) in 
winter (summer). The combination of the first two harmonics leads to a 
larger (smaller) maximum Az(Kz) in winter and a smaller (larger) min¬ 
imum Kz(Az) in summer. Additionally, several studies have noted fast 
autumn buildup and slow spring decline in both Ae and Ke- Fig. 14.6 
reveals that the second harmonic exhibits a maximum in the first half of 
the first harmonic’s maximum period but exhibits a minimum in the first 
half of the first harmonic’s minimum period. This phase relation between 
the first two harmonics of both Ae and Ke results in their fast autumn 
buildup and slow spring decline. As far as energy conversions are con¬ 
cerned, the second harmonic has negligible amplitude, with the exception 
of dAz/dt and G(Az)- 
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Fig. 14.6: Annual variation of the vertically integrated K, G(k), B(k), and 
D(k ) for the five-year period May 1958-April 1963 over North America. After 
Kung and Soong, 1969. 


14.2 Annual Variation of the Kinetic Energy Budget over North 
America 

The North American continent is located on the upstream side of the North 
American jet. According to the kinetic energy budget analysis of this jet, 
kinetic energy is generated over the North American continent and is de¬ 
stroyed over the Atlantic Ocean. To balance sources and sinks of the ki¬ 
netic energy, the generated kinetic energy is transported by the jet from the 
source to the sink region. Section 13.1 demonstrated that the hemispheric 
kinetic energy exhibits a pronounced annual variation. Because the major 
kinetic energy content of the atmospheric circulation is contributed by jet 
streams, a distinct annual variation must also exist in the kinetic energy 
budget of atmospheric circulation over the North American continent. In 
short, it is of interest to explore the annual variation of the regional kinetic 
energy budget over the North American continent. 




Fig. 14.7: The two largest Fourier components of the mean annual variation 
of various energy variables shown in Fig. 14.6; generally they are n = 1 and 2, 
except for K , and the combination of these two Fourier components. 
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Daily wind and geopotential data at 00 and 12 GMT for the five-year 
period from May 1958 to April 1963 and from surface to 100 mb over the 
North American continent were compiled and archived in the MIT General 
Circulation Data Library. Using this data set, Rung (1966a,b; 1967; 1969) 
has performed extensive analyses of the kinetic energy budget: 


dK 

dt 

K t 


+ 


iri 

9S Jo J 


Vfc* n dpdl 
B(k) 


j_ r Po r 
~ 9 s Jo J s 

_ J f P0 f 
9 s Jo J s 


V • V<p dp ds 
G(k) 

V • F dp ds, (14.10) 
D(k) 


where B(K) is changed from an area integral of kinetic energy flux diver¬ 
gence in (12.4) to a line integral of kinetic energy flux along the boundary 
of the computational domain. 

Rung and Soong (1969) extended Rung’s studies to examine the an¬ 
nual variation of the North American kinetic energy budget. The monthly- 
mean-value time series of all energy variables in (14.10) is decomposed 
into Fourier amplitude and phases. A marked annual-variation component 
emerges from the time series of K, G(K ) and B(K)-, but none is particu¬ 
lar distinguishable in those of D(K). The lack of a distinguishable annual 
variation in D(K) may be due to computational errors in association with 
the residual method. An eyeball examination reveals that the time series 
of K, G(K), and B(K) shown in Fig. 14.8 are almost in phase with the 
winter maxima and the summer minima. In view of its regular annual 
variation, the K autumn buildup and spring decline indicate that the K t 
time series is about one season out of phase with respect to the K, G(K), 
and B(K) time series. The contrast between the K t , K, and G(K) time 
series is similar to that in the hemispheric kinetic energy budget discussed 
in Section 14.1. Interestingly, for all seasons kinetic energy is generated 
[G(K) > 0] over the North American continent and exported [B(K) > 0] 
out of the continent, despite annual variations. In short, the active ener¬ 
getics of the North American continent persist throughout the year. 

To illustrate quantitatively the phase relation between the annual vari¬ 
ations of K, B(K), G(K), and D(K), Rung and Soong applied the Fourier 
analysis in time (Section 14.1) to the kinetic energy budget over the North 
American continent. Moreover, the significance of the annual variation 
component, represented by the Nth harmonic in the Fourier analysis of the 
kinetic energy budget, is represented by a fractional variance, FV(n ): 


FV(n) = 


\F n 


E".l Ifn 


X 100, 


(14.11) 


where F n is the amplitude of the Bth harmonic and where N is the max¬ 
imum harmonic contained in the Fourier analysis. Some short-term, ir¬ 
regular fluctuations appear in the time series of energy variables shown in 
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Fig. 14.8: Annual variation of the vertically integrated K, G(k), B(k), and 
D(k) for a five-year period from May 1958-April 1963 over North America. After 
Kung and Soong, 1969. 


Fig. 14.9. To extract the basic annual-variation components of all energy 
variables, the multiyear monthly mean process is introduced to the time 
series of all energy variables in such a way as to filter out the short-term, 
irregular fluctuations. Fourier analyses in time are performed for all multi¬ 
year monthly mean time series of energy variables. The amplitude, phase, 
and fractional variance of the first three harmonics are displayed in Table 
14.2. 

Table 14.2 reveals that, compared to Oort and Peixoto’s (1974) hemi¬ 
spheric mean values of K (12.4 x 10 5 J m -2 ) and C(A,K) (2.0 W m -2 ), 
the atmospheric circulation over the North American continent [with K = 
15.93 x 10 5 J m -2 , and G(K) = 7.06 W m -2 ] is an energetically active 
region. Moreover, either Fig. 14.9 or Table 14.2 shows that atmospheric 
kinetic energy is usually exported from this continent. Evidently, as por¬ 
trayed in Section 13.2, the North American continent is a source region of 
atmospheric kinetic energy. In view of the fractional variance of the first 
harmonic, FV(1), the annual variation components of K, G(K), B(K), 
and D(K ) stand out distinctively in Table 14.2, especially that of K. The 
F 1 /F 2 ratios of G(K), F(K), and D(K) are 46%, 62%, and 52%, respec- 
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Fig. 14.9: Mean annual variation (solid line with dots) of K, G(K), B(K), and 
D{K), and the combination of their n = 0, 1, and 2 Fourier components, for K. 


tively. In fact, the sums of only FU(1) and FV (2) of the four energy vari¬ 
ables exceed 90%. Thus, the annual and semiannual variation components 
seem to be the basic seasonal-variation modes of the regional atmospheric 
kinetic energy budget over the North American continent. The significance 
of annual-variations of the four energy variables are implicit in the F\/Fq 
ratio. The F\/Fq ratios of K, G(K), B(K), and D(K) are 43%, 59%, 
98%, and 34%, respectively. The hemispheric-averaged F\/Fq ratios of K 
and C(A,K) estimated with Oort and Peixoto’s (1976) analysis are 22% 
and 35%, respectively. When Oort and Peixoto’s results are compared 
with those described in Table 14.2, not only does the atmospheric circula¬ 
tion of the North American continent seem energetically more active, but 
the regional annual variation in the kinetic energy budget of this conti¬ 
nent is more pronounced. This argument is relatively consistent with the 
geographical distribution of the K (300 mb) annual variation component 
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Table 14.2: Amplitude ( F n ), phase (7n), and fractional variance [FV (n)] of 
the Fourier components K, G(K), B(K), and D(K ) obtained from the five-year- 
mean monthly time series of these energy variables. Unit: F n in 10 5 J m -2 for 
K ; and W m~ 2 for G(K), B(K), and D(K ); 7 n in days from January 1 and 
FV (n) in percent. 


Harmonic (N) 


0 

1 

2 

Period (month) 



12 

6 

K 

F n 

15.93 

6.92 

18 


7n 


18 

18 


FV(n) 


97.6 

0 

G(K) 

F n 

7.06 

4.20 

1.95 


7 


39 

42 


FV(n) 


77.4 

16.7 

B(u) 

F n 

3.16 

3.11 

1.93 


7 n 


36 

28 


FV(n) 


66.6 

15.6 

D(K) 

F n 

4.06 

1.37 

0.71 


7n 


48 

71 


FV(n) 


74.2 

19.7 


portrayed by Heddinghaus and Rung (1980) in terms of the empirical or¬ 
thogonal functions (EOF). 

Another important aspect of the annual variation in the regional kinetic 
energy budget is the phase relation between energy variables. It has been 
pointed out that the seasonal variation of K is more or less explained by the 
annual (n = 1) component. The phase 71 (A) indicates that K reaches its 
maximum (minimum) on January 18 (July 18), which is about four weeks 
after the winter (summer) solstice. This date agrees relatively well with 
the hemispheric Fourier analyses of Krueger et al. (1965), Wiin-Nielsen 
(1967), Oort and Peixoto (1976), and Chen and Buja (1983). 

Based upon the F 2 /F 1 ratios of G(K), B(K), and D(K ), the semian¬ 
nual variations of these energy variables are not negligible. Maxima and 
minima of G(K), B(K), and D(K ) are determined by a combination of 
annual (n = 1 ) and semiannual (n = 2 ) components. As shown in Fig. 
14.10, maximum G(K), B(K), and D(K), generated by combining annual 
and semiannual components, occur around February 10, 4, and 28, respec¬ 
tively. The seasonal variations of G(K) and B(K) are almost in phase, 
but the seasonal variation of D(K ) is about 2.5 weeks behind the other 
two energy variables. The composite multiyear-mean monthly time series 
of K, G(K), B(K), and D(K ) shown in Fig. 14.9 attain their maximum 
values in January. Phase differences between the composite real time series 
and a combination of n = 1 and 2 of these energy variables are attributed 
to the neglected higher harmonics. 
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Suppose that G{K ) is equivalent to C(A, K) in a relatively large com¬ 
putational domain. The annual variation of the regional kinetic energy 
budget over the North American continent - that is, the upstream re¬ 
gion of the North American jet - behaves in a manner similar to that of 
a hemispheric example discussed in Section 14.1. Holopainen (1973) and 
Holopainen and Eerola (1973) pointed out in their kinetic energy bud¬ 
get analysis over the British Isles that G(K) destroys kinetic energy. On 
the other hand, Holopainen (1978), Lau (1979), and Chen and Lee (1983) 
showed that characteristics of the kinetic energy budget in the upstream 
and downstream regions are opposite. The British Isles are located on the 
downstream side of the North American jet. The contrast between the 
kinetic energy budget analyses of Rung (1966a,b; 1967; 1969), Holopainen 
(1973) and Holopainen and Eerola (1979) are not surprising. In view of 
previous analyses of the kinetic energy budget associated with jet streams, 
it is to be expected that the annual variation of the destruction of kinetic 
energy by the ageostrophic effect and the importation of kinetic energy by 
jets on the downstream side should synchronize with the generation of ki¬ 
netic energy and the exportation of kinetic energy by jets on the upstream 
side. An effort along this line is worth pursuing. 


14.3 Vacillation of Atmospheric Energetics 


The quasi-periodic fluctuation of atmospheric circulation, called the in¬ 
dex cycle, is characterized by a relatively zonal (high index) circulation 
and a relatively wavy (low index) structure. Thus, the alternating of the 
atmospheric circulation between high and low indices is reflected in quasi- 
periodic temporal fluctuations of zonal and eddy energies. The Lorenz 
energy cycle is therefore adopted to examine not only the periodicity of 
energy variations, but also the physical processes involved in maintaining 
the vacillation of atmospheric energetics. 

Wiin-Nielsen (1961) demonstrated that vacillations can take place in 
the low-order barotropic model. Analyzing the 200 mb wind field of the 
Southern Hemisphere mid-latitudes obtained after the EOLE experiment, 
Webster and Keller (1975) also showed that kinetic energy vacillation is 
maintained by barotropic processes. In contrast, Kraus and Lorenz (1966) 
simulated energy vacillation in a two-layer quasi-geostrophic system with 
a simple thermal forcing. Pfeffer et al. (1974) were able to produce en¬ 
ergy vacillation in a rotating annulus with radial differential heating. It 
seems therefore that the baroclinic process cannot be ruled out in en¬ 
ergy vacillation. Numerous spectral energy studies have shown that the 
long wave regime not only contains eddy energy (e.g., Wiin-Nielsen, 1967; 
Chen, 1982a), but is also responsible for the major eddy sensible heat 
and momentum transport (e.g., Chen 1982a). Nevertheless, Chen (1982a) 
demonstrated that short waves (synoptic waves) are energetically more ef- 
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ficient than long waves. Hunt (1978) showed, based upon the numerical 
simulation of a general circulation model, that vacillations in the intensity 
of baroclinic activity essentially occur in the synoptic- wave regime. More¬ 
over, Steinberg et al. (1971), Chen (1982), and others have shown that 
available potential energy is nonlinearly cascaded from long waves to short 
waves and that kinetic energy is transferred from synoptic-scale waves to 
both longer and shorter waves. No doubt, the nonlinear interaction be¬ 
tween waves is important to the energetics of an atmospheric system. In 
contrast, Lorenz (1963) reproduced wave vacillation in a rotating annulus 
in terms of a spectral model containing only a single wave and the mean- 
zonal flow. Nonlinear interaction between waves was essentially excluded 
in his numerical study. 

The previous brief review of conventional research regarding energy 
vacillation suggests that four aspects have been of major concern: (1) the 
periodicity of vacillation, (2) the primary physical process maintaining vac¬ 
illation - barotropic or baroclinic, (3) the dominant scales of the eddies, 
and (4) the effect of nonlinear interaction between waves. As for the last 
two aspects, the roles played by different wave regimes in the vacillation of 
atmospheric energy need to be understood. 


14.3.1 Vacillation of Eddy Energy 

The index cycle was first defined with either zonal-mean surface pressure 
differences between 30° and 55°N or zonal-mean 700 mb zonal flow averaged 
over this latitudinal zone. However, the fluctuations of maximum upper-air 
zonal flow and the eddy activities of atmospheric circulation exist primar¬ 
ily between 20° and 65° N. Using the ECMWF FGGE Ill-b data of the 
1978/79 winter, Chen and Marshall (1984) computed vertically integrated 
energy variables of the Lorenz energy cycle averaged over the latitudinal 
zone of 20°-65° N, as revealed from Figs. 14.10 and 14.11. Significant fluc¬ 
tuations appear in the time series of energies and of energy conversions. 
The winter-mean values and the time-variation ranges of the energy vari¬ 
ables are displayed in Table 14.3. Due to the selection of a latitudinal zone 
(20°-65° N) for the area average, the numerical values of most of the energy 
variables shown in Table 14.3, except the variable Az, are larger than those 
variables averaged over the entire Northern Hemisphere (Fig. 7.9). 

The time-series analysis scheme proposed by Bendat and Piersol (1971) 
is often used in meteorology. Also, the following criteria are adopted to 
distinguish noise from significant signals: (1) the consistency of occurrence 
of the significant signal over a given frequency band and (2) the statistical 
confidence level (for power spectra) and coherency (for cross spectra). If a 
significant signal exists, we expect that confidence level to be close to one. 
The temporal correlation between significant signals of two time series of 
energy variables is measured in terms of phase and coherency of cross 



212 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 



Fig. 14.10: Time series of various energies in the 20°-65° N belt during 1979 
summer. Unit:10 5 J m -2 . 

spectra, which is expected to be close to one too. At any rate, anyone 
who is interested in the detail of Bendat and Piersol’s statistical scheme 
and statistical terms should refer to Julian (1971) and Madden and Julian 
(1971). 

Power spectra of various energies and energy conversions are displayed 


Table 14.3: Winter-mean values and time-variation ranges of energies 
(10 5 J m -2 ) and energy conversions (W m -2 ) averaged between 20° and 65°N. 


Variables 

Winter-mean value 

Time-variation range 

Az 

29.1 

3—9 

Ae 

9.2 

2-6 

K e 

12.3 

2~6 

K z 

13.4 

1—4 

C(Az, Ae ) 

3.82 

0—8 

C(Ae, Ke) 

3.02 

1-6 

C(K e ,K z ) 

0.07 

-2-2 

C(A z ,Kz) 

0.31 

-2-1 
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Table 14.4: Coherency (coherence square) and a phase difference of cross spectra 
between energies and energy conversions in the frequency band with a period of 
about two weeks. 


Quantity 

Frequency (cpd) 

Coherency 

Phase (days) 

Ae • Az 

6/90 (15 day) 

0.83 

7.83 


7/90 (12.86 day) 

0.94 

6.30 


8/90 (11.25 day) 

0.93 

5.00 

Ke ■ Ae 

6/90 (15 day) 

0.79 

-0.78 


7/90 (12.86 day) 

0.94 

-0.51 


8/90 (11.25 day) 

0.92 

-0.30 

K z Ke 

6/90 (15 day) 

0.76 

7.79 


7/90 (12.86 day) 

0.77 

7.26 

Kz • Az 

6/90 (15 day) 

0.71 

0.09 


7/90 (12.86 day) 

0.83 

0.57 


8/90 (11.25 day) 

0.78 

5.00 


in Fig. 14.12. Based upon the two criteria set previously, a distinct signal 
emerges for most power spectra inside the frequency band with a period of 
about two weeks. To illustrate the temporal relation between energy vari¬ 
ables, only all possible cross spectra (solid lines) between two neighboring 
energy reservoirs of the Lorenz energy cycle shown in Fig. 14.13 are used as 
examples. These cross spectra exhibit marked signals with frequencies close 
to a period of two weeks and with coherency values close to 1.0. Shown in 
Table 14.4 are phases between two energies; phases between Az and Ae 
and between Kz and Ke are approximately half of a cycle, whereas those 
between Az and Kz and between Ae and Ke are insignificant. These 
phases confirm our eyeball examination of the time series of Az, Ae, Ke, 
and Kz (Fig. 14.10), which suggests that eddy energies or zonal energies 
alone vary in phase, but that eddy and zonal energies together vary out of 
phase. 

As can be seen in Fig. 14.10, time variations of Az{Kz) and Ae(Ke) 
are out of phase, but those of Az(Ae) and Kz{Ke) are synchronous. The 
phase relations between time variations of zonal and eddy energies are con¬ 
sistent with those determined by previous studies of energy vacillation (e.g., 
Miller, 1974; Hunt, 1978) and coincident with alternations between high 
and low indices of atmospheric circulation. According to the Lorenz en¬ 
ergy cycle, input and output energy conversions may be considered sources 
and sinks, respectively, of a given energy reservoir. Comparing Figs. 14.11 
and 14.12, we can see that Az, to some extent, varies out of phase with 
C(A Z ,K Z ) and C(A E ,K E )- C(A Z ,A E ) and C(A E ,K E ) vary in phase 
with each other, but are both slightly ahead of Ae- Additionally, the time 
variation of C(Ae, Ke) is about one day ahead of that of Ke- The phase 
relations of energy variables described here indicate that it takes some time 
for released zonal available potential energy to develop atmospheric distur- 
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Fig. 14.11: Time series of various energy conversions in the 20-65° N belt during 
1979 summer. Unit: W m -2 . 

bances. C(Ke,Kz) varies almost in phase with Ke but is out of phase 
with Kz- Moreover, C(Ke,Kz) fluctuates between positive and negative 
values. This fluctuation reflects the existence of a back-and-forth conver¬ 
sion between Kz and Ke- It was pointed out previously that the time 
variations of Az and Kz are in phase, but that these are out of phase with 
the time variation of C(Az, Kz)- 

Past studies of energy vacillation have revealed a quasi-periodic varia¬ 
tion of two to three weeks in energy variables. Miller (1974) obtained a 
period of 14-16 days, while Webster and Keller (1975) obtained a somewhat 
longer period of 18-23 days. Later, McGuirk and Reiter (1976) and Hunt 
(1978) found a period of 20-26 days and 20 days, respectively. Regarding 
the 1978/79 winter, a low-frequency variation of energies is discernable in 
the energy time-series shown in Fig. 14.11. However, it is far too sub¬ 
jective a practice to assess the periodicity of energy variations by eyeball 
examinations of energy time-series. Assessing the temporal relations be¬ 
tween energy variables is equally suitable. Thus, a time spectral analysis 
should be utilized as an objective method to isolate significant signals from 
time-series of energy variables and to determine temporal relations between 




f(1/90 cpd) f(1/90 cpd) 


Fig. 14.12: Power spectra of (a) energies and (b) energy conversions Unit: J 2 
m -4 day -1 for energies and W 2 m -4 day -1 for energy conversions. 
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Fig. 14.13: Cross spectra (solid lines) and coherencies (dashed lines) between 
two energies as indicated. Values shown on the left abscissa are cross spectra, 
while those shown on the right abscissa are coherencies. This convention is also 
used in all figures of cross spectra hereafter. Units: J 2 m -4 day -1 . 


them. 

The time-series analysis presented above clearly shows that the vac¬ 
illation period of atmospheric energetics is about two weeks, which falls 
within the lower bounds of the two to three week range found by previous 
studies. Energy vacillation appears in both available potential and kinetic 
energies. As indicated by a spectral analysis of energy conversions, the 
physical processes involved in adjustments of all energy reservoirs during 
energy vacillation include not only dynamic, but also thermodynamic pro¬ 
cesses. Thus, both baroclinic and barotropic processes should be contained 
in the vacillation of atmospheric energetics. It seems unlikely that one of 
the two physical processes should be favored in adjustments of atmospheric 
energetics from one state to another in the energy vacillation. 


14.3.2 Energy Vacillation of Long- and Short-Wave Regimes 

The wave theory and the spectral energetics of atmospheric circulation have 
shown that the long-wave regime is dominated by stationary waves and that 
the most unstable baroclinic waves reside in the short-wave regime. The 
contributions from the two different wave regimes and the effects of nonlin¬ 
ear interactions between them to the vacillation of atmospheric energetics 
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will be examined in terms of the division of wave regimes: wavenumbers 
1-4 (the long-wave regime) and 5-18 (the short-wave regime). The energy 
contents of these two wave regimes can be written as 


4 

Ael = ^ A n , 

n=l 

4 

Kel = ^2k u , 

71=1 


18 

aes = A n , 

71=5 

18 

K E s = ^2K n 

71=5 


Energy equations of these two wave regimes can be obtained by summing 
the spectral energy equations developed in Chapter 9: 


dKz 

dt 

dK EL 

dt 

dKEs 

dt 

dAz 

dt 

dAEL 

dt 

dAEs 

dt 


C(K EL , K Z ) + C(K ES , K z ) + C(A Z , K z ) - D(K Z ), 

-C(Kel,Kz ) + C{Kesi Kel) + C(Ael, Kel) ~ D(Kel), 
-C(K ES , K Z ) ~ C(K ES , K el ) + C(A ES , K ES ) ~ D(K ES ), 
-C(Az, A E l) ~ C(A Z , Aes) ~ C(Az, K z ) + G(Az), 

C(Az, A E l) — C(A E l, K E l) + C(A E l, Aes) + G(Aes), 
G(Az, Aes) - G(A E s, K E s) - C(A E l, Aes) + G(A E s)- 


The time series of various energies and energy conversions in both long¬ 
wave and short-wave regimes are shown in Figs. 14.14 and 14.15. The 
winter-mean values and time-variation range of energy variables derived 
from these two figures are displayed in Table 14.5. Although Ael > Aesi 
other energy variables in both wave regimes are not only comparable in 
their winter-mean values, but also in their time-variation ranges. Evidently, 
contributions made by the short-wave regime to atmospheric energetics 
are as important as those made by the long-wave regime. In order to 
explore the existence of energy vacillation in both the long- and short- wave 
regimes, power spectra of all energies and energy conversions are displayed 
in Fig. 14.16. As revealed from this figure, a marked signal within the 
frequency band corresponding to a period of two weeks emerges from these 
power spectra with confidence level higher than 90% , except for Ael and 
C(Kes, Kz)- Ael possesses the major content of A E , and the long-time 
variation of the Ae time series (Fig. 14.10) reappears in the Ael time 
series. Surprisingly, Ael power spectra do not exhibit an expected signal. 
However, in view of the power spectra of energies and energy conversions 
in the long- and short-wave regimes, it is conceivable that the short-wave 
regime plays a role in the energy vacillation as important as that of the 
long-wave regime. 



218 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 



Fig. 14.14: Time-series of various energies in the long- (n=l-4) and short- 
(n=5-15) wave regimes. Unit: 10 5 Jm—2. 

The correlations between time variations of energy variables can be il¬ 
lustrated in terms of a cross-spectrum analysis. Thus, one may question, for 
example, whether the phase relationship between energies of the total wave 
regime (eddy) described in Section 14.3.1 can be preserved in both long¬ 
wave and short-wave regimes. To answer this question, a cross-spectrum 


Table 14.5: Winter-mean values and time-variation ranges of energies 
(10 5 Jm ~ 2 ) and energy conversions (W m -2 ) of the long- and short-wave regimes 
averaged between 20° and 65° N. 


Variable 

Winter-mean values 

Time-vartiation range 

Ael 

6.8 

1 ~ 4 

Aes 

2.5 

0-2 

Kel 

6.3 

2-5 

Kes 

6.6 

3-4 

C(Az, Ael ) 

2.05 

— 1 ~ 4 

C(Az, Aes ) 

1.77 

0 — 4 

C(Ael > Kel) 

1.26 

0-3 

C(Aesi Kes ) 

1.76 

0 — 4 

C(K EL ,K z ) 

0.01 

-2-2 

C(K ES ,K z ) 

0.06 

-1.5 - 15 

C(Ael, Aes ) 

0.27 

-1.5 - 1 

C(K ES ,Kel) 

0.25 

—2 — 3 
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analysis of neighboring energies within the context of the Lorenz energy 
cycle in both wave regimes should be performed. Marked cross spectra 
corresponding to a period of approximately two weeks with significant co¬ 
herencies stand our clearly in most of the cross spectra shown in Fig. 14.17. 

A visual examination of the energy time series in the two wave regimes 
(Fig. 14.4) indicates that Aes and Ael vary in phase with K E s and Kel, 
respectively. This observation is essentially in agreement with the phases 
of cross spectra between these energies in the frequency band of a two- 
week period. Another interesting feature in the time series of Kes and 
Kel is that the times series of the former lead those of the latter by a 
couple of days for most peak values. Interestingly, phases between Kes 
and Kz (Table 14.6) are about 1~2 days shorter than those between Kel 
and Kz- Consistently, the phases of cross spectra between the time vari¬ 
ations of energy variables in the total-wave regime also exist in the long- 
and short-wave regimes. In other words, the characteristics of cross spectra 
between the energies of these two wave regimes substantiate our previous 
conclusion that both wave regimes are equally important in the vacillation 
of atmospheric energetics. 


Table 14.6: Same as Table 14.4 except for long-wave {Ael) and short-wave 
(Aes) available potential energy and for long-wave {Kel) and short-wave {Kes) 
kinetic energy. 


Quantity 

Frequency (cpd) 

Coherency 

Phase (days) 

Aes • Az 

5/90 (18 day) 

0.81 

8.22 


6/90 (15 day) 

0.96 

7.76 


7/90 (12.86 day) 

0.78 

6.32 


8/90 (11.25 day) 

0.81 

5.03 

Kel • Ael 

7/90 (12.86 day) 

0.78 

-0.51 

Kes • Aes 

5/90 (18 day) 

0.83 

-1.03 


6/90 (15 day) 

0.94 

0.69 


7/90 (12.86 day) 

0.92 

0.10 


8/90 (11.25 day) 

0.98 

0.21 

Kz • Kel 

5/90 (18 day) 

0.79 

9.19 


6/90 (15 day) 

0.77 

7.95 


7/90 (12.86 day) 

0.78 

7.77 

Kz • Kes 

7/90 (12.86 day) 

0.92 

6.75 


8/90 (11.25 day) 

0.98 

6.20 

Kel • Kes 

5/90 (18 day) 

0.74 

0.20 


6/90 (15 day) 

0.81 

-0.52 


Finally, the function of nonlinear interactions between waves in the 
vacillation of atmospheric energetics should be clarified. Chapter 9 demon¬ 
strated that available potential energy cascades from long-wave to short¬ 
wave regimes and that kinetic energy cascades from synoptic-scale waves 






Fig. 14.15: Time series of various energy conversions in the long- and short¬ 
wave regimes. Unit: W m 2 . 
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Fig. 14.16: Power spectra of (a) energies and (b) energy conversions in both the 
long- and short-wave regimes. Unit: W 2 m -4 day -1 for energies and W 2 m~ 4 
day -1 . 
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Fig. 14.17: Cross spectra (solid lines) and coherencies (dashed lines) between 
energies of zonal flow and long (or short) waves. Unit: J 2 m 4 day -1 . 


to longer and shorter waves. The winter-mean values of C(Ael, Aes) and 
of C(Kesi Kel) averaged between 20° and 65° N are consistent with the 
previous diagnostic analyses of spectral energetics. Although winter-mean 
C(Ael, Aes) > winter-mean C(Kes, Kel), fluctuations in the magnitude 
of the latter are greater than those in the former (Fig. 14.16). The time 
series of C{Kes, Kel) usually possesses a peak value between the peak val¬ 
ues of Kel and Kes- Contrarily, the time variation of C{Ael,Aes) does 
not correspond to an energy vacillation with a two-week period. Seemingly, 
the nonlinear interaction of available potential energy between long wave 
and short wave regimes is not vitally important to energy vacillation. 

The power spectra of C(Kes, Kel) (Fig. 14.18), but not those of 
C(Ael, Aes), have a significant signal in the frequency band of a two- 
week period and have a confidence level higher than 95%. Because Kes is 
nonlinearly transferred to Kel, it is not surprising that a significant signal 
appears in the cross spectra between Kel and C(Kes, Kel) with coheren- 
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Fig . 14 . 18 : Power spectra of C(Kes, Kel ) and C(Aes, Ael ) and cross spectra 
(solid line) and coherencies (dashed line) between Kel and C(Kes, Kel)- Units: 
W 2 m -2 day -1 for power spectra and J W m -2 day -1 for cross spectra. 


cies indicating a high significance level. The phase of cross spectra between 
these two energy variables in the frequency band of a two-week period is 
from one up to a few days. In contrast, there is no significant signal in the 
cross spectra between Ael and C(Aes, Ael)- Apparently, C(Aes, Ael) 
does not contribute to the energy vacillation, but C(Kes , Kel) does some¬ 
what. Although the time variation of C(Ael, Aes) is highly correlated 
with either Ael or Aes, C(Kes, Kel) does contribute somewhat to the 
energy vacillation. 
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ENERGETICS OF THE TROPICS: 
PLANETARY SCALE 


Convection in the tropical cloud is locally intense, owing to the 
thermodynamic instability, and takes place essentially in the 
vertical. In the middle latitudes, by contrast, the dominant pro¬ 
cess may be termed “slantwise convection” _ Thus, although 

air parcels may undergo vertical displacement of several kilo¬ 
meters in a typical disturbance ..., they are at the same time 
subject to horizontal displacements of hundreds of thousands of 
kilometers. (Palmen and Newton, 1969) 


Thus far, the focus has been on atmospheric energetics of the mid¬ 
latitudes. One may argue that the contributions to hemispherically aver¬ 
aged energetics are not only from the mid-latitudes, but are also from the 
tropics. As a matter of fact, magnitudes of disturbance for most meteoro¬ 
logical variables except wind are generally an order of magnitude smaller in 
the tropics than in the mid-latitudes (e.g., Holton, 1992). The large-scale 
dynamics of atmospheric circulation in the mid-latitudes are well depicted 
by the quasi-geostrophic system, which fails in the tropics. According to 
a large number of heat-budget diagnostic studies after FGGE Ill-b data 
became available, the largest contribution to the diabatic heating of the at¬ 
mosphere occurs in the tropics. It is well understood that tropical diabatic 
heating is due primarily to the latent heat released by cumulus convection 
and is the main forcing of the planetary-scale circulation in the tropics. 
As revealed by the previously quoted statement by Palmen and Newton 
(1969), large-scale dynamics in the tropics evidently differ from those of 
the mid-latitudes. Surely, the characteristics of large-scale motions in the 
tropics cannot be illustrated in terms of hemispheric energetics. It is the 
purpose of this chapter to differentiate between an energy analysis of the 
dynamics of large-scale motion in the tropics and in the mid-latitudes. 


15.1 Overview of Tropical Planetary-scale Circulation 


The major purpose of this chapter is to analyze the energetics of large- 
scale motions in the tropics in terms of the different diagnostic schemes 
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(a) Uz, Northern Winter (December-February) 



(b) Uz, Northern Summer (June-August) 



Fig. 15.1: Latitude-pressure cross section of zonal-mean wind (m s -1 ) during (a) 
northern winter (December-Feburary) and (b) northern summer (June-August) 
(Newell et al, 1972). 


proposed previously. Because the major purpose of atmospheric energetics 
is to facilitate understanding of the physical processes maintaining atmo¬ 
spheric large-scale circulation, a brief description of the tropical general 
circulation is necessary. The zonal-mean circulations have long been used 
to describe low-latitude general circulations. In contrast, the asymmetric 
component of the tropical general circulation was not well understood until 
Krishnamurti (1971a) and Krishnamurti et al. (1973a) portrayed the east- 
west circulation. Therefore, the zonal-mean and asymmetric components 
of the tropical general circulation should be described here. 

The latitude-pressure cross sections of u z for a northern winter and 
northern summer are shown in Fig. 15.1. Maximum westerlies exist in the 
upper troposphere of the mid-latitudes at around 30° (45°) of both hemi- 
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Fig. 15.2: Latitude-pressure cross section of mass flux function (gm s -1 ) dur¬ 
ing (a) northern winter (December-Feburary) and (b) northern summer (June- 
August) (Newell et al. 1972). 


spheres during winter (summer). The maximum westerlies are stronger in 
winter than in summer, but this annual variation of u z in the mid-latitudes 
is much greater in the Northern Hemisphere. In contrast, zonal-mean east¬ 
erlies prevail in the tropics and are much more intense during the northern 
summer than during the northern winter. The summer intensification of 
the tropical easterlies in the upper troposphere is attributed to the tropical 
easterly jet south of the Tibetan plateau. 

As indicated by the zonal kinetic energy equation, the time variation 
of zonal kinetic energy is determined by the interaction between the zonal- 
mean flow and eddies, and by the release of zonal available potential energy 
through zonal-mean meridional circulation. The former energy process is 
related to the asymmetric component of the tropical general circulation, 
whereas the latter is determined by the correlation between the Hadley 
circulation and the thermal structure of the tropical zonal-mean circula- 
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tion. Zonal-mean meridional circulations depicted in terms of the mass 
flux function for northern winter and northern summer are displayed in 
Fig. 15.2 with a three-cell structure in each hemisphere. The Hadley circu¬ 
lation is always the dominant cell straddling the tropics. During the north¬ 
ern winter (summer), the overhead sun moves to the Southern (Northern) 
Hemisphere. Consequently, the ascending branch of the Hadley circula¬ 
tion migrates with the overhead sun, and the direction of this circulation 
reverses once a year. Apparently, the Hadley circulation is thermally di¬ 
rect. The zonal-mean temperature associated with the ascending (descend¬ 
ing) branch of the Hadley circulation over the summer (winter) tropics is 
slightly warmer (colder). This positive correlation between tropical zonal- 
mean temperatures and the Hadley circulation vertical motions gives an 
important contribution to the release of zonal-mean available potential en¬ 
ergy, C(Az, Kz), in the tropics. 

Using the ship data, the asymmetric structure of the tropical circulation 
at the surface - for example , trade wind belts - intertropical convergence 
zone (ITCZ), oceanic subtropical highs, and monsoons, was relatively well 
documented before 1970. The upper-level asymmetric structure of the trop¬ 
ical planetary-scale circulation was analyzed in a piecewise fashion. Sadler 
(1967) and Aspliden et al. (1966) delineated the mid-oceanic troughs over 
the Pacific and Atlantic. Koteswaram (1958) examined both structure and 
time evolution of the tropical easterly jet located south of the Tibetan anti¬ 
cyclone, the thermal maintenance of which was analyzed by Flohn (1968). 
These three salient features and other well-known elements of the tropi¬ 
cal circulations in the upper troposphere, e.g., the Mexican high and the 
subtropical westerly jet in the Southern Hemisphere, are well depicted by 
streamlines at 200 mb (Fig.15.3). 

Krishnamurti (1971b) pointed out that a significant contrast in upper- 
troposphere temperatures exists between the warm Asian monsoon region 
and the cold Pacific oceanic trough. This temperature contrast is synop- 
tically expected because the ascending warm air over the monsoon region 
converges towards the oceanic trough resulting in descending cold air. In 
other words, there may be a thermally direct circulation to link these im¬ 
portant elements of the tropical asymmetric circulation. As indicated by 
the summer-mean velocity potential (x) at 200 mb (Fig. 15.3c), air diverges 
in all directions from the three tropical continents (equatorial Africa, the 
Asian monsoon region, and central America) towards the Atlantic Ocean 
and the Pacific Ocean and Somalia to form east-west circulations in the 
zonal direction and to establish local Hadley-type circulations in the merid¬ 
ional direction. The outgoing long-wave radiation (OLR), used as a proxy 
of cumulus convection, also exhibits three deep convection centers over 
the three tropical continents. In the tropics, this coincidence of divergent 
upper-troposphere circulation centers and OLR centers indicates that east- 
west and local Hadley-type circulations are thermally direct and important 
to the kinetic energy generation of quasi-stationary planetary-waves and 
zonal-mean flow. 




Fig. 15.3 : (a) Streamlines (solid lines) and isotachs (dashed lines, knots) at 
200 mb; the mid-oceanic troughs are marked with the heavy dashed lines, (b) 
temperature (K) at 275 mb. (c) Velocity potential (thin solid lines) at 200 mb 
with contour interval of 8 x 10 5 m 2 s _1 for the 100 days of GATE (Krishnamurti, 
1979). (d) The northern summer-mean (June-August) IR effective temperature 
over the period 1974-78; darkest shading denotes temperature < 270° K, stippled 
> 250° K, clear regions < 270° K and grey regions > 250° K. I, C, and M denote 
locations of ITCZ, equatorial convective zone and monsoon regions, respectively 
(Webster, 1983). 


228 












ENERGETICS OF THE TROPICS 


229 


The oceanic troughs over the Pacific and Atlantic consist primarily of 
wavenumbers 1 and 2 and exhibit a pronounced southwest-northeast tilt¬ 
ing, which signifies momentum transport by planetary-scale waves towards 
mid-latitudes of the Northern Hemisphere. The energy conversion between 
zonal-mean flows and eddies is measured in terms of the covariance be¬ 
tween the zonal-mean flow and north-south divergence of eddy momentum 
flux. The synoptic structure of oceanic troughs suggests a kinetic energy 
conversion from planetary-scale waves to maintain the zonal-mean flow. 
Additionally, eastward propagating medium-scale waves (around wavenum¬ 
ber 8) possess notable variance of upper-level streamfunction in the tropics 
(Krishnamurti et al., 1973). It is likely that the nonlinear interaction be¬ 
tween planetary-scale and shorter waves is an energy source for the latter. 

The structure of asymmetric atmospheric circulation in the tropical up¬ 
per troposphere during the northern winter (Fig. 15.4a) differs from that 
during the northern summer. A quasi-station&ry, three-wave pattern of 
subtropical jet streams is located in the Northern Hemisphere, in three 
regions of maximum winds: the southeastern United States, south of the 
Mediterranean Sea, and off the coast of Japan (Krishnamurti, 1961). Mid¬ 
latitude flows in the southern oceans in the upper troposphere exhibit three 
mid-oceanic troughs in the Atlantic Ocean, the Indian Ocean, and the Pa¬ 
cific Ocean (van Loon, 1972). The regions of the most active convection 
along the ITCZ during the northern winter exist in equatorial Africa, the 
maritime continent, and tropical South America; as indicated by the OLR 
distribution (Fig. 15.4c), these three regions coincide with the divergent 
centers of upper-level circulation (Fig. 15.4b). The air mass diverges from 
these three centers towards the three subtropical jet streams in the North¬ 
ern Hemisphere and towards the three mid-oceanic troughs in the southern 
oceans. “Thus, the regions of convections provide a major link between 
flows in the two hemispheres” (Krishnamurti et al., 1973). 

The possible energy relations between the subtropical jet streams in the 
winter Northern Hemisphere and tropical convection through planetary- 
scale divergent circulation are discussed in Section 13.1. Moreover, as in 
the northern summer, there should be a kinetic energy generation of quasi¬ 
stationary planetary-scale waves if the ascending branches of the east-west 
circulations are warmer than the descending branches. The three mid- 
oceanic troughs over the southern Atlantic, Indian, and Pacific Oceans tilt 
from northwest to southeast and diverge eddy momentum flux towards the 
mid-latitudes of the Southern Hemisphere. Tropical zonal-mean flow during 
the northern winter is westerly. Therefore, it is expected that the interac¬ 
tion between tropical zonal-mean flow and planetary-scale waves extracts 
energy from the former to maintain the latter. 




Fig. 15.4: (a) The wind vectors at 200 mb during December 1969; the mid- 
oceanic troughs are marked with thick dashed lines, (b) The 1969 winter-mean 
velocity potential at 200 mb with the contour interval of 10 6 m 2 s -1 (Krishna- 
murti et al., 1973). (c) The northern winter-mean (December-Feburary) IR effec¬ 
tive temperature over the period 1974-78 (Webster, 1983); notation and shadings 
used in Fig. 15.3 are applicable here. 
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Fig. 15.5: The spectral distribution of C(A n ,K n ) averaged between 10° S and 
30° N at 250 mb during GATE. Unit: 10 -6 m 2 s -3 . 


15.2 Conventional Spectral Energetics 


We discussed in Section 15.1 possible relations between important elements 
of the tropical general circulation in the upper troposphere and the ener¬ 
getics. These relations may be substantiated by a diagnostic analysis of 
spectral energetics. Over the past two decades, the spectral energy scheme 
(Saltzman, 1957) formulated in Chapter 9 has been used for this purpose. 
The intensity of the east-west circulation is stronger during the northern 
summer because of the Asian monsoon (Krishnamurti et al., 1973). Thus, 
efforts made in the past two decades to analyze tropical spectral energetics 
in the upper troposphere focused primarily on the northern summer (Kana- 
mitsu, 1972; Depradine, 1980; Chen, 1985). Although certain analyses of 
tropical spectral energetics for the northern winter will be highlighted, we 
shall concentrate our attention on the northern summer. 

Centers of the east-west circulations for the 1974 northern summer 
(Fig. 15.3c) are located around 10° ~ 15° N. For this reason, Depara- 
dine (1980) analyzed the spectral energetics for the tropical belt between 
10° S and 30° N. The spectral distribution of C(A n ,K n ) (Fig. 15.5) shows 
that some minor conversions from available potential to kinetic energy oc¬ 
cur in the high wavenumber regime with the scale of easterly waves, and 
some minor opposite conversion occurs around wavenumber 8. As noted 
previously, the upward (downward) branches of east-west circulations co¬ 
incide with warm (cold) air. It is not surprising that in the tropics a 
pronounced release of available potential energy by thermally direct over¬ 
turning takes place in the low-wavenumber (1-3) regime, thus maintaining 
quasi-stationary planetary-scale wave motions. Shown in Fig. 15.6a are 
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(a) (b) 


wave-wave wave-zonal wave-wave wave-zonal 

interaction interaction interaction interaction 



Fig. 15.6: The 250-mb conversions of (a) available potential energy and (b) 
kinetic energy by wave-wave and zonal-wave interactions averaged between 10° 
S and 30° N during GATE Unit: 10 -6 m 2 s -3 (Deparadine, 1980). 


the nonlinear wave-wave and zonal-wave interactions of available potential 
energy in the tropics. The available potential energy cascades nonlinearly 
from long waves to short waves. Moreover, except for wavenumbers 8 and 
9, zonal available potential energy is converted to wave components. 

Synoptic analysis revealed that large-scale vertical sensible heat trans¬ 
port in the mid-latitudes is relatively well correlated with the meridional 
sensible heat transport, which is most significant in the mid-latitudes. In 
essence, the vertical components of the large-scale motions follow the mid¬ 
latitude “slantwise” convection. Because of the correlation between these 
two components of sensible heat transport, the magnitudes of C(Az,A n ) 
and C(A n ,K n ) are expected to be comparable in the mid-latitudes. This 
argument has been substantiated by numerous studies - that is, Chen 
(1982a) - in which the direction of major energy conversions was estab¬ 
lished: G(Az) —> C(A z ,A n ) —* C(A Z ,K Z ). In contrast to the mid¬ 
latitudes, temperature perturbations in the tropics are small, and merid¬ 
ional sensible heat transport there is insignificant, too. From the energetics 
viewpoint, the asymmetric thermal perturbation of the large-scale circula¬ 
tion in the tropics may not be maintained primarily by C(Az, A n ). The 
difference in magnitude between C(A n , K n ) and C(Az, A n ), as well as the 
coincidence between the centers of tropical cumulus convection and the 
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divergent centers of the east-west circulation, supports this fact: tropical 
eddy available potential energy generated by east-west differential heating 
is released by east-west circulations to maintain quasi-stationary wave mo¬ 
tions in the tropics with a scale of the east-west circulation. 

Wave-wave and zonal-wave interactions of kinetic energy are shown in 
Fig. 15.6b. The southwest-northeast tilt of both mid-oceanic troughs over 
the Pacific Ocean and the Atlantic Ocean suggests that the kinetic energy 
of ultralong waves in the tropics may be converted to maintain the zonal- 
mean flow. The conversion of kinetic energy from wavenumbers 1 and 3 to 
the zonal-mean flow substantiates the synoptic argument, although most 
shorter waves ( wavenumbers 4-15) receive kinetic energy from the zonal- 
mean flow. In the mid-latitudes, available potential energy is effectively 
released by synoptic-scale waves to form eddy kinetic energy and is then 
cascaded nonlinearly to long waves and to short waves. Regarding the non¬ 
linear cascade of kinetic energy, synoptic-scale motions in the mid-latitudes 
indeed function as kinetic energy sources of other wave regimes. According 
to Figs. 15.5 and 15.6b, tropical atmospheric motions with wavenumbers 
greater than 3 do not have baroclinic energy sources. When the magni¬ 
tudes of CK(n\m,£) are compared to those of other energy conversions, 
the nonlinear cascade of kinetic energy in the tropics becomes a major 
kinetic energy source of wave motions with wavenumbers greater than 2. 
Evidently, the tropical quasi-stationary wave motions of wavenumbers 1 
and 2, to which east-west circulations furnish kinetic energy, are major en¬ 
ergy sources for the nonlinear cascade of kinetic energy in the tropics. 

Based upon Figs. 15.5 and 15.6, the energetics of the upper-tropospheric 
circulation in the tropics from both long-wave regimes (L, wavenumbers 
1-3)- and short-wave regimes (S, wavenumbers 4-15) are summarized in 
Fig. 15.7. A distinct contrast between available potential and kinetic en¬ 
ergy budgets emerges immediately from this energy diagram, in which the 
former budget does not seem significant. It has long been implied that 
large-scale wave motions in the tropics are characteristically barotropic. 
In view of the minor role played by the available potential energy budget 
in tropical energetics, this “barotropy” argument seems plausible. How¬ 
ever, the east-west circulation’s crucial function in tropical energetics is 
not consistent with this barotropic nature. In fact, the insignificance of the 
available potential energy budget, as well as the importance of C(A n , K n ) 
associated with east-west circulation in the tropics, clearly demonstrates 
that large-scale tropical circulations are similar to the monsoons. 

We have engaged in lengthy discussions of the various elements of upper- 
troposphere tropical circulations and of the physical processes involved in 
tropical spectral energetics. To relate them, a schematic diagram depicting 
the tropical energetics is presented in Fig. 15.8 (Krishnamurti et al., 1973). 
Zonal available potential energy ( Az) is generated by north-south differen¬ 
tial heating (Hz) and is released by weak Hadley circulations to maintain 
the zonal kinetic energy ( Kz ). On the other hand, ultralong-scale east- 
west differential heating (Hl) generates ultralong-scale available potential 




Fig. 15.7: Energy diagram of long-wave regimes (L, wavenumbers 1-3) and 
short-wave regimes (S, wavenumbers 4-15) in the upper troposphere; unit: 10 -6 



Fig. 15.8: Schematic diagram of energy transfers among long waves L, short 
waves S and zonal flows Z, H, A, and K denote diabatic heating, available poten¬ 
tial energy, and kinetic energy, respectively. The transfer direction is represented 
by the arrow. 
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Fig. 15.9: Composite streamlines (solid lines) and isotachs (dashed lines, knots) 
for (a) wavenumber 1 and (b) wavenumbers 3 and 4 when the triad interaction 
<1,3,4> was minimum. 


energy ( Al ), which is released by thermally direct east-west circulations 
to support quasi-stationary ultralong-scale wave motions. In essence, the 
ultralong waves constitute an energy scale of tropical circulations. Further¬ 
more, the zonal-mean flow receives energy from southwest-northeast tilting 
long waves through wave-wave interactions. Short waves may be formed as 
a result of barotropic instability of the zonal-mean flow. Through thermal 
overturning they may gain (lose) energy from (to) thermal perturbations, 
as indicated by As¬ 
ia Section 15.1, the synoptic structure of the upper-tropospheric cir¬ 
culation in the tropics related to several major energy conversions was 
delineated. The wave-wave interaction (nonlinear cascade) of kinetic en¬ 
ergy, which consists of a triad (three-waves) of interactions, was shown in 
Fig. 15.6b to be an important kinetic energy source of short waves. It 
would definitely be of interest to explore the synoptic conditions of waves 
involved in such triadic interactions. The time series of daily triadic inter¬ 
actions examined by Krishnamurti (1979), which indicate that the (1,3,4) 
triad was one of the major contributors to C(Kl, Ks) over the 1974 sum¬ 
mer, are presented in Fig. 15.9. Both positive and negative centers of 
wavenumber-1 streamlines exhibit a pronounced southwest-northeast tilt 
in the Northern Hemisphere. A region of strong easterlies and strong west¬ 
erlies associated with the wavenumber-1 structure appears in the regions 
south of this wave’s streamline centers around Pakistan and the Mexican 
highland, respectively. For the same dates, the composite streamlines of 
wavenumbers 3-4 used in Fig. 15.9a have a southwest-northeast tilt over 
the north Pacific and a northwest-southeast tilt in the tropical easterly jet 
region. Superimposing the two composite streamline maps, one can see 
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Northern Winter 
C(K n K z ) 



Total 


Fig. 15.10: The spectral distribution of C(K n , K z ) during the northern winter 
at 200 mb. Unit: 10 -6 m 2 s -3 (Krishnamurti et al., 1973). 


that short waves remove westerly momentum from the maximum westerly 
region in the north Pacific and easterly momentum from the tropical east¬ 
erly jet. 

Although the Australian monsoon takes place in the northern winter, 
the tropical spectral energetics of this season have not been analyzed in 
detail, except for certain preliminary computations made by Krishnamurti 
et al. (1973). As indicated by the intensity of the mass flux function shown 
in Fig. 15.2, the Hadley circulation during the northern winter is as strong 
as that during the northern summer. Zonal available potential energy is 
apparently released by the Hadley circulation to maintain the zonal flow. 
During the northern winter, cumulus convection centers are located over 
three tropical continents: the maritime continent, equatorial South Amer¬ 
ica, and equatorial Africa (Fig. 15.4b). The three centers of planetary-scale 
divergent circulation coincide with cumulus convection centers, and air is 
diverged from these three centers towards the three mid-oceanic troughs in 
the southern oceans and towards the three subtropical jet streams in the 
Northern Hemisphere. Thermally direct divergent circulations are expected 
to release eddy available potential energy, which is generated by east-west 
asymmetric differential heating to support upper-level asymmetric motions. 
The typical value of C(Ae, Ke ) at 300 mb is about 10 x 10 -5 m 2 s -1 . 

Zonal-mean westerlies prevail in the tropical upper troposphere between 
15° S and 15° N during the northern winter. As can be inferred from the 
three oceanic troughs in the southern oceans, the ultralong waves there 
should tilt from northwest to southeast. Westerly momentum is trans¬ 
ported out of the tropical belt by ultralong waves, and this momentum 
transport results in the conversion of Kz to Ke- The spectral distribution 
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Fig. 15.11: Schematic energy exchanges of the upper troposphere for northern 
winter between long waves and zonal flow in the tropics. After Krishnamurti et 
al., 1973. 


of C(K n , Kz) (Fig. 15.10) shows that wavenumbers 1-3 receive kinetic en¬ 
ergy from zonal-mean flow, but that shorter waves supply kinetic energy to 
zonal-mean flow. In fact, during the northern winter the contrast between 
low- and high-wavenumber regimes in terms of C(K n ,Kz) is opposite to 
that during the northern summer. 

Based upon preliminary energy analyses of the tropics during the north¬ 
ern winter, a schematic energy diagram of the long-waves is suggested in 
Fig. 15.11. To substantiate the long-wave energetics suggested in this 
figure as well as the short-wave energetics, further efforts are urged. 


15.3 Low-Frequency Variation of Tropical Energetics 


In Chapter 14, we discussed a quasi-periodic variation of atmospheric en¬ 
ergetics with a period of two to three weeks in the mid-latitudes. This 
low-frequency variation of atmospheric energetics was coined vacillation. 
Sections 15.1 and 15.2 illustrated that both the dynamics and energetics of 
large-scale circulations in the tropics differ from those in the mid-latitudes. 
A pronounced low-frequency oscillation with a period of 30-60 days in 
the tropics was identified by Madden and Julian (1971; 1972). This low- 
frequency oscillation is well portrayed by global-scale divergent circulation, 
which was shown to be important in the tropical energetics. For example, 
in Fig. 15.3b, the thermal high over the Asian monsoon region and thermal 
troughs over the Pacific Ocean and the Atlantic Ocean coincide with diver¬ 
gent and convergent contours of east-west circulations, respectively. Chen 
and his collaborators (Chen, 1987; Chen and Yen, 1991b,c) demonstrated 
that the thermal trough over the Pacific Ocean and the southern part of 
the tropical easterly jet exhibit a marked 30-60 day oscillation following the 
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Indian monsoon life cycle. The spectral energetics of the tropics (Section 
15.2) reveal that ultralong waves dominate tropical energetics. Note that 
the important elements of the tropical circulation, which possesses a sig¬ 
nificant low-frequency oscillation, are associated with the low-wavenumber 
regime. Evidently, a low-frequency variation should exist in tropical ener¬ 
getics. 

The time evolution of tropical spectral energetics was pursued by Chen 
(1985) using the ECMWF FGGE Ill-b data within the tropical belt be¬ 
tween 10° S and 20° N for the 1979 summer (June-August). Shown in 
Fig. 15.12 are time series of Az,Ae,A\, and A 2 _i8 and time series of 
their kinetic energy counterparts in the tropics. Although the magnitudes 
of zonal energies are several factors smaller than those of eddy energies, a 
pronounced time variation emerges in the time series of each energy vari¬ 
able. With a least-squares fit curve superimposed on the time series of 
energies, we observe clearly that both Ae and Ke not only vary almost 
in phase, but also exhibit a bimodal time variation over the 1979 summer; 
the time span from one minimum to the other is about l| months. Time 
series of Az and Kz have only one major maximum over this summer and 
are more or less out of phase with those of eddy energies. Thus, the corre¬ 
lation between time variations of zonal and eddy energies is similar to the 
vacillation of atmospheric energetics in the mid-latitudes, except that the 
latter phenomenon has a shorter period (two to three weeks). 

In the last section, it was shown that wavenumber 1 dominates tropical 
spectral energetics. It is not surprising to see the quasi-periodic variations 
of Ae and Ke, shown in Fig. 15.12. Because the short-wave regime (n > 2) 
does not contribute significantly to the 1^-month variation of Ae and Ke, 
we can focus our attention on wavenumber 1 to search for the mechanism 
maintaining the low-frequency variation of tropical energetics. Addition¬ 
ally, C(Az,Kz), C(Ai,Ki), C(K\, Kz), and CK(l/m,l ) dominate the 
tropical energetics of the upper troposphere. Integrating the spectral en¬ 
ergetics budget over the entire tropical troposphere, Chen and Marshall 
(1984) pointed out that the salient features of tropical energetics in the 
upper troposphere are maintained throughout the troposphere. The ex¬ 
ception is the nonlinear transfer of kinetic energy in which wavenumber 2, 
CK(2/m,l), is most important. To facilitate our discussion of the main¬ 
tenance of low-frequency variation of tropical energetics, we shall focus on 
energy conversions of great magnitude. 

In Fig. 15.13, the time series of C(Az,Kz) and C(Ae,Ke ) exhibit 
a clear bimodal variation in time over the 1979 summer. Recall that Az 
and Kz time series have only one major maximum value that occurs in 
the middle of this summer. Because C(Az, Kz) represents the release of 
Az by the Hadley circulation, we may expect this energy conversion to 
peak when the zonal-mean circulation does. Surprisingly, it is otherwise, 
as shown by comparing Figs. 15.12 and 15.13. That is, the release of 
Az is minimal when the intensity of the zonal-mean circulation reaches its 
peaks. Interestingly, from the correlation of zonal energies with C(Ai,K\) 
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Fig. 15.12: Time series of (a) A z , Ae, A\, VI 2-18 and (b) Kz, Ke, K\, K 2-18 
averaged between 10° S and 20° N during the 1979 northern summer. 
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and ( 7 (^ 42 — 18 ) -R 2 —is)? we find that the time variation of C(Ae, Ke) is 
contributed primarily by wavenumber 1. The release of eddy available po¬ 
tential energy, which is generated by east-west asymmetric heating, is the 
major energy source maintaining the tropical wave motions. Thus, it is 
inferred that wavenumber 1 is responsible for the low-frequency oscillation 
of tropical energetics. In spite of small magnitudes, no energy conversions 
except C(K\,Kz) suggest a quasi-periodic 15 -month variation. 

The quasi-periodic 1 5 -month variation of the tropical energetics during 
the northern summer has been established. But, how the low-frequency 
oscillation affects the quasiperiodic 15 -month variation of tropical energet¬ 
ics is not yet quite clear. To answer this question, we shall examine the 
time evolution of the structure of wavenumber 1 and the transport proper¬ 
ties of this wave associated with important energy conversions. Note that 
A\ ~ Tj 2 and K\ ~ . The effect of a low-frequency oscillation in A\ and 

K\ is illustrated in terms of five phases of the 10-day averaged structures 
of 7i(200mb) and t/i(200mb) following time evolutions of A\ and K\ (Fig. 
15.12); three phases of minimum (June 1 - 10 , July 13-22, August 22-31) 
and two phases of maximum (June 21-30, August 1 - 10 ) are seen. 

The summer-mean T\ (200mb) is shown at the bottom of Fig. 15.14a for 
reference. Within the computational domain (10° S-20° N), the summer- 
mean T\ (200mb) amplitude north of the equator is greater than that south 
of the equator and is negligible in the vicinity of the equator. The ther¬ 
mal ridge and the troughs of 7i(200mb) do not tilt north of the equa¬ 
tor, but do tilt SE-NW south of the equator. The general features of 
Ti(200mb) during various phases of the tropical energetics are similar to 
those of the summer-mean 7i(200mb), except the amplitude of Ti(200mb) 
exhibits a low-frequency oscillation. The quasi-stationary locations of the 
thermal ridge over the monsoon region and the quasi-periodic variation of 
Ti(200mb) should be located in the monsoon region, and the latter varies in 
its intensity with a period of about 1 5 months. The July diabatic heating 
center computed by Johnson et al. (1985) is consistent with the Ti(200mb) 
thermal ridge, but calculation of time variation in the intensity of this heat¬ 
ing center was not attempted over the entire northern summer. 

The summer-mean U\ (200 mb) (bottom of Fig. 15.14b) has easterly 
(U\ < 0) anomalies located in the monsoon region and westerly (U\ >0) 
anomalies located outside that region. The comparision between T\ (200 
mb) and U\ (200 mb) indicates that U\ (200 mb) > 0 [U\ (200 mb) < 0] 
is associated with the T\ (200 mb) thermal ridge (trough). Note that the 
core of the tropical easterly jet is situated in the southern Indian continent. 
The coincidence between easterly anomalies of U\ (200 mb) and the tropical 
easterly jet suggests that U\ is an important ingredient of this jet. South 
of the equator and within the computational domain, easterly anomalies 
of Ux (200 mb) are centered around Indonesia and westerly anomalies of 
Ui (200 mb) are located over the African continent. The low-frequency 
variation of U\ (200 mb) is particularly noticeable around 20° N and 20° 
S, where both maximum and minimum centers of U\ (200 mb) exist. The 



(a) 


(b) 




Fig. 15.14: Horizontal distribution of the 10-day averaged temperature Ti (200 
mb) and zonal wind U\ (200 mb) for five phases indicated in each panel and for 
the 1979 summer-mean. The contour intervals of Ti (200 mb) and U\ (200 mb) 
are 0.5° C and 2ms -1 , respectively. 
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maximum (minimum) center of U\ (200 mb) at 20° N is almost station¬ 
ary, whereas that at 10°N moves somewhat eastward (westward) around 
its summer-mean locations. 

The differences in terms of both structure and mobility of wavenumber 
1 between regions north and south of the equator suggest that the physi¬ 
cal processes maintaining the 1 ^-month variation in the tropical energetics 
differ in these regions. The release of A\ to support K\ by thermally di¬ 
rect overturning is determined by vertical sensible heat transport (uiTi). 
The conversion from K\ to Kz to maintain the former kinetic energy is 
measured by the covariance between the horizontal momentum {U\V\) and 
the meridional gradient of zonal-mean flow. It has been shown that the 
11-month variation of A\ and K\ in the tropics may be maintained by 
these two transport properties. 

Within 10° S and 20° N, uqTi (200 mb) (Fig. 15.15) becomes signifi¬ 
cant north of the equator when eddy energies peak and maximum centers 
of lo\T\ (200 mb) appear around 20° N. It was stressed previously that the 
large-scale tropical circulation is monsoonlike. Vertical sensible heat trans¬ 
port by large-scale motions in the tropics should extend locally over the 
whole troposphere, and vertical distributions of u>\T\ at 20° N during the 
two phases of maximum eddy energies show that this is so. The geographi¬ 
cal distribution and temporal variation in magnitudes of uj\T\ coincide with 
those of T\ (200 mb) and U\ (200 mb) in the region north of the equator. 
This coincidence indicates that the 1^-month variation responds to that of 
A\ through the thermally direct overturning of large-scale tropical motion. 
As can be seen from Fig. 15.14a, the T\ (200 mb) amplitude south of the 
equator is relatively insignificant. Of course, we can not expect the tropical 
motion of wavenumber 1 in this region to be maintained by the release of 
A\. The negligible u\T\ (200 mb) distribution suggests that a different 
physical process is responsible for the maintenance of the wavenumber 1 
motion there. 

It has been pointed out that CK(l/m,l) was relatively small during 
the 1979 summer. The only possible source maintaining K\ south of the 
equator is C(K\,Kz)- Recall that C(K\,Kz ) (Fig. 15.13) has a small nu¬ 
merical value although time series of C(K\, Kz) during the 1979 summer 
show a bimodal variation in time and coincide with those of K\. We may 
suspect that C{K\,Kz) is not a source of K\ south of the equator. With 
this doubt in mind, we need to explore spatial and temporal distributions 
of U\V\. 

The horizontal distribution of the 10-day averaged U\V\ (200 mb) in 
various phases of eddy energies is displayed in Fig. 15.16. The momentum 
transport by wavenumber 1 is significant when eddy energies peak, partic¬ 
ularly south of the equator. The vertical cross-sections of 10-day averaged 
U\V\ at 10° S that correspond to horizontal U\V\ (200 mb) indicate that 
the maximum momentum transport by wavenumber 1 occurs in the upper 
troposphere. Between the equator and 10°N over the Arabian Sea, the 
core of the tropical easterly jet is relatively steady over the entire summer. 




Fig. 15.15: Horizontal distribution of the 10-day averaged vertical sensible heat 
transport of wave 1 at 200 mb, at 20° N (second column) for five phases 

indicated in each panel. Unit: 10 -7 degree mb s -1 . 
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Fig. 15.16: Horizontal distribution of the 10-day averaged momentum transport 
of wave 1 at 200 mb, U\V\ (200 mb), (first column) and longitude-pressure cross 
section of U\ V\ at 10° S (second column) for five phases indicated on each panel. 
Unit: m 2 s -1 . 
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Moreover, the north-south wind shear of the zonal-mean flow changes its 
sign between the equator and 10° N. As can be inferred from Fig. 15.16, 
the zonal-mean U\V\ is usually northward. Therefore, C(Ki, Kz) changes 
its sign with the north-south wind shear of the zonal-mean flow. In other 
words, C(Ki,Kz) is positive (negative) south (north) of the equator. The 
cancellation of positive and negative values in the latitudinal integration 
results in a small numerical value for C(Ki, Kz)- Nevertheless, the time 
variation of U\V\ south of the equator, and the variance between U\V\ and 
the north-south gradient of zonal-mean flow are maintained by C(Ki, Kz). 

Presumably, the 1^-month variation of T\ and U\ fields in the tropics 
during the northern summer is induced by the eastward-propagating in- 
traseasonal oscillation, as inferred by Chen (1987). The 1^-month varia¬ 
tion of tropical energetics reflects an important response of the large-scale 
circulation in the tropics to this intraseasonal oscillation. 


15.4 Spectral Energetics of Baroclinic and Barotropic Flows 


In Section 15.2, the spectral energetics of the tropical upper-troposphere 
circulation indicated that the primary energy source driving the quasi¬ 
stationary planetary-wave motions comes from the release of available po¬ 
tential energy by the east-west circulation. Evaluation of this energy con¬ 
version can be made in terms of two factors: the covariance between tem¬ 
perature and vertical motion (a;) and the work by the pressure gradient 
force. The u> field is usually generated indirectly and may be subject to 
data or methodological bias. In addition, the magnitudes of temperature 
and of pressure perturbations are an order smaller in the tropics than in 
the mid-latitudes. Consequently, substantial errors may be present in the 
computation of the conversion from available potential energy to kinetic 
energy. In the tropics, the observations of winds are more reliable than 
those of temperatures and heights. The conversion between baroclinic and 
barotropic kinetic energy in (5.15), which requires only the wind field, offers 
an alternative method of examining the energetics of large-scale motions in 
the tropics. It was demonstrated in Section 15.2 that the low-wavenumber 
(1-3) regime is, in terms of energy, a source for other wave energy regimes. 
To understand the role played by this wavenumber regime in the interaction 
between baroclinic and barotropic flows in the tropics, we should pursue 
the energetics of these two flow components in the spectral domain. 

Following (9.1), we can expand the given meteorological variables ( ) 
in terms of a Fourier series: 

N 

( ) = Co + ^ [C n cos nX + S n sin nA], (15.1) 

71=1 

where Co, C„ and S n are Fourier coefficients and where N is the cutoff 
number for these coefficients. We may write Ks, Km , and the conversion 
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between them in terms of Co, C n , and S n . The spectra of Ks and Km are 

N N 

Km=K^ + Y, K n o.ml K s = K$ + Y / k °, (15.2) 


n= 1 


71—1 


where 

Ki 

K S n 

K 0 M 


_1_ 

2 g (sin fa — sin fa) 

_1_ 

4 g (sin fa — sin fa) 

_1_ 

2 g (sin fa — sin0i) 

_1_ 

4 g (sin fa — sin fa ) 



+ VCf ^ cos (f> d(f) dp, 
+ VC^j cos 0 d(p dp, 
+ VC™ 2 ^ cos0 d<f> dp, 
+ VC cos0 d<f> dp, 


(15.3) 


and where fa and fa are the boundary latitudes of the computational 
domain. 

To obtain a spectral form, the conversion from K s to K M , (5.19) and 
(5.20), may be rewritten in the scalar form 

C(Ks,Km) — — [ [ [Cs (vmUs — umvs) 

9 Jo Js 

Cnd(Ks, Km) 

+Ds ( u M u s + v M vs )] dp ds. (15.4) 

C d (K s ,Km). 


The integrand of (15.4) contains products of three variables. A detailed 
derivation for the general spectral expression of triple products with Co, 
C n , and S n can be found in Wiin-Nielsen and Drake (1965). The spectral 
form of C(Ks, Km) may be written in the symbolic form 

N 

= C 0 (Ks,K M ) + ' 52 c n (K s ,KM) 

71=1 

N 

= c% D (K s ,K m ) + ^2 Cnd (K s ,K m ) 

71 = 1 

N 

+C° D (K s , K m ) + J2C% (K s , K m ) • (15.5) 

71=1 


C (Ks, Km) 
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The detailed formulation of the symbolic expressions in (15.5) is 

1 rPo /•<£2 


C° nd (Ks,K m ) = 


2g (sin fa — sin 0i) J 0 


rvo r<P2 

/ / 7o(0) cos0 d<f) dp, (15.6) 

Jo J<t>i 


where 


t q (4>) = 2 (t/c 0 M • zci • vci - vc^ • zc$ • uc$) 

N 

+ UC „" Y. (VC® • ZC n + VS® • ZS n) 


71 = 1 

iV 


- VC 0 " E ( f/c n • zc* + US *. zs*). 


n=l 


C% d (K s ,K m ) = 


1 


2<7 (sin 02 — sin 0i) 

rPo /*</>2 




n <P2 

(-r„ l + T n 2 - Tl + r„ 4 ) cos </. # dp 


4*1 

rPo r<t> 2 


/*P0 /*<?>2 

+ / / (r„ 5 -J^)cos^ 

70 7^! 


d<fi dp 


(15.7) 


7)1 = c'C* (vc" . zc* + vs" . zs"), 

T 2 = Z 0 * (tie" . VC* + CIS" . VS*) , 

7^ = Z 0 * (VC" . C/C* + VS" . C/S*) , 

7)1 = VC* (VC" . ZC® + VS“ . ZS^), 

n 

T* = E { UC n l VC ~ ( Z ^+m + ZC n- m ) + VS* (ZS*. m - ZS*_J] 
=1 

+C/S" [vc* (zs£ +m + zsf_ m ) - vs* (zc* +m - zc*_ m )[} 
+ E {c/c"[vc*(zc* +n + zc*.„) + vs*(zs* + „+zs*_ n )] 


m=l 


AT 


m=n-l-l 


+C/S" [vc* (zs* +n - zs*_„) - vs* (zc* + „ - zc*_„)]} 


and 


7? = E {vc" [c/c* (zc* +m + zcf_ m ) + C/s* (zsf +m - zs*_„)] 


771 = 1 


+VS" [c/c* (zsf +m + zsf_ m ) - C/s* (zc* +m - zc*_ m )[} 
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+ E {< K «n + ^ (ZC + ZSi n )] 

m=n+1 

+VS“ [UCi (ZS£ + „ - zs£_„)]} . 


In (15.4), a comparison of the mathematical expressions Cnd(Ks, Km) 
and Cd(Ks,Km ) indicates that the latter can be obtained by replacing Cs, 
vj i/, and —um in the former with Ds , um, and vm, respectively. Accord¬ 
ingly, by substituting the Fourier coefficients of (s, vm, and —Um in (15.7) 
with Ds , um, and we are able to formulate the mathematical expres¬ 
sion of Cq(K s ,Km)- 

Diagnostic computations of (15.2) and (15.5) were performed by Chen 
(1983) with the ECMWF FGGE Ill-b wind data of the 1979 summer (June- 
August) for the tropical belt between 15° S and 15° N. The truncation of the 
Fourier expansion was N = 18. The summer-mean values of Ks and Km 
in the tropical belt are respectively, 2.05 x 10 5 J m -2 and 1.29 x 10 5 J m -2 , 
which are about one to two orders of magnitude smaller than those in mid¬ 
latitudes (Chapter 5). Ks/Km is about 0.38 all year around north of 15° 
N, whereas this ratio for the summer tropics is 159%. The sharp contrast 
in Ks/Km ratios between these two regions results from a dramatic change 
in the circulation regimes. 

According to Fig. 15.3a, the most pronounced features of the upper- 
troposphere circulation in the tropics between 15° N and 15° S are the 
tropical easterly jet and the mid-oceanic troughs with which westerlies are 
associated. In the tropical lower troposphere, the Indian monsoon wester¬ 
lies extend from the western Indian Ocean to the South China Sea, and the 
trades are located underneath the westerlies of the mid-oceanic troughs. In 
fact, this planetary-scale monsoon circulation regime in the tropics yields to 
the mid-latitude circulation regime in which upper-troposphere westerlies 
commonly extend to the lower troposphere. Therefore, the great universal 
value of the Ks/Km ratio in the tropics does not imply strong baroclinic- 
ity, but reflects the monsoonal character of tropical large-scale circulation. 

The energy content of the K n spectrum does not depend significantly 
upon wavenumber in the low-wavenumber regime, but does decrease dra¬ 
matically when n > 7. Because atmospheric circulation in the tropics 
has a monsoonal nature, the energy content of the tropical K n spectrum 
differs from its mid-latitude counterpart. The energy content of the trop¬ 
ical K n spectrum (Fig. 15.17) decreases monotonically as the wavenum¬ 
ber increases. Ultralong waves corresponding to the east-west circulation 
constitute the energetics scale in the tropics. It is not surprising that 
wavenumber 1 dominates the tropical K n spectrum. In the mid-latitudes, 
the K'h spectrum has a greater energy content in the low-wavenumber 
regime than does the K^ spectrum elsewhere, except in the wavenumber 
regime n > 13. Unlike in the mid-latitudes, the Kg spectrum in the tropics 
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Wavenumber 

Fig. 15.17: Spectra of K (solid line), Ks (dashed line) and Km (dotted line) 
in the tropics (15° S-15° N) during the 1979 northern summer (June-August). 


always has a greater energy content than the tropical spectrum with 
the same wavenumber, particularly in the low- wavenumber regime. 

It was shown in Section 15.2 that the main energy source maintaining 
quasi-stationary ultralong waves in the tropics is the release of available 
potential energy by the east-west circulation. Large Ks in the tropics 
reflects the monsoonal characteristics of large-scale motions. Thus, we ex¬ 
pect energy to convert from Ks to Km in the tropics. The numerical 
value of C(Ks, Km) = 0.44 W m -2 averaged between 15° S and 15° 
N confirms our argument. Additionally, Chapter 5 demonstrated that 
Cnd(Ks, Km) is the only energy conversion between Ks and Km in a 
quasi-geostrophic system. Regarding C(Ks, Km), the difference between 
the quasi-geostrophic and the primitive equation models is Cd(Ks, Km)- 
The numerical values of Cnd(Ks, Km) and of Cd(Ks, Km) in the tropical 
belt are 0.48 W m -2 and -0.04 W m~ 2 , respectively. The small value of 
Cd(K s ,Km), i-e. Cd(Ks,K m )/Cnc(Ks,Km) < 1, indicates that the 
quasi-geostrophic nature of large-scale motions persists in the tropics. 

The role played by the east-west circulation in the tropics was made 
clear by the spectral energetics analysis discussed in Section 15.2. To clar¬ 
ify our inference that Ks and Km energetics are linked to the east-west 
circulation, the C u (Ks,Km) spectrum is displayed in Fig. 15.18. The 
C n (Ks, Km) spectrum is separated by C 3 (Ks,Km) into a bimodal spec¬ 
tral distribution with two wavenumber regimes: n = 0 — 2, and n > 4. 



ENERGETICS OF THE TROPICS 


251 



Fig. 15.18: Spectral distribution of C(Ks, Km) in the tropics (15° S-15° N) 
during the 1979 northern summer (June-August). 

The dominant contribution from the ultralong-wave regime to C(Ks,Km), 
especially from wavenumber 1, is consistent with the energetics of the 
east-west circulation. The C n (Ks, Km) of the larger wavenumber regime 
(n = 4 — 18) is small, but not negligible. The positive value of C(Ks, Km) 
in this wavenumber regime supports the argument inferred from C(A n , K n ) 
(Fig. 15.5) that warm-core synoptic systems dominate the tropics during 
summer. Finally, the negative value of C 3 (Ks, Km) is a peculiar feature of 
the FGGE summer. The spectral energetics analysis of the tropics that is 
discussed in Section 15.2 indicates that an energy source of this wave may 
be the nonlinear cascade from other waves. 


15.5 Spectral Energetics of Tropical Divergent and Rotational 
Flows 

The divergent and rotational flow kinetic energy budgets formulated in 
Chapter 8 show that available potential energy is converted first into di- 
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vergent kinetic energy (K 3 ) and then into rotational kinetic energy (If 2 ). 
Compared to rotational kinetic energy values, divergent kinetic energy val¬ 
ues always remain small. This energetics characteristic of divergent and 
rotational flows implies that C(A, K 3 ) and C(K 3 , K?) are approximately 
equal at all times and that K 3 is a necessary energy reservoir through 
which available potential energy is converted to maintain the rotational 
flow. In Section 15.2 we have argued that the tropical available poten¬ 
tial energy generated by the east-west differential heating is released by 
the east-west circulation to support quasi-stationary planetary-scale wave 
motions. The east-west circulation is a part of the planetary-scale diver¬ 
gent circulation depicted by the rotational flow. Although the diagnostic 
computation of C(A n , K n ) has been used to infer the maintenance of quasi- 
stationary planetary-scale monsoon circulation by the east-west circulation, 
it would certainly be natural to explore this matter by evaluating the di¬ 
rect interaction between divergent and rotational flows through C(K$, K 2 ). 
To this end, Chen (1980) analyzed the energetics of tropical divergent and 
rotational flows in the upper troposphere between 15° S and 20° N with 
the 1967 summer 100 mb wind data compiled by Krishnamurti (1971b). 
As done in Section 15.4, the energetics of both tropical divergent and ro¬ 
tational flows are presented in the spectral domain in such a way that the 
energetics roles played by different scales of the tropical motions can be 
understood. 

Let us follow the Fourier expansion approach adopted in Section 15.4 
to formulate spectral representations of K 3) A 2 , and C(K 3 , A 2 ). The K 3 
and K 2 spectra are 


'and, 


N 

K2 = K2 0 + Y, K2 ” 

71=1 

N 

K 3 = K3o + Y, K3 "' 

71=1 


(15.8) 


respectively, where 
K3 0 = 
K3 n = 


2((sin 02 - sin 0i) 

l f<t>2 


4 (sin 0 2 — sin 0i) 

+U3S£) cos 0 d0, 


r<p 2 

/ V3Cq cos0 d0, (15.9) 

h 1 

f 2 {U3CZ + msl + vzsl 


in which 0i and 0 2 have the same meaning as earlier. Note that (u 2 )^ = 
(dip/dx)z and (u 3 )z = ( dx/dx)z vanish. The n = 0 Fourier coefficients 
of V 2 and u 3 are zero - that is, V2Cq = 0 and U3Cq = 0 in (15.9). For 
convenience in a spectral formulation, C(K 3 , K 3 ) (8.20) is expressed in the 
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scalar form 


C(K 3 ,K 2 ) 


- [ [/ ( U2V3 - U3V2) + C 2 ( U2V3 - U2V3) 
s Js 


C(K 3 ,K 2 )1 

1 


— 2^3 (U2U2 + V2V2 ) 

C(K 3 ,K 2 )3 


C(K3,K 2 )2 

ds, 


(15.10) 


where the term involving u is neglected and D 3 = V • V 3 . Using Fourier 
coefficients u 2 ,v 2 ,U 3 ,V 3 ,C 2 , and D 3 , we may write (15.10) in the spectral 
form 


C(K 3 ,K 2 ) 


N 


C°(K3,K2) + Y, cn (^ 3 ,^ 2 ) 


n= 1 


N 


C°(K3,K 2 )1 + J2 cn (K 3 ,K 2 )1 


71=1 


+ 


+ 


C(K 3 ,K 2 ) 1 

N 

C° (K 3 + K 2 ) 2 + C n (K 3 ,K 2 )2 

n= 1 

C(K 3 ,K 2 )2 

N 

C° (K 3 , K 2 )3+^2 ° n ( K 3’ ^2)31, (15.11) 

71=1 

C(K 3 ,K 2 )3 


where 

C°(K 3 ,K 2 )L= - ; - l* 2 CLIo cost d<j> (15.12) 

2 (sin 0 2 -sm 0 i) 

and 

C n (K 3 , K 2 ) L = . 1 l* 2 CLI n cost dt , (15.13) 

2 (sin 02 — sin 01 ) 

in which L = 1,2, and 3. C(K 3 , K 2 )2 and C(K 3 , K 2 )3 contain triple prod¬ 
ucts of Fourier coefficients. To express CLI° and CLI n , we shall employ 
the same approach used for the spectral formulation of To, T ^,... .T^ in 
Section 15.4: 

Clio = 


f • U2Cq • U3C 0 , 
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Cll n = f[(U2C n »V3C n + U2S n »V3S n ) 

- (U3C n • V2C n + U3S n • U2S n )], (15.14) 

C2I 0 = 2U2C 0 • Z2C 0 • U3C 0 (15.15) 

N 

+U2Cq • Y (Z2C n • U3C n + Z2S n • V3S n ), 

71 = 1 

C2I n = C2I^ + C2I& + C2I^ + i \C2I^ + C2I ^. (15.16) 

N 

C3I 0 = 2UC 0 • D3C 0 • U2C 0 Y ( mc n • U2C n + D3S n • U2S n ), 

n= 1 

C3J n = C3/i 1} + C2J< 2) - C3I^ + i [C34 4) + C3/^ 5) ] . (15.17) 

The formation of C2In\ where s — 1,...,5, with Fourier coefficients in 
(15.16) as 

C2/^ = V3Co (U2C n • Z2C n + U2S n • Z2S n ), 

C2I™ = Z2Cq (U2C n • V3C n + U2S n • V3S n ), 

C2/< 3 > = Z2Co(V2C n »U3C n + U3S n »V2S n ), 

71 

C2lW = Y {U2C n [Z2C m (V3C n+m + V3C n . rn ) 

771 = 1 

+Z2S m (V3S n+m - U35 n _ m )] 

+U2S n [Z2Cm (V3S n+m + V3S n - m ) 

-Z2S m (V3C n+m - U3C n _ m )]} 

N 

+ Y {U2C n [Z2C m (V3C m+n + V3C m . n ) 

m=n+l 

+Z2S m (V3S n+Trl + ^iSm-n)] 

+U2S n [Z2C m (U35 n+m - V3S m -n) 

-Z2S m (V3C n+m - U3C m _ n )]} , (15.18) 

71 

C2I^ = Y [Z2C m (U3C n+m + U3C n - m ) 

771=1 

+ Z2S m (U3S n + m — USS'n-rn)] 

+V2S n [Z2C m ( U3S n + m + U3S n -m) 

Z2S m (U3C n + m — U3C n — rn )\\ 

N 

+ Y {V2C n [Z2C m (U3C n+rn + U3C m - n ) 

771 = 77+1 

+Z2S m (U3S n + m — U3C n - m )] 

+V2S n [U2Cm ( U3S n+rn - U3S m —n) 
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-Z2S m (U3C m+n - U3Cm-n)]} ■ (15.19) 


(s') 

The spectral expression of C3I n can be formulated simply by replacing 
the Fourier coefficients £ 2 , ^3, and u 3 in C2I^ with — \D$, u 2 , and —v 2 , 
respectively. 


Table 15.1: Kinetic energies K,K 2 ,K 3 and ratios K 2 /K and K 3 /K in the 
tropics (15° S-20° N) at 200 mb during the 1967 summer. Unit: m 2 s -2 (J kg -1 ) 


K K 2 K 3 K 2 /K K 3 /K 
88.2 75.0 8.5 85.0% 9.6% 


It was pointed out in Chapter 8 that, in a global-mean sense, the major 
part of K is explained by K 2 and that K 3 is about two orders of magnitude 
smaller than K 2 - The numerical values of K 2 and K 3 averaged between 
15° S and 20° N for the 1967 summer at 200 mb (Table 15.1) reveal that 
K 3 /K ~ 10% in the tropics, where undoutedly K 3 is still much smaller 
than K 2 . But the magnitude between K 2 and K 3 shows clearly that the 
tropical divergent circulation is more important than its counterpart in 
mid-latitudes. A minor difference between K and K 2 + K 3 is seen in Ta¬ 
ble 15.1. This difference is attributed to the nonvanishing V 2 • V 3 term. 
Displayed in Fig. 15.19 are K 2 and K 3 spectra. The main contributors 
to K 2 are the zonal-mean components and the wavenumber 1. The energy 
content of K 2 decreases dramatically as the wavenumber increases in the 
wavenumber regime n > 2. The great amount of K 2 in wavenumber 1 is 
contributed mainly by the broad belt of easterlies that extends from the 
Date Line to the western Atlantic Ocean and in which the tropical east¬ 
erly jet is embedded. The K 3 spectrum (Fig. 15.19a) differs from the K 2 
spectrum in the sense that the former does not have a great magnitude 
either in the zonal-mean flow or in the wavenumber contributions, but it 
does have considerable spread. 


Table 15.2: Energy conversion C(K 3 ,K 2 ) and its components 

C(K 3 ,K 2 )1, C(K 3 ,K 2 )2 and C{K 3 ,K 2 )3 in the tropics (15° S-20° N) at 200 
mb during the 1967 summer. Unit: 10 -5 m 2 s -3 (W kg -1 ) 


C(K 3 ,K 2 ) 

C(K 3 ,K 2 )1 

C(K 3 , K 2 )2 

C(K 3 ,K 2 ) 3 

15.2 

18.3 

-8.3 

5.2 


The numerical value of C(K 3 ,K 2 ) (= 15.2 x 10 -5 m 2 ‘s -3 ) shown in 
Table 15.2 is greater than that of C(Ae, Ke)(= 7.5 x 10 -5 m 2 s -3 ). There 
may be two reasons for the difference between these energy conversions. 
C(Ae, Ke) is computed in terms of the covariance between vertical mo¬ 
tion and temperature. The former variable cannot be directly measured 
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Wavenumber Wavenumber 


Fig. 15.19: Spectra of (a) Ki and (b) K 3 averaged between 15° S and 20° N at 
200 mb during the 1967 northern summer (June-August). Units: J kg -1 . 


and must be indirectly estimated so that C(Ae, Ke) may be underesti¬ 
mated. Additionally, the tropical easterly jet undergoes a pronounced in¬ 
terannual variation. The intensity of this jet in 1967 was stronger than 
that in the 1974 summer (Chen and van Loon, 1987). It is likely that 
some of this difference comes from the interannual variation of the tropical 
circulation during the summer. Both Krishnamurti (1971) and Kanamitsu 
et al. (1972) showed that the 200 mb kinetic energy in the tropics during 
the 1967 summer was generated by wavenumbers 1 and 2. The spectra 
of C(Kz, K 2 ) shown in Fig. 15.20 confirms their findings that these two 
ultralong waves are the major energy source of the tropical circulation in 
summer. Moreover, the computation of C(Ks, K 2 ), which requires only 
horizontal winds, provides an alternative for evaluating the generation of 
kinetic energy of large-scale motions in the tropics. 

According to (15.10), C(Kz,K 2 ) consists of several terms. C(Kz, A^)! 
was shown in Chapter 8 to be the only term with which conversion be¬ 
tween K 3 and K 2 can take place in a quasi-geostrophic system. As illus¬ 
trated by Table 15.2, the non-negligible contributions from C(K 3 , ^' 2)2 and 
C(Kz, ^2)3 to C(Ks, K 2 ), compared to the contribution from C(K 3 , K 2 )l, 
indicate that the ageostrophic effect becomes relatively important in the 
tropics. It has been demonstrated in Section 15.2 that available poten- 
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Fig. 15.20: Spectral distribution of K 2 ) in the 1967 northern summer 

(June-August). Units: 10 -4 W kg -1 . 

tial energy released by thermally direct east-west circulation occurs pri¬ 
marily in wavenumbers 1 and 2, particularly in the former. We have 
argued that the value is small at all times and that C{K^, K 2 ) and 
C(Ae, Ke) are closely correlated. It is therefore not surprising to find 
from the C n (Kz, K 2 ) spectrum that wavenumbers 1 and 2 dominate the 
contributions to K?). Additionally, the C(Kz, K 2 ) contributed by 

wavenumbers 3 and 4 is negative, particularly that contributed by the for¬ 
mer. After analyzing the spectra of the 200 mb kinetic energy budget, 
Kanamitsu et al. (1972) suggested that nonlinear wave-wave interactions 
are the most likely energy source for wavenumber 3. 


15.6 Spectral Analysis of the Tropical Enstrophy 

In this chapter the energetics of the large-scale tropical circulation have 
been diagnostically analyzed in terms of three different spectral energy 
schemes. These spectral analyses are surely illustrative for understanding 
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the maintenance of large-scale tropical circulation. The vorticity budget 
is another diagnostic approach often used for the same purpose, particu¬ 
larly to examine the dissipation mechanism of synoptic-scale motions in the 
tropics. The role played by planetary-scale motions in the vorticity budget 
may be realized through a spectral analysis. This spectral vorticity budget 
requires examination of the maintenance of both phase speed and ampli¬ 
tude of a given wave component by various physical processes given in a 
spectral form of the vorticity equation. Comparing the budget analyses of 
spectral energy and of spectral vorticity reveals that the former deals only 
with the maintenance of energy, but the latter deals with maintenance of 
two variables - phase speed and amplitude. Thus, the spectral vorticity 
budget is more cumbersome to treat. 

Half of the area-mean vorticity squared is defined as enstrophy. Thus, 
the relation between vorticity and enstrophy is similar to that between ve¬ 
locity and kinetic energy. To circumvent the disadvantage of the spectral 
vorticity budget, a spectral enstrophy budget of large-scale motions in the 
tropics is a natural alternative. In turbulence theory, the nonlinear transfer 
of enstrophy between different spectral components has been used to search 
for the existence of an inertial subrange. However, we shall analyze diag¬ 
nostically the spectral enstrophy budget in detail rather than just examine 
the nonlinear cascade of enstrophy. Enstrophy is defined as 



For the practical computation, we get 

i r<P 2 />2ir i 

£ = ————-—-- / / -£ 2 a 2 cos0 d(p dX. (15.20) 

27ra 2 (sm0 2 -sin0 1 )4 1 J Q 2 s r V ' 

Vorticity, £, and enstrophy, e, of a longitudinal strip with unit latitudinal 
width may be expressed as 


C = Cz + Ce 


and 


1 f 2ir 1 

e = — / -C 2 dX = e z + e E , (15.21) 

Lit Jo L 


where ^ 

ez = g Cz and e E = j Cl- 

( ) z and ( )e are a zonal average and the departure from it, respectively, 
of the quantity ( ). Substituting into (15.20), we can rewrite this equation 

(15.22) 


E — E z + E E i 
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where 



i 

r<t> 2 

TP — 

j 6^ COS (j) d(f), 

4 > i 

£j z — 

(sin 02 - sin 0i) J 

Ee — 

1 

r<t>2 

/ eE cos (f) d(f>. 

*<t> i 

(sin 02 - sin 0i) „ 


The time variation of enstrophy is 

dE dE z dEg; 
dt dt dt 

where 


d£ 2 

1 

ffo g e 

f ~nT COS 0 00, 
Vi m 

dt 

(sin 02 - sin 0i) J 

dE E 

1 

fde E . .. 

/ cos 0 00. 

Ui 

dt 

(sin 02 — sin 0i) „ 


(15.23) 


(15.24) 


(15.25) 

(15.26) 


Let us first form the physical enstrophy equation, which we can use to verify 
the spectral equation. The complete vorticity equation and the continuity 
equation are 


dC, u d£ v ds <9C 

+ 7^>T\ + aTp + “T v +,)v 


dt 

~(f + C) (—— 

\a co 


du 1 dv tan 0 

cos 0 dX ad(f> a 


) 


dv 


du 


du 1 du 

dp a dcfi dp a cos 0 dX 


+ d 


(15.27) 


and 


1 du Id ± , du 

-IqT +- l^l( VCOS( ^) + ~T~ = °. 

a cos <pdX a cos 0 d<p dp 


(15.28) 


respectively, d is dissipation of vorticity. 

First, we decompose (15.27) and (15.28) into zonal and eddy compo¬ 
nents. Then, we follow (15.21) to formulate the zonal enstrophy equation 
as 


de z 

dt 


1 d 
a cos 0 d4> 

c 2 


d_ 

dp 


(vz^ + Cz ( VeCe ) z ^ COS 0 
F EH (0) 

(veCe) z dC 


+ C (veCe) 


+ 


d( 


Few{ 0) 


a 

C E (n |0) 


dt + (ue(e) ‘ T v - ^ 


Pe( o) 
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(/ + Cz)CA-UCe^) z - 


Cz duz du z 
a dcp dp 


Ge(0) 


- c, 


1 ( 

( du>E 

dv E \ 1 j 

( du>E 

dUE\ 

a cos cp ' 

y d\ 

dp ) z a 

{ dcf> 

dp ) z \ 


T E ( o) 


+ d z 


(15.29) 


and the eddy enstrophy equation as 


deE 

~dt 


a cos cp dcp 


V z^T + l (^< 1 )^ COS <t> 


d_ 

dp 


u, 


(Cl); 


2 2 
Feh (n) 

+ o ( w ^Ci); 


(veCe) z d£ z . v #Cz 
—— - 


2 2 
Few ip) CE{n\0) 

0 (veCe) z - (/ + C*) (JfcCa), - ^ (Cl), " (^eC|) 

/? s (n) Ge(ti) 

duz 
dp 


{ (e du N 


\ a cos cp d\ , 

K dp \ 


T E (n) 


+ 


( c E du dv E \ 

/ (e dUE 

du E \ 

\ a cos cp dX dp ) z 

\ a dcp 

dp )z\ 


+ d.E- 


(15.30) 


Let us now turn to the formulation of the spectral enstrophy equation. 
Following (15.21), we may describe enstrophy as 

1 r 2* i N 1 

e = 5; / 5C 2 " = E 5 Z (") Z (-") 

2lr J« 2 „rrw 2 

» / 1 \ « 

= E ( 1 - 5 V ZWZ(-n) = E e < n )' < 15 - 31 ) 

n=0 ' ' n=0 


where So jn = 1 if n = 0 or where 60,n = 0 if n ^ 0, and where Z(n) is the 
Fourier coefficient of (. The spectral form of the vorticity and continuity 
equations are 


dZjn) 

dt 


M , . 

E (- 

m=—M V aC 


V ^—U{n - m)Z(m) - -V(n - m) dZ ^ 
cos (p a dcp 


— W(n — m) ^ _ py(n) — fD(n) — ^ Z(n — m)D(m) 


m— — M 
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/ ft o o 


im 


m= — M 


ad(f> 


dp 


acos0 


W(m) 


(15.32) 


) 


and 


m 


acos0 


U(n) + 


a cos 0 d<p 


d . . . . dW{m) 

[V (n) cos 0] H-^— = 0. 


dp 


(15.33) 


Applying (15.31) and (15.33) to the time variation of enstrophy obtained 
from the result of substituting (15.30) into (15.20), we obtain the spectral 
enstrophy equations of the zonal flow and of wavenumber n: 


dE(0) 

dt 


— Ce(ti\0) + 0e( 0 ) + Ge( 0 ) + Te{ 0 ) + Feh{ 0 ) 

+Few(0) + De( 0) (15.34) 


dEjn) 

dt 


C E (n\m, n-m) + C E (n\ti) + /3 E (n ) + G E (n) + T E {n) 
+FEH{n) + F E w{n) + D e (ti), (15.35) 


respectively. The detailed mathematical expressions of symbolic forms used 
in these two equations are as follows: 
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(S' 2 ) 



Fig. 15.21: Enstrophy spectra averaged over the entire tropical troposphere 
between 10° S and 20° N in the 1979 northern summer. 
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Contributions of different scales of tropical motions between 15° S and 
20° N to enstrophy can be seen in the enstrophy spectrum of the 1979 
northern summer (Fig. 15.21). The enstrophy spectrum decreases mono- 
tonically as wavenumber increases. As with the tropical kinetic energy 
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Fig. 15.22: Vertical distributions of E( 0) and E( n ) averaged between 

10° S and 20° N in the 1979 northern summer. 


spectrum (Fig. 15.17 or Fig. 15.19a), wavenumber 1 has the greatest en- 
strophy. Although we are not searching for the inertial subrange of tropical 
wave disturbances, it is of interest to determine the slope of the enstrophy 
spectra in different wavenumber regimes. Slopes of -0.5 and -1.0 exist, re¬ 
spectively, in the small (n = 1 — 7) and the large (n > 7) wavenumber 
regimes. It may be inferred from vertical temperature structures and from 
zonal velocity perturbations in the tropics that Ae and Ke are bimodally 
distributed (Section 15.3). The vertical structure of enstrophy (Fig. 15.22) 
behaves in the same manner as Ae or K E - Despite the bimodal distri¬ 
bution of enstrophy in the vertical, the enstrophy spectra of Fig. 15.22 
are typical of those over the entire layer of the tropical troposphere (Chen, 
1985). 

The vertically averaged spectral enstrophy budget of (15.35) is dis¬ 
played in Fig. 15.23. The beta effect, /?£;(n), and the nonlinear trans¬ 
fer, CE(n\m, /), are evidently dominant processes. As revealed from the 
C£;(n|m,/) spectrum, tropical enstrophy is nonlinearly transferred out of 
the long-wave regime (n = 1 — 7) to the short-wave regime (n = 10 — 18), 
with minor roles played by wavenumbers 8 and 9. In view of this nonlin¬ 
ear transfer property of wave enstrophy, it can be inferred that as tropical 
enstrophy is generated in the long-wave regime, the CE(n\m, l) process be- 




Fig. 15.23: Spectral distribution of various terms in the spectral enstrophy 
budget equations (15.35) and (15.36) averaged between 10° S and 20° N in the 
1979 northern summer (June-August). 
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comes an enstrophy source of the /3e( n) process. The vertical average of 
Few{p) is zero and the numerical values of other quantities (15.35) in, 
Feh( n), Te(ti), and Ge{u) are insignificant, except in ultralong 
waves. It was demonstrated in Section 15.2 that the barotropic interaction 
between ultralong waves and the zonal flow is important in tropical ener¬ 
getics. Nonetheless, this enstrophy interaction does not seem to be very 
important in the spectral enstrophy budget. 

Recall that the maximum wave enstrophy in the tropics occurs in the 
upper troposphere. The beta effect was recognized as an enstrophy source 
in the vertically averaged spectral enstrophy budget, but this effect may not 
be the only source maintaining the maximum wave enstrophy. To explore 
the maintenance of maximum wave enstrophy in the tropical upper tropo¬ 
sphere, the vertical distribution of the spectral enstrophy budget should be 
examined. 

It has been stressed that the large-scale tropical circulation is mon- 
soonal and the vertical motions associated with east-west circulations are 
important for the release of the tropical available potential energy gener¬ 
ated by the east-west differential heating. Thus, the in-situ generation of 
enstrophy by vortex stretching should be important in the tropics. Fig. 
15.23 shows that the vertically averaged Gb(u) spectrum contributes little 
to the tropical enstrophy budget, except for wavenumbers 1 and 3. Actu¬ 
ally, this vertically averaged Ge{u) spectrum does not shed much light on 
its function in the tropical enstrophy budget. Remember that the Coriolis 
parameter / is vertically constant and that the horizontal wind divergence 
changes its sign in the middle of the troposphere. Ge{ji) may therefore 
change its sign vertically one time. This argument is substantiated by the 
vertical distribution of ^^(n) (Fig. 15.24), which is characterized 

by a large positive (negative) value in the lower (upper) troposphere. Con¬ 
sequently, vertically averaged Ge(ti) results in small numerical values due 
to cancellation between the upper and lower tropospheres. 

The beta effect ^ n=1 Pe(^) (Fig. 15.24) has significant values over the 
entire tropical troposphere, with maxima in both the upper and lower tro¬ 
posphere. The dissipation of wave enstrophy, F>e(ti) computed by 

the residual method, exhibits a bimodal vertical distribution, as does the 
beta effect. In the lower troposphere, both ^ n=1 /?s(n) and ^2 n=l Ge{u) 
work coherently to counterbalance dissipation. In contrast, ^ n _ 1 G'f;(n) 
changes its sign in the upper troposphere so that it cannot function con¬ 
structively with the beta effect to counterbalance dissipation there. Un¬ 
doubtedly, the maximum wave enstrophy in the tropical upper troposphere 
cannot be maintained in situ only by the counterbalance between the con¬ 
tribution from the two enstrophy sources and the dissipation of enstrophy. 
There must be another enstrophy source serving this purpose. 

The vertical transport of wave enstrophy flux, Few (»i), has nega¬ 

tive (positive) values in the lower (upper) troposphere. This vertical distri- 
bution of 5^ n _i F EW (n) indicates that wave enstrophy is transported from 
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Fig. 15.24: Vertical distributions of y^ 8 _, 0 E {u), J ^ 8 =1 G e (u), y ^ 8 =1 F E w{n), 
D E {n), and ^ 8 =1 C E (n/m, £). 


the lower to the upper troposphere. Evidently, part of the wave enstrophy 
generated by the beta effect and the vortex stretching in the lower tropo¬ 
sphere is transported upward by large-scale vertical motions to compensate 
for their part of the enstrophy lost in the upper troposphere due to both 
vortex stretching and dissipation. Additionally, nonlinear wave enstrophy 
transfer in the long-wave regime (n = 1 — 7), Yln =l C'E(n\'m, /), is signif¬ 
icant only in the upper troposphere. Again, part of the wave enstrophy 
generated in the upper troposphere by the beta effect and by the vertical 
transport in the long-wave regime is consumed by this nonlinear transfer. 

The zonal enstrophy budget is maintained by seven physical processes, 
but only the vertical distributions of significant quantities are shown in 
Fig. 15.25. Both the beta effect, caused by the north-south transport of 
planetary vorticity resulting from the Hadley circulation, and the dissipa¬ 
tion of zonal enstrophy De( 0), estimated by the residual method, possess 
a bimodal vertical distribution with maxima in the upper and lower tro¬ 
posphere. The generation, Ge(0), and the horizontal zonal flux, Feh( 0), 
of zonal enstrophy are significant only in the upper troposphere. Com¬ 
paring the vertical distributions of these four quantities, we conclude that 
zonal enstrophy produced by the beta effect is lost through dissipation in 
the lower troposphere. On the other hand, part of the zonal enstrophy 
generated by both the beta effect and the vortex stretching in the upper 
troposphere is transported horizontally out of the tropics. 
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Fig. 15.25: Vertical distributions of /3e( 0), Ge(0), Few(0), and De( 0). 


15.7 Kinetic Energy Budget of the Tropical Easterly Jet 


Koteswaram (1958) pointed out in an analysis of average July rainfall that 
heavy precipitation occurs north of the entrance of the tropical easterly 
jet and that the opposite occurs in the exit of the jet. Large-scale ascent 
generally occurs over regions of heavy precipitation. It thus seems that a 
thermally direct (indirect) cross-jet circulation occurs in the entrance (exit) 
region of the tropical easterly jet. Analyzing the summer-mean meridional 
wind, Chen (1982b) showed that a southward flow occurs over the Bay of 
Bengal, on the upstream side of the tropical easterly jet, and that north¬ 
ward flow occurs over equatorial Africa, on the downstream side of the jet. 
Koteswaram’s argument is consistent with the summer-mean meridional 
wind-distribution data. In fact, the relation between the cross-jet circula¬ 
tions and the tropical easterly jet is the same as that between these circula¬ 
tions and subtropical jets in the mid-latitudes. The mechanism maintaining 
subtropical jet streams in the mid-latitudes (Section 13.1) may be applied 
to the tropical easterly jet. On the other hand, the U\ (200 mb) distribu¬ 
tion (Section 15.3) indicated that the tropical easterly jet is associated with 
wavenumber 1 in the tropics. According to tropical spectral energetics, the 
release of available potential energy by thermally direct overturning is the 
primary energy source maintaining this wave. However, it is not clear how 
the east-west circulation contributes to the regional maintenance of the 
tropical easterly jet. To clarify this issue, we shall examine the kinetic 
energy budget of this jet in light of the relation between the east-west cir¬ 
culation and the divergent component of kinetic energy flux in association 
with the tropical easterly jet. 




ENERGETICS OF THE TROPICS 


269 


The kinetic energy equation is 

dk d 

— = -V • (Vk) - — (uk) -V-V<t> + D(k). (15.36) 

at op 

The vertical transport term is generally small and negligible. The hori¬ 
zontal kinetic energy flux Vk can be split into divergent and rotational 
components: 

Vk = (Vk) D + (Vk) R . (15.37) 

In the equilibrium state, the kinetic energy budget of the tropical easterly 
jet may reach the following balance 


- V • (Vk ) D - V ■ V0 ~ 0. (15.38) 

The dissipation term, D(k), can be obtained by the difference between 
the kinetic energy generation -V-Vc/) and the divergence of the divergent 
kinetic energy flux —V • (Vk)o- As a matter of fact, D(k) is usually much 
smaller in magnitude than — V • V0 and —V • (Vk) jr>. 

The available potential energy released by the divergent circulation can 
be transformed to support the tropical easterly jet through work done 
by cross-contour flow - that is, by kinetic energy generation. Although 
kinetic energy is an indicator of the motion intensity, it is a scalar. Thus, 
(Vk) D is essentially determined by the divergent wind Vb. According 
to (15.38), the generated kinetic energy can be locally balanced by the 
divergent component of kinetic energy flux. The local maintenance of the 
tropical easterly jet by the east-west circulation may be illustrated through 
the kinetic energy budget analysis of (15.38). For this purpose, the kinetic 
energy budget of the tropical easterly jet during the 1970 summer by Chen 
and van Loon (1987) is used here. 

As indicated by the 10 m s -1 isotach in the tropics (Fig. 15.26), the 
tropical easterly jet extends from the western Pacific, across the Indian 
Ocean, to the eastern Atlantic. This jet is sandwiched between the Tibetan 
high to the north and the western part of Australian anticyclone to the 
south and may reach about 25 m s _1 in its core. An interesting relation 
between the tropical easterly jet and the east-west circulation emerges by 
comparing total wind vectors (Fig. 15.26a) and divergent wind, vectors 
(Fig. 15.26b): the strongest divergent center of the east-west circulation is 
located on the upstream side of the jet and the downstream side west of 
India is associated with the convergence region of the west branch of the 
east-west circulation. 

As pointed out previously, the magnitude of geopotential perturbations 
in the tropics is an order of magnitude smaller than in mid-latitudes. An 
accurate computation of the kinetic energy generation — V • V0 may not 
be easily accomplished. However, the divergent component of the kinetic 
energy flux (Vk)o may not be as difficult to compute accurately as —V ■ 
V0 if the divergent wind is well represented in the total wind field. The 



270 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 


(a) \V (200 mb) 75 ms 



90°W 30°W 30° E 90°E 150°E 150°W 90°W 


Fig. 15.26: (a) Mean wind vectors V (200 mb) and isotachs (contour interval is 
10 m s _1 ) (b) mean divergent wind vectors Vd (200 mb) and (c) mean divergent 
kinetic energy flux ( Vk)o (200 mb) of the 1970 summer. 


divergent component of kinetic energy flux at 200 mb, (Vk) jr> (200 mb) 
(Fig. 15.26c), indicates that kinetic energy is transported from the Bay of 
Bengal, where the divergent center of the east-west circulation is located, 
toward the east coast of Africa, which is on the downstream side of the 
tropical easterly jet associated with the convergence centers of the east-west 
circulation. In view of the (Vk)o distribution, it is clear that the kinetic 
energy of the tropical jet stream is generated (destroyed) in the upstream 
(downstream) region, according to (15.38). In other words, the relation 
between the structure of the east-west circulation and the tropical easterly 
jet develops a concise picture for the maintenance of this jet. Finally, an 
interesting comment should be made. The east-west circulations undergo 
interannual variations. Chen and van Loon (1987) also demonstrated that 
the interannual variation of the tropical easterly jet results from that of the 
east-west circulation, as suggested by the interannual variation of divergent 
kinetic energy flux associated with this jet. 
























































































ENERGETICS OF THE TROPICS 


271 


15.8 Exchange of Kinetic Energy between Low and Middle Lat¬ 
itudes 


It was illustrated in Chapter 5 that the momentum of the westerlies in 
the mid-latitudes is maintained by the upgradient transport of momentum 
from the tropics to mid-latitudes. Accordingly, we may expect that at¬ 
mospheric kinetic energy is also transported from low to middle latitudes 
in association with the atmospheric kinetic energy between these two re¬ 
gions. One may formulate the kinetic energy equation in such a way that 
it includes a term measuring the meridional transport of kinetic energy. 
This requirement may be accomplished by integrating the kinetic energy 
equation along latitudinal circles. 

^ = ~ ~ [v ' + w*)]*- (15 - 39) 

On the right-hand side of (15.39), the first term is the convergence of 
the meridional kinetic energy flux, which provides the means for the kinetic 
energy exchange between low and middle latitudes. The second term is the 
convergence of the vertical kinetic energy flux, which redistributes kinetic 
energy vertically. [D(k)] z , the dissipation of kinetic energy, exists wherever 
there is motion. Because the long-term mean atmospheric circulation is so 
steady, there must be generation of kinetic energy, the third term, to pro¬ 
vide kinetic energy for redistribution and to counterbalance dissipation. 

If atmospheric kinetic energy is exported from the tropics to mid¬ 
latitudes as suggested previously, atmospheric kinetic energy should be 
generated in low latitudes and destroyed in mid-latitudes so that a steady- 
state atmospheric general circulation can be maintained. This hypothesis 
may be substantiated by a comparison between latitude-pressure cross- 
sections of the convergence of the meridional kinetic energy flux and the 
generation of kinetic energy. The generation of kinetic energy is attributed 
to the work done by cross-isobaric (ageostrophic) flow. As discussed ear¬ 
lier in this chapter, the height perturbation in the tropics is generally an 
order of magnitude smaller than in mid-latitudes. It is thus difficult, if not 
impossible, to compute — V • V0 accurately in low latitudes. A full-physics 
general circulation model may offer us an alternative to circumvent this 
difficulty although the simulated model atmosphere is not real. 

Using (15.39), Chen and Lee (1982) analyzed the zonally-averaged ki¬ 
netic energy budget of the winter atmospheric general circulations simu¬ 
lated by two climate models. The latitude-pressure cross sections of [ k ] z , 
— d[vk] z /a d(p, and — [V■ V^] z of both the models show maxima in the upper 
troposphere of mid-latitudes (Fig. 15.27). The convergence of meridional 
kinetic energy flux is negative south of the maximum [k] z and positive 
north of the maximum [k z ]\ the kinetic energy of the model atmosphere is 
clearly transported from low to middle latitudes. 



(O-g-Alfkl -NCAR CCM<0> 


(d) (Tkl - 6LAS CM 


(eH^V#l - NCAR CCM(O) 


<fM9-W -GLAS CM 


Fig. 15.27: Latitudinal-pressure distribution of kinetic energy of (a) NCAR 
model and (b) GLAS model, convergence of kinetic energy flux of (c) NCAR 
model and (d) GLAS model, and generation of kinetic energy of (e) NCAR model 
and (f) GLAS model; the contour intervals of energy are 5 x 10 2 J m -2 mb -1 , 
but change to 10 3 J m“ 2 mb -1 after k reaches 4 x 10 3 J m -2 mb -1 , and that 
of convergence of kinetic energy flux and generation of kinetic energy is 3 x 10 -3 
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Fig. 15.28: Latitudinal distributions of energy variables shown in Fig. 14.26, 
and integrated from 700 mb to the model top for the NCAR model and from 725 
mb to the model top for the GLAS model. 


The contrast between [fc] 2 and —d[vk\ z /a dip reveals that kinetic en¬ 
ergy is transported upgradient on the equatorward side of maximum [k] z . 
Indeed, the meridional kinetic energy flux is consistent with the eddy mo¬ 
mentum transport, whose maximum occurs in the upper troposphere as 
well. As inferred from the convergence of the meridional kinetic energy 
flux, the depletion of kinetic energy in low latitudes by the flux divergence 
should be furnished by a kinetic energy source, and the accumulation of 
kinetic energy by the flux convergence in mid-latitudes should be consumed 
by a kinetic energy sink. It is shown in Figs. 15.27e and 15.27f that ki¬ 
netic energy is generated in the middle and upper troposphere south of 30° 
N and destroyed north of 30° N. The distributions of —d[vk\ z /a d<p and 
—[V- V</>] 2 are similar in pattern and magnitude, but opposite in sign. The 
kinetic energy of the model atmosphere is apparently generated in low lat¬ 
itudes, transported northward, and destroyed in mid-latitudes. Note that 
the generation of kinetic energy is also very significant below 800 mb where 
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the cross isobaric flow is generally large. The kinetic energy generated there 
is perhaps not removed by meridional transport, but may be dissipated by 
the frictional effect inside the planetary boundary layer. 

In order to obtain a quantitative measurement of various energy vari¬ 
ables in (15.40), a latitudinal distribution of the vertically integrated [/c] 2 , 
— d[vk] z /a dp, and —[V ■ V(p] z from 700 mb to the top of the model atmo¬ 
sphere is displayed in Fig. 15.28. The counterbalance between convergence 
of the meridional kinetic energy flux and generation of kinetic energy in 
low and middle latitudes is well shown in this figure. 



16 


ENERGETICS OF THE TROPICS: 
SYNOPTIC SCALE 


The characteristics of atmospheric disturbances are generally determined 
by the embedded large-scale environment and by energy sources. The pro¬ 
nounced vertical wind shear, which is an indication of baroclinicity, asso¬ 
ciated with the subtropical jet streams is maintained by the north-south 
temperature gradient in mid-latitudes through the thermal wind relation. 
The synoptic disturbances initiated by the baroclinic instability of the basic 
large-scale flow are characterized by slanted convection. The available po¬ 
tential energy of a large-scale environment is the primary energy source of 
synoptic disturbances in mid-latitudes through interactions between these 
disturbances and the basic mean state. The energy source provided through 
diabatic heating becomes secondary to synoptic disturbances. Hence, the 
synoptic disturbances in mid-latitiudes mainly exist in the regions of sig¬ 
nificant baroclinicity. 

In the tropics, the meridional temperature gradient of the large-scale 
mean flow is relatively insignificant compared to that of mid-latitiudes. 
The synoptic disturbances of the tropics may not be able to derive a suffi¬ 
cient amount of available potential energy from the large-scale mean flow. 
Since the tropics receive the major portion of solar energy on the earth, 
the condensation heating released by cumulus convection constitutes the 
main energy source of synoptic disturbances in the tropics. It is therefore 
expected that synoptic disturbances of the tropics behave differently from 
their counterparts of mid-latitudes. A study of the tropical hydrological 
cycle reveals that water vapor converges toward the Intertropical Conver¬ 
gence Zone (ITCZ) and the three tropical continents: Equatorial Africa, 
Central America, and the monsoon-western Pacific region. Satellite obser¬ 
vations reveal that the major cumulus convection and rainfall take place 
in these regions. Because of the possible generation of available potential 
energy by condensation heating over these tropical regions, synoptic dis¬ 
turbances should occur there, as shown in Fig. 16.1. 

The four different types of synoptic disturbances shown in Fig. 16.1 
share some common features: eastward propagation at a speed of 5-8 de¬ 
grees day -1 , a life cycle of 3-5 days, and a cold-core thermal structure in 
the lower layer. The large-scale environments along the ITCZ and the three 
tropical continents differ from each other. Thus, it is expected that some 
characteristics of synoptic disturbances over these regions must be differ- 
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Fig. 16.1: Geographic locations of synoptic-scale disturbances in the tropics. 
After Nitta, 1982. 


ent. To examine these differences, we shall explore the three-dimensional 
structure and energetics of tropical synoptic disturbances. The easterly 
waves over the Caribbean Sea were the first type of synoptic disturbances 
in the tropics to be analyzed and documented (Riehl, 1954). Perhaps it 
is because of the lack of quality data over the ocean that no attempt was 
made to analyze the energetics of the easterly waves in the Caribbean Sea. 
Under these circumstances, we shall focus on only the other three types of 
synoptic disturbances in the tropics. 


16.1 Equatorial Waves over the Western Pacific 


As mentioned previously, equatorial waves are active over the equatorial 
western Pacific during the wet season. Reed and Recker (1971) analyzed 
observational data of July-September 1967 over this region and found that 
equatorial waves propagate westward at a speed of 7° longitude day -1 . 
These waves possess a life cycle of five days and wavelength of about 3500 
km. In order to examine the structure of equatorial waves, Reed and Recker 
applied a 2-15 day bandpass filter to isolate the signal of equatorial waves 
from various meteorological variables collected over a triangle of three sta¬ 
tions (Kwajelein, Eniwetok, and Ponape) in the region (7°-10° N, 155°-170° 
E). Using a composite of 18 equatorial waves propagating through this tri¬ 
angle, Reed and Recker portrayed the structure of these waves with height 
cross sections of the following filtered variables: (a) meridional wind, (b) 
temperature, (c) horizontal divergence and (d) vertical motion (a;). Based 
upon the meridional wind analyses (Fig. 16.2a), eight categories are as¬ 
signed to different parts of the waves. Categories 2, 4, 6, and 8 are centered, 
respectively, on the maximum northerly wind, the trough axis, the maxi¬ 
mum southerly wind, and the ridge axis of the waves. Categories 1, 3, 5, 
and 7 are assigned to intermediate positions. 

The perturbation meridional wind (Fig. 16.2a) exhibits centers in the 
lower troposphere near 800 mb and in the upper troposphere around 150 
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Fig. 16.2: Composite vertical cross sections of (a) meridional wind (m s -1 ), (b) 
temperature (C°), (c) horizontal divergence (10 -5 s -1 ) and (d) vertical motion 
(10 -5 mb s -1 ) of the Pacific equatorial waves over the triangle of Kwajelein, 
Eniwetok, and Ponape. The letters R, N, T, and S refer to the ridge, north wind, 
trough, and south wind regions, respectively (Reed and Recker, 1971). 


mb with weak perturbations around 300 mb. The amplitude of the pertur¬ 
bation meridional wind is about 2~3 ms -1 in the upper troposphere and 
3~4 ms -1 in the lower troposphere. Perturbations tilt somewhat eastward 
with height and the upper and lower perturbations are almost out of phase. 
The vertical structure of equatorial waves differs from that of mid-latitiude 
synoptic-scale waves, which tilt westward during the developing stage. As 
inferred from the vertical structure of the perturbation meridional wind, 
equatorial waves have cyclonic shear in the trough and anticyclonic shear 
in the upper troposphere. 

As expected from scale analysis, the perturbation temperature of the 
equatorial waves (Fig. 16.2b) is small, no larger than 0.5°C. The maxi¬ 
mum amplitudes appear at four levels. At the surface, the maximum per- 
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turbation temperature is found around the ridge and west of the heaviest 
precipitation area, which exists around and somewhat west of the trough. 
Behind the trough is negative perturbation temperature, which may be 
attributed to cooling of unsaturated downdraft and cloud cover. The next 
maximum perturbation temperature is located at 700 mb. The negative 
perturbation at this level west of the trough may be caused by evapora¬ 
tive cooling. At 300 mb, the perturbation is out of phase with negative 
perturbations below a center of positive perturbation east of the trough. 
The highest level of perturbation centers occurs at about 125 mb. The 
perturbation temperature at this altitude is in phase with that in the lower 
troposphere. As will be illustrated later, the vertical structure of the per¬ 
turbation temperature in the vicinity of the trough is affected by cumulus 
convection. Moreover, a comparison between perturbation meridional wind 
(Fig. 16.2a) and temperature (Fig. 16.2b) reveals that the thermal wind 
relationship holds between them over the whole depth of the equatorial 
waves. 

The vertical structure of perturbation divergence of equatorial waves 
(Fig 16.2c) is not as complicated as the perturbation temperature. The 
perturbation convergence slopes upward to the east with a surface conver¬ 
gence center west of the trough and another mid-tropospheric convergence 
center somewhat east of the trough. To satisfy the mass continuity, a 
strong divergence region near 175 mb overlies the lower-level convergence 
region. Inspecting Figs. 16.2b and 16.2c, one can see that perturbation 
convergence and divergence centers are sandwiched between centers of per¬ 
turbation temperatures. Vertical motions must exist between convergence 
and divergence centers. The release of perturbation available potential 
energy is measured by the covariance between temperature and vertical 
motion. Thus, we expect that the available potential energy of the equato¬ 
rial waves may be released in the mid-troposphere. The divergence center 
in the upper troposphere is close to the altitude of cirrus outflow from cu¬ 
mulonimbus towers. These synoptic-scale divergence centers should result 
from the collective outflow from cumulonimbus clusters. In the ridge a 
weak, irregular pattern of convergence and divergence appears. 

The upward motion corresponding to the perturbation divergence of 
equatorial waves that is described above dominates the wave over its entire 
depth with a maximum value larger than 100 mb day -1 at 400 mb above 
the trough. Taking density into account, the maximum vertical motion 
reaches 2.5 cm s -1 at 300 mb. Based upon scale analysis, the diabatic 
heating of synoptic-scale waves in the tropics is mostly balanced by adi¬ 
abatic cooling. As inferred from the upward motion of the perturbation, 
the cumulonimbus cluster over the trough should release its latent heat 
with a maximum value at 400 mb. The coincidence between perturbation 
temperature and the inferred latent heat released by the cumulonimbus 
suggests that perturbation available potential energy of equatorial waves is 
produced in the mid-troposphere. 

It was implied from the vertical structure of equatorial waves described 
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previously that the latent heat released by cumulus convection associ¬ 
ated with these waves may generate available potential energy in the mid¬ 
troposphere, and that the direct overturning by the warm-air rising in the 
mid-troposphere releases the generated available potential energy to main¬ 
tain the motion of the equatorial waves. To substantiate this inference, 
let us follow (7.28) to formulate the energy equations of transient wave 
perturbations. The conventional Lorenz approach of (7.28) and (7.29) is 
modified in such a way that we deal with the time-departure and time- 
mean components instead of the eddy and zonal-mean components. Thus, 
we obtain 


dk' 

dt 


= —u'v' 


dU_ 

dy 


— u'u)' 




(16.1) 


dA! 

dt 
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-da 


— v'a '——|- a'u' + 
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(16.2) 


where k' = {\/2){u' 2 +v' 2 ) and A' = (l/2)era;' 2 . Note that ( ) = 1/T ) 

dt and ( )' = ( ) — ( ). U is a basic mean zonal flow. Various terms in 
(16.1) and (16.2) can be diagnostically estimated with observational data, 
except terms involving u and H. 

Because u and H cannot be directly observed, several indirect methods 
were introduced to evaluate them. The synoptic-scale perturbations in the 
tropics are not quasi-geostrophic, and the latent heat released by cumulus 
convection within the tropical synoptic waves is significant over a part of 
these waves’ life cycle. It thus appears that the kinematic method with the 
isobaric continuity equation 

r\ 

V-V + ^=0 (16.3) 

dp 


is a proper one for evaluating u. Moreover, we may also assume that u — 0 
at p — 1000 mb and that the top pressure level can be treated as the lower 
and upper boundary conditions. However, some adjustment should be 
made on the original V • V field (Nitta, 1970) or the computed u field with 
the original V • V (O’Brian, 1970) in such a way that the upper boundary 
condition can be satisfied. The isobaric thermodynamic equation has long 
been used to evaluate diagnostically the atmospheric diabatic heating 


H = 


Cp 

(. Po/p) k 


(f + v+ 


(16.4) 


The major deficiencies of this approach are an underestimate of V • V in ob¬ 
servational data and an inaccurate estimate of u in the kinematic method. 

Nitta (1972) evaluated u and H for April-July 1956 with the upper-air 
data over the Marshall Islands (150° E-180 0 , 0°-15° N). The pressure-time 
cross-sections of these two variables averaged over the region during the 
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Fig. 16.3: The p-t diagrams of the vertical velocity and diabatic heating during 
the time period from 23 May to 2 July 1956 (Nitta, 1972). 


time period of 23 May - 2 July 1956 are displayed in Fig. 16.3. The most 
striking features of the two cross-sections are (a) maximum values of both 
u and H occuring synchronously near 400 mb and (b) a quasi-periodic 
five-day variation of u and H clearly emerging. It was asserted by many 
studies that the life cycle of equatorial waves is about five days. The quasi- 
periodic variations of u> and H shown in Fig. 16.3 are certainly caused by 
equatorial waves. To be precise, the power spectral analyses of these two 
variables were performed by Nitta. Two distinct peaks of u> and H power 
spectra are centered at periods of 5 and 12.5 days. 

Let us now turn to the energy budget analysis of equatorial waves. 
Shown in Fig. 16.4 are vertical distributions of the generation of perturba¬ 
tion available potential energy, G(A'), and the conversion between pertur¬ 
bation available potential energy and kinetic energy, C(A',K'), computed 
in terms of co-spectra between a' and H', and between a' and u/, respec¬ 
tively. Both G(A') and C(A', K') exhibit positive values between 400 and 
200 mb with a maximum located at 300 mb and two distinct peaks at pe¬ 
riods of 5 and 12.5 days, as shown in power spectra of u> and H. It was 
revealed from Fig. 16.2 that the perturbation temperature of equatorial 
waves is positive between 400 and 200 mb. Positive values of G(A') and 
C(A',K') should be expected. In contrast, the negative values of G(A') 
and C(A', K') in the upper and lower layers may be attributed to the cold- 
core structure of equatorial waves in these two layers. 

The horizontal heat advection by synoptic-scale motions in the trop¬ 
ics is generally small. According to the thermodynamic equation, diabatic 
heating associated with synoptic waves in the tropics is almost balanced by 
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Fig. 16.4 : The vertical distribution of (a) release of available potential energy 
and (b) generation of available potential energy in the frequency domain during 
the time period from 23 May to 2 July 1956 (Nitta, 1972). 


adiabatic cooling. For this reason, it is conceivable that the approximation 

—a'u. >' — (1/crCp) ( R/p ) a'H' 

is valid. It is not surprising that a resemblance exists between vertical dis¬ 
tributions of G(A') and C(A', K r ) spectra shown in Fig. 16.4. Apparently, 
the perturbation available potential energy of equatorial waves generated 
by the released latent heat from cumulus convection is transformed by a 
direct overturning to furnish the kinetic energy of equatorial waves. 

The maximum meridional wind of equatorial waves (Fig. 16.2a) occurs 
at 125 and 800 mb, but the maximum C(A r , K') appears at 300 mb, where 
the perturbation meridional wind of these waves is weak. One may ques¬ 
tion why the generated available potential energy of equatorial waves does 
not support in-situ their perturbation motions. To answer this question, 
vertical distributions of C(A', K') and —u'ft contributed by the frequency 
domain with a period shorter than 20 days are shown in Fig. 16.5. A sin¬ 
gle positive maximum value of C(A',K r ) is found at 300 mb, while above 
and below this level appear, respectively, positive and negative maximum 
values of As indicated by (16.1), the vertical divergence of potential 
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Fig. 16.5 : The vertical distribution of the release of available potential energy 
integrated over the entire frequency domain shown in Fig. 16.4 during the time 
period from 23 May to 2 July 1956 (Nitta, 1972). 


energy flux is one of the energetic processes maintaining perturbation ki¬ 
netic energy. It is inferred from the contrast between vertical distributions 
of C(A',K') and —ui'cf)' that the available potential energy of equatorial 
waves generated by the latent heat released from cumulus convection is 
transported upward and downward to perturbation motions of equatorial 
waves in the upper and lower layers. 

So far, we have discussed only three energetics terms in (16.1) and 
(16.2). Others are related to horizontal transports of perturbations and 
the zonal-mean states of basic flow. Note that the synoptic-scale waves 
in mid-latitiudes are characterized by slanted convection in which horizon¬ 
tal transports of sensible heat and momentum are significant. Moreover, 
the north-south gradients of zonal-mean flow and temperature are large. 
Consequently, C(Az, A ') and C(Kz, K') are important. But contrarily, the 
synoptic-scale waves in the tropics are monsoonlike. The vertical transports 
of physical quantities by these waves are more significant than the horizon¬ 
tal transports. Additionally, the north-south gradients of zonal-mean flow 
and temperature over the Marshall Islands region are insignificant. We 
should not expect that energetics terms in (16.1) and (16.2) other than 
G(A'), C(A',K'), and —d (u/0') /dp are important. The vertical distribu¬ 
tion of various energy variables averaged over the Marshall Islands region 
and contributed by perturbations with periods smaller than 20 days are 
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Fig. 16.6: Schematic energy diagram of the Pacific equatorial wave. After Nitta, 
1982. 


displayed in Table 15.1. As revealed from this table, major energy conver¬ 
sions are G(A') —> C(A',K') —► —d(u'<p f )/dp; other energy quantities are 
one to two orders of magnitude smaller than the three energetics variables. 
Based upon the energy analysis of equatorial waves, a schematics energy 
diagram illustrating the maintenance of equatorial waves is shown in Fig. 
16.6. The importance of the latent heat released by cumulus convection to 
equatorial waves is stressed by the large arrow in the figure. 


16.2 African Waves 


The African waves originate over central and western Africa and propagate 
westward to the eastern Atlantic. An example of these wave synoptics is 
shown in Fig. 16.7. These waves have wavelengths of 2500 km and periods 
of 3.5 days, and move westward at a speed of 8 m s" 1 (6~ 7° longitude 
day -1 ). The data collected during Phase III of the GARP (Global Atmo¬ 
spheric Research Programme) Atlantic Tropical Experiment (GATE) has 
been analyzed by Reed et al. (1977) and Thompson et al. (1979) to portray 
the structure of African waves. 

During the northern summer, the strong surface heating over the Sa¬ 
hara to the north and the cooling of the sea water over the Gulf of Guinea 
to the south establish a pronounced north-south temperature gradient over 
central and western Africa. This temperature gradient maintains the mid- 
tropospheric easterly jet stream because of the easterly thermal wind, even 
though the surface layer is occupied by the shallow monsoon westerlies (Fig. 
16.8a). Overlying them are the upper-tropospheric easterly jet stream and 
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Table 16.1: Energy transformations due to the disturbances with periods from 
1 day to 20 days. Unit is 10“ 1 erg gr _1 s _1 . 
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0.0 
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-0.9 

-0.7 

-0.0 
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0.7 

-0.2 

0.2 

0.0 

-0.0 

0.0 


0.1 





-0.0 


the southward extension of the mid-latitude westerlies at the upper tro¬ 
posphere. The absolute vorticity (Fig. 16.8b) of the mean-zonal wind 
changes the sign of its north-south gradient over the stippled area near the 
mid-troposphere that is embedded with African waves. This constitutes a 
necessary condition of barotropic instability in the vicinity of this jet and 
provides a preferable environment for the genesis of African waves as sug¬ 
gested by Burpee (1972). 

The structure of African waves is delineated in Fig. 16.9 with the per¬ 
turbation meridional winds, zonal winds, temperature and vertical motion. 



Fig. 16.7 : Wind distribution of an African wave at 1200 GMT 7 September 
1974: streamline (solid), track of disturbances (thin solid line), and phase line 
(dashed). After Reed et al. (1977). 
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(a) Zonal Wind 



Fig. 16.8: ( a) Zonal wind (ms 1 ) and (b) absolute vorticity (10 5 s ! ) for the 
period 23 August to 19 September, 1974. The track of African waves is located 
at zero latitude, 11° N over land and 12° N over the ocean. After Reed et al. 
(1977). 


Contrary to equatorial waves in the western Pacific, the axes of pertur¬ 
bation meridional wind of African waves slope westward with maximum 
amplitudes at 700 and 175 mb. The perturbations are almost out of phase 
in the upper and lower troposphere. The lower-level perturbations are 
transported by the mid-tropospheric easterly jet stream, which is absent 
in the western Pacific. The perturbation zonal wind has its maximum am¬ 
plitudes appearing in the upper and lower troposphere; the lower ones are 
located at the level of the mid-tropospheric easterly jet stream. It is re¬ 
vealed from Figs. 16.9a and 16.9b that a close correlation exists between 
westerlies and southerlies and between easterlies and northerlies. This cor¬ 
relation indicates that the easterly momentum is transported southward 
by African waves. Since the north-south gradient of the mean zonal wind 
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(a) 


(c) 




Fig. 16.9: Composite vertical cross sections of African waves: (a) meridional 
wind (m s' 1 ), (b) zonal wind (m s _1 ), temperature (°C), and (d) vertical motion 
(10 -5 mb s _1 ). After Thompson et al. (1979). 


is significant over the mid-tropospheric easterly jet, the southward momen¬ 
tum transport by African waves is important to the wave energetics. 

Similar to the equatorial waves in the western Pacific, the perturba¬ 
tion temperature of African waves (Fig. 16.9c) is small in magnitude, less 
than 1°C, and complex in its vertical structure. The positive and nega¬ 
tive temperature anomalies alternate longitudinally and vertically. Below 
700 mb, the positive and negative perturbations occur in the ridge and 
trough, respectively. This pattern is reversed between 400 and 300 mb, 
and is reversed back again near 150 mb. The cold core in the lowest layer 
in the trough may be caused by evaporative cooling and the warm core 
above, between 400 and 300 mb, results from condensation heating of con¬ 
vective clouds. The negative perturbation in the upper layer is attributed 
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to adiabatic cooling by overshooting of the cumulonimbus. A couplet of 
positive and negative perturbations between 600 and 500 mb may be re¬ 
lated to the reversal of the mean-zonal temperature gradient at 650 mb 
through thermal advection. Although the vertical motion of African waves 
(Fig. 16.9d) is upward below 200 mb, two maxima are located between 
800 and 700 mb somewhat ahead of the trough, and near 400 mb in the 
trough. In addition to the complexity in its thermal structure, the vertical 
motion pattern of African waves is more complicated than that of equa¬ 
torial waves, which possesses only the upper maximum. The release of 
available potential energy is measured in terms of the covariance between 
perturbation temperature and vertical motion. Certainly, the release of 
available potential energy within African waves should be distributed in a 
more complicated way than that within equatorial waves. 

In Section 16.1, the energetics of equatorial waves were analyzed with 
the energy equations of transient perturbations formulated by virtue of the 
time-departure and time-mean components of meteorological variables. We 
shall adopt the Lorenz approach [(7.27) and (7.28)] in this section from the 
eddy kinetic ( Ke) and eddy available potential (Ag) energy equations in 
an open domain: 


<IKe 

dt 


dAs 

dt 


- ( oleUe)z - 
C(Ae, K e ) 


( u E v E ) z ^ + ( v E v E ) z aVz 


dy 
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dp 
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C(A z ,A e ) 

+B(Ae) + G(Ae) 


+ (oleUe)z 

-C(A e ,K e ) 

(16.6) 


Only C(Ae,Ke), C(Ke,K z ), and C(A z ,Ae) have been diagnostically 
computed and vertically integrated with the data of GATE phase III (Norquist 
et al., 1977) and displayed in Fig. 16.10. The energetics of African waves 
over the land and ocean are also separately analyzed. 

The energetics of African waves combined over subregions of land and 
ocean are shown in the top energy diagram of Fig. 16.10. The compa¬ 
rable magnitudes of both C{Ke, K z ) and C(Ae, Ke) suggest that the 
eddy kinetic energy of African waves is maintained by both barotropic and 
baroclinic processes. In addition, C(A Z , Ae) and C(A E , Ke) are also com¬ 
parable in their magnitudes. If the time change in Ae is small and B{Ae) 
is insignificant, the eddy available potential energy of African waves gen¬ 
erated by diabatic heating, G(Ae), should be negligible. Obviously, Ae of 
African waves is supplied by C(A Z , Ae), not by G(Ae). It was shown in 
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Land 



Ocean 


Fig. 16.10: Energy diagram of African waves for land, ocean and combined 
regions. Units: energy and energy conversions are 10 5 J m -2 and W m -2 , re¬ 
spectively. After Norquist et al., 1977. 

Section 16.1 that the equatorial waves over the western Pacific gain their 
available potential energy through the generation by condensation heating. 
The motion of these waves is maintained by direct thermal overturning 
to release the generated available potential energy. In other words, the 
energetics of the Pacific equatorial waves are monsoonlike. In contrast, 
the existence of the pronounced north-south temperature gradient and the 
presence of the mid-tropospheric jet stream over western Africa make the 
energetics of African waves behave very differently from those of the Pacific 
equatorial waves. 

In view of the structure and energy budget, it was realized that the char¬ 
acteristics of African waves are determined by the large-scale environment 
of western Africa. In order to shed more light along this line, the height- 
latitude cross sections of the three energy conversions discussed above are 
displayed in Fig. 16.11. The southward transport of easterly momentum 
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by African waves and the north-south gradient of the mean-zonal wind 
are significant south of the mid-tropospheric jet stream. It is not surpris¬ 
ing that significant barotropic conversion C(Ke, Kz) (Fig. 16.11a) occurs 
only there. Because of the absence of the mid-tropospheric jet stream in 
the western Pacific, the barotropic interaction between equatorial waves 
and the basic mean-zonal flow is unimportant to the maintenance of these 
waves. The release of available potential energy is measured by the correla¬ 
tion between the perturbation temperature and vertical motion. Although 
the vertical motion of African waves is upward almost everywhere, the 
complicated thermal structure of these waves leads to a complicated dis¬ 
tribution of C(Ae,Ke ) (Fig. 16.11b). In the trough, a negative center 
below 700 mb and a positive center between 600 and 200 mb correspond, 
respectively, to the low-level cold core and the upper-level warm core of 
African waves. Additionally, another positive C(Ae,Ke ) center is located 
in the lower layer ahead of the trough. The Pacific equatorial waves also 
possess a cold core in the lower layer without a center of upward motion as 
in the African waves. Thus, there is no negative C(Ae,Ke ) center in the 
lower layer of the Pacific equatorial waves. 

The synoptic-scale disturbances in mid-latitudes are characterized by 
the slanted convection. The vertical motion of the mid-latitude synoptic 
waves generally responds to horizontal north-south sensible heat transport. 
Thus, C(Ae,Ke ) and C(Az, A E ) of these waves correlate well temporally 
and spatially. In contrast, monsoonlike African waves are characterized 
by their dominant vertical motion. Although the horizontal sensible heat 
transport by African waves may not be significant, the north-south gra¬ 
dient of the mean-zonal termperature is pronounced north of the mid- 
tropospheric easterly jet and results in significant values of C{Az,Ae) 
there. The north-south gradient of mean-zonal temperature is insignificant 
over the equatorial western Pacific, and C(Az, Ae) is never a vital part of 
the energetics of the Pacific equatorial waves. 

The African waves propagate from their genesis region over central and 
western Africa to the eastern Atlantic. The large-scale environments dif¬ 
fer between the land and the ocean. This difference results in striking 
contrasts in the energetics of African waves over these two regions. The 
conversion between Az and Ae, C(Az , Ae), is about the same in both re¬ 
gions. However, the baroclinic conversion, C(Ae, Ke), is much larger over 
the land than over the ocean, and the opposite situation occurs with the 
barotropic conversion C(Ke,Kz)- As revealed from the large difference 
between C(Ae, Ke) and C{Az, A e) over the land, a significant generation 
of available potential energy of African waves by condensation heating is 
required. Over the ocean, the latter conversion is larger than the previous 
conversion. The diabatic heating effect does not supply energy to African 
waves over the ocean, but here G(A) is negative. 
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Fig. 16.12: The 850 mb wind analysis at 1200 WTC 4 July 1979. Dashed lines 
are isotachs with unit in knots. After Saha and Saha, 1988 


16.3 Monsoon Depression 


During the monsoon season, a number of monsoon disturbances (monsoon 
lows and depressions) move westward across India from the Bay of Ben¬ 
gal. The tracks of many monsoon disturbances originate in this region. 
The daily cloud pictures do not usually show westward-propagating cloud 
clusters that move from the western Pacific. It was thus believed that the 
monsoon disturbances form in-situ over the Head Bay of Bengal. A bay 
monsoon depression one day after its initiation (3 July 1979) during the 
Monsoon Experiment (MONEX) is shown in Fig. 16.12 as an example. 
However, based upon the motion of downstream amplification (illustrated 
with Hovmoller diagrams), Krishnamurti et al. (1977) demonstrated that 
the formation of the majority of monsoon depressions in the Bay of Bengal 
over a 43-year period (1933-76) is attributable to a slow westward prop¬ 
agation of wave groups initiated by typhoons or tropical storms from the 
western Pacific. Using maps of the 24-hr tendency of sea-level pressure dur¬ 
ing July and August over a 10-year period (1969-78), Saha et al. (1981) also 
established evidence that most of the bay disturbances were from nuclei of 
disturbances that propagate from the east. Examples of the formation of 
the bay disturbances by the residual lows are given in Fig. 16.13, where 
tracks of five tropical storms directly related to the monsoon disturbances 
over the Bay of Bengal during 1969-78 are shown. 

An immediate question is why are the residual lows from the east cy- 
clogenetically intensified by moving over the Head Bay of Bengal. It would 
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Longitude 


Fig. 16.13: Paths of five tropical storms directly related to monsoon distur¬ 
bances in the Bay of Bengal. After Saha et al., 1981. 


be natural to explore the large-scale environment in which the monsoon 
depressions form. As revealed from the mean-zonal wind along 85° E (Fig. 
16.14), the primary circulation in the bay region is characterized in the ver¬ 
tical by the lower-level monsoon westerlies and the upper-level easterlies, 
and meridionally by the lower-level easterlies south of the equator and the 
monsoon westerlies north of the equator; and it is flanked by weak easterlies 
south of the Himalayas. Both the vertical and horizontal wind shears are 
strongly developed in this region. Evidently, the large-scale environment 
containing the monsoon depression differs significantly from those contain¬ 
ing the Pacific equatorial and African waves described in Sections 16.1 and 
16.2, respectively. It is likely that the combined barotropic-baroclinic in¬ 
stability is the basic genesis mechanism of the monsoon depressions. As 
a matter of fact, the monsoon depressions produce heavy rainfall ahead 
of the depression center. The joint CISK-barotropic-baroclinic instabil¬ 
ity would be more likely as a genesis mechanism of monsoon depressions 
(Shukla, 1978). Whatever the mechanism of initiation and intensification 
may be, our understanding of their synoptic structure and energetics would 
be helpful to explore the maintenance of monsoon depressions. 

As shown in Fig. 16.12, a monsoon depression (3-8 July 1979) devel¬ 
oped during the intensive field observation of MONEX. Various aspects 
of the MONEX monsoon depression were analyzed, but unfortunately its 
three-dimensional structure was not well documented. Godbole (1977) con¬ 
structed the composite three-dimensional structure of five monsoon de¬ 
pressions during July-September 1973 over India, where observations were 
available. However, because of the lack of quality observational data, the 
energy analysis of a monsoon depression does not produce consistent re¬ 
sults. Krishnamurti et al. (1976) used a multi-level primitive equation 
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Fig. 16.14: Vertical cross section of mean-July zonal wind along 85° E. After 
Shukla, 1978. Unit: knots. 


model to perform a 48-hr forecast of a well-developed monsoon .depression 
over India during 4-8 August 1968. The energy analysis was carried out 
with the forecast simulation. The structure and energetics of monsoon 
depressions over the land may differ from those over the Bay of Bengal 
during the formation stage. Nevertheless, incorporating results of God- 
bole and Krishnamurti et al. with those of various aspects of monsoon 
depressions obtained by other studies using the MONEX data should offer 
a reasonable picture of the monsoon depression’s structure and energetics. 

The three-dimensional structure of the mature monsoon depression is 
portrayed by the composite vertical cross sections of meteorological vari¬ 
ables over India in Fig. 16.15. For the zonal wind cross section along 83° 
E, the westerlies and easterlies appear south and north of the depression 
center, respectively. For the meridional wind cross-section along 23° N, the 
southerlies and northerlies are located to the east and west of the depres¬ 
sion center, respectively. Both the maximum zonal and meridional winds 
of the depression occur in the lower half of the troposphere. A vertical 
transition from westerlies in the lower layer to easterlies in the upper layer 
south of the depression center takes place at about 400 mb, while that from 
southerlies to northerlies north of the center occurs at about 300 mb. It 
is clear that the monsoon depression consists of a cyclonic vortex confined 
mainly to the lower half of the troposphere with moderate wind speeds (less 
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Fig. 16.15: Composite vertical cross sections of (a) the zonal wind (m s -1 ) 
along 83° E, (b) the meridional wind (m s -1 ) along 23° N, (c) temperature (°C) 
along 23° N and (d) vertical motion (10 -5 mbs -1 ) along 23° N. After Godbole, 
1977. 


than 20 ms" 1 ). The axis of the monsoon depression denoted by the thick 
solid line shows a slight southwest tilt. As revealed from numerous studies, 
there are as many depressions with eastward tilt as those with westward 
tilt. 

It was shown in the previous two sections that a feature common to 
the thermal structure of synoptic-scale disturbances in the tropics is a cold 
core in the lower layer. The cold core of the monsoon depression with a 
maximum amplitude of -1.6°C at 800 mb appears in the thermal cross sec¬ 
tion along 23° N (Fig. 16.15c), and a reversal of the thermal field occurs 
at about 600 mb. A warm core shows up to the west of the depression 
center. Recall that all five monsoon depressions are at their mature stages 
over India. Godbole argued that this warm core results from the warm air 
advection from the desert in the western part of the Indian subcontinent. 
In fact, this warm core is also common to the monsoon depressions during 
the developing stage. However, the vertical motion field of the synoptic- 
scale disturbances treated so far is dominated by strong upward motion 
overlaying the troughs. The vertical motion cross section of the monsoon 
depression along 23° N (Fig. 16.15c) exhibits a different pattern, with a 
maximum upward motion at 500 mb to the west and a relatively weak sub¬ 
sidence to the east of the depression center. 
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Fig. 16.16: Schematic diagrams of (a) the phase relations between geopotential 
(0) and temperature (T) at 500 mb, and (b) the secondary divergent circulation 
of a developing monsoon depression. D and R denote the depression center and 
ridge, respectively. After Saha and Chang, 1983. 


The correlation between the thermal structure and the vertical motion 
of the monsoon depressions suggests that warm air rises to the west and 
cold air sinks to the east of the depressions. Accordingly, it is inferred that 
there is strong convergence to the west and divergence to the east of the de¬ 
pression center in the lower troposphere, and a reversed situation occurs in 
the upper troposphere. Analyzing some developing monsoon depressions, 
Saha and Chang (1983) pointed out that the geopotential and temperature 
fields of the monsoon depressions have a phase lag such that the aforemen¬ 
tioned secondary divergent circulation can be related to warm-air advection 
from the northwest sector of the depression and cold-air advection from the 
southeast sector. A schematic diagram summarizing this baroclinic process 
is shown in Fig. 16.16. The release of available potential energy by the 
thermally direct overturning is one of the important energetic processes 
maintaining the monsoon depressions. 

To maintain the thermal structure of monsoon depressions, a supply of 
available potential energy through its generation by condensation heating 
may be one of the possible sources to counterbalance the release of avail¬ 
able potential energy by the thermally direct overturning. Saha and Saha 
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Fig. 16.17: Energy diagram of the forecasted monsoon depression during 4-6 
August 1968 with a multi-level primitive equation. After Krishnamurti, 1976. 
Unit of energy conversions is W m -2 . 

(1988) computed the diabatic heating associated with the MONEX mon¬ 
soon depression (Fig. 16.12). They found that over the depression’s entire 
life cycle, the diabatic heating occurs in the southwest quadrant where 
the temperature perturbation is positive. The correlation between diabatic 
heating and temperature of this MONEX monsoon depression indicates 
that its available potential energy may be generated there. 

Finally, let us summarize the qualitative discussion above of the ener¬ 
getics of monsoon depressions. The energy diagram above (Fig. 16.17) was 
computed with a 48-hr forecast (4-6 August 1968) of a depression by Kr¬ 
ishnamurti et al. (1976) and with a multi-level primitive equation model. 
The Lorenz approach, (16.3) and (16.4), was used. The eddy kinetic en¬ 
ergy is maintained by both the barotropic, C(Ke,Kz), and baroclinic, 
C(Ae,Ke), energy conversions, but primarily by the latter which was il¬ 
lustrated in Fig. 16.16. The eddy available potential energy is mainly 
furnished through its generation by condensation heating. The horizontal 
sensible heat advection is related to the secondary divergent circulation of 
the depression, but never makes the conversion between Az and Ae, an 
important energetic process. The large-scale environment over the Bay of 
Bengal is significantly different from that over the western Pacific. Sur¬ 
prisingly, the overall energy cycle of the monsoon depressions is similar to 
that of the Pacific equatorial waves. 
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The atmospheric circulation derives its energy from the incoming solar ra¬ 
diation. Thus, the circulation of the two hemispheres could be assumed 
similar if symmetry about the equator existed in all respects. However, 
the atmospheric circulation is driven by the horizontal differential heating. 
Any cause inducing a spatial variation from this heating would result in the 
response of the atmospheric circulation. It is well known that the major 
mountain ranges and land-sea contrasts exist in the Northern Hemisphere, 
while the Southern Hemisphere contains smaller land masses and less ex¬ 
tensive mountain ranges. Accordingly, the atmospheric diabatic heating 
is more uniform in the Southern hemisphere. Thus, the asymmetric com¬ 
ponents of the atmospheric circulation should be more pronounced in the 
Northern Hemisphere. 

The winter -mean height fields at 200 mb in the two hemispheres (Fig. 
17.1) show a distinct difference in the upper-air circulation. In the North¬ 
ern Hemisphere, two deep troughs are located at the east coasts of the 
Asian and American continents, and a minor trough is present over the 
Mediterranean Sea. It was shown in Chapter 13 that these troughs contain 
the three subtropical jets. The upper-level circulation of the winter South¬ 
ern Hemisphere is predominantly zonal, although a double-jet structure is 
associated with the significant horizontal gradients of the 200-mb height at 
about 50° south at Africa and at about 30° S stretching from the eastern 
Indian Ocean through Australia to the western Pacific. Even during the 
summer season, the upper-level circulation of the Northern Hemisphere is 
wavier than that of the Southern Hemisphere. Thus, the planetary-scale 
stationary waves induced by the orography and land-sea contrast are much 
more pronounced in the Northern Hemisphere, particularly in winter. Ad¬ 
ditionally, it is also revealed from an eyeball comparision of the 200-mb 
height fields between the two extreme seasons that the annual variation of 
the upper-level circulation is more developed in the Northern Hemisphere. 

In view of the basic differences between the upper-level circulation sys¬ 
tems of the two hemispheres, an energy analysis should enable us to under¬ 
stand the dynamics behind these differences. It might well be because of the 
lack of observations over the vast southern oceans that only a few attempts 
were made to investigate the atmospheric energetics of the Southern Hemi¬ 
sphere until the FGGE data became available in the early 1980s. Since 
then, several interesting aspects of the Southern Hemispheric energetics 
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(a) Winter NH (c) Summer NH 



(b) Winter SH (d) Summer SH 



Fig. 17.1 : The seasonal-mean 200-mb contours of both the Northern Hemi¬ 
sphere (NH) and Southern Hemisphere (SH) constructed with the height field 
generated by the Global Data Assimulation System of the European Centre for 
Medium Range Weather Forecasts. The northern (southern) winter is equivalent 
to the southern (northern) summer. We use December 1978 - Feburary 1979 and 
June 1979 - August 1979 as the two extreme seasons. The contour interval of the 
200-mb height fields is 120 m. 

have been examined. We shall concentrate in this chapter on four aspects. 
First, we would like to obtain an overview of the Southern Hemispheric 
energetics through a comparison of the annual variation of the Lorenz en¬ 
ergy cycle between the two hemispheres. Second, it was shown that the 
upper-level circulation of the Southern Hemisphere is primarily zonal in 
the mean. One may question the function of atmospheric eddies in the 
general atmospheric circulation in this hemisphere. The spectral energy 
analysis may shed some light on this question. Third, the existence of the 
intermediate-wave (n— 4-6) regime, especially wavenumber 5 with a period 
of 11 days, is a ubiquitous feature of the summer Southern Hemisphere. 
It was shown in Section 14.3.2 that the contribution of the intermediate- 
wave regime to the energy vacillation is just as important as that of the 
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long-wave regime. Since the latter regime is much weaker in the Southern 
Hemisphere, does the intermediate-wave regime play a more vital role in 
the energy vacillation of the summer Southern Hemisphere? Finally, the 
single jet of the upper-level circulation in the summer Southern Hemisphere 
becomes a double jet in winter. These jets are not located over the east 
coasts of major continents. Can they be maintained by the same mecha¬ 
nism maintaining the winter subtropical jets of the Northern Hemisphere, 
illustrated in Section 13.3? 


17.1 Comparison of the Annual Variations in the Atmospheric 
Energetics between the Southern and Northern Hemispheres 


The structure of the atmospheric circulation can be described by the gen¬ 
eral circulation statistics, and the maintenance of the atmospheric circu¬ 
lation can be illustrated by means of an energy analysis, which involves 
some general circulation statistics. Although Fig. 17.1 provides a quick 
view of the upper-level circulation in the Southern Hemisphere, the three- 
dimensional structure of the upper-air circulation of this hemisphere may 
be supplemented with latitude-height cross sections of some general circula¬ 
tion statistics. To serve this purpose, some conventional general circulation 
statistics of the two extreme seasons over the entire globe are discussed. 
The annual variations in the atmospheric energetics of both hemispheres 
are presented next. 


17.1.1 Sensible Heat and Momentum Transport 

Fig. 17.2 shows the zonal-mean temperature (Tz) (dashed lines) super¬ 
imposed on the zonal-mean wind uz (solid lines) in which the easterlies 
are shaded. In the Northern Hemisphere, the winter westerly maximum in 
the upper troposphere at 30° N is weakened by a factor of 2 and moved 
to 30°N in summer. Surprisingly, the zonal-mean westerlies in the upper 
troposphere of the Southern Hemisphere exhibit double maxima at about 
55° S and 25° S in winter. The magnitude of the westerly maximum is not 
reduced notably from winter to summer in this hemisphere, except for the 
existence of a single maximum at about 50° S. According to the thermal 
wind relationship, the significant weakening of the westerlies in the summer 
Northern Hemipshere results from the reduction of the north-south Tz gra¬ 
dients in mid-latitudes. In contrast, the annual changes in the north-south 
Tz gradients in the southern mid-latitudes are smaller compared to those 
in the northern mid-latitudes. The Antartic continent is believed to be a 
major factor suppressing the annual variation in the high-latitude temper¬ 
ature of the Southern Hemisphere. 

To maintain the thermal equilibrium of the atmospheric circulation, the 



300 


FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 




Fig. 17.2 : The zonal-mean temperature (Tz) (dashed line) and zonal wind (uz) 
(solid lines) of (a) June-August 1979 and (b) December 1978 - Feburary 1979. 
The contour intervals of Tz and uz are 10 K and 5ms -1 , respectively. 


eddy sensible heat transport is an important process counterbalancing the 
north-south differential heating. The total and transient eddy sensible heat 
transports of the two extreme seasons over the entire globe are shown in 
Fig. 17.3. We shall highlight the following salient features in this figure: 


1. The annual change in temperature is smaller in the high latitudes 
of the Southern Hemisphere. Since the poleward eddy sensible heat 
transport reduces the north-south temperature gradient, it is not sur¬ 
prising to see that the annual change in the eddy sensible transport 
is much less in the Southern Hemisphere than in the Northern Hemi¬ 
sphere. 

2. As inferred from the difference between the total and transient eddy 
transports of sensible heat, stationary eddies transport as much sen¬ 
sible heat as transient eddies in the winter Northern Hemisphere. 
However, the fact that the eddy sensible heat transport in the win- 








































































(a) (v, t £ )j (June-Aug.) 




Fig. 17.3 : The same as Fig. 16.2, but for total and transient eddy transports 
of sensible heat. The contour interval is 2 K m s _1 . 
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ter Southern Hemisphere is much less than in the wither Northern 
Hemisphere may be attributed to the insignificant contribution from 
stationary eddies. 

3. During winter, the sensible heat transport by transient eddies is com¬ 
parable in both hemispheres, but it is much weaker in the summer 
Northern Hemisphere. The weak sensible heat transport by tran¬ 
sient eddies in this hemisphere results from the smaller north-south 
temperature difference. 

4. The latitudinal distribution of transient eddy transport of sensible 
heat can be used as an indication of the baroclinic zone. The max¬ 
imum centers of this transport process in both the winter and sum¬ 
mer Southern Hemisphere and in the winter Northern Hemisphere 
are comparable in magnitude. The major difference between them is 
the locations of their centers. These centers are located at about 40° 
N in the winter Northern Hemisphere and at about 55° S in both the 
extreme seasons of the Southern Hemisphere. It is clear that the zone 
of maximum baroclinicity in the Southern Hemisphere is sustained by 
the Antarctic continent. 

Let us next discuss the eddy momentum transport (Fig. 17.4): 

1. A boundary between the poleward and equatorward eddy transport of 
momentum is located at the poleward side of the maximum westerlies 
in the Northern Hemisphere. Following the seasonal migration of the 
maximum westerlies, this boundary moves from about 45° N in winter 
to about 55° N in summer. The eddy momentum transport is mostly 
performed by transient eddies in the two extreme seasons, except for a 
minor part of the poleward transport and the equatorward transport 
in winter. 

2. A single maximum of the westerlies exists in the summer Southern 
Hemisphere. The boundary between the poleward and equatorward 
transport of eddy momentum is also located on the poleward side 
of the maximum westerlies, as is its counterpart in the Northern 
Hemisphere. It seems possible that the dynamic relationship between 
the maximum westerlies and transient eddies in the summer Southern 
Hemisphere is the same as that in the Northern Hemisphere. 

3. In the winter Southern Hemisphere, the boundary discussed here is lo¬ 
cated on the poleward side of the higher latitude westerly maximum, 
and the subtropical westerly maximum is located on the equator- 
ward side of the center of the poleward eddy- momentum transport. 
The relationship between the westerly maxima and centers of eddy- 
momentum transport is more complicated in this season. These two 
westerly maxima may be maintained by different mechanisms. 




Fig. 17.4 : The same as Fig. 16.3, but for the total and transient eddy transports 
of momentum. The contour interval is 5 m 2 s -2 . 
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4. A significant annual variation in the eddy-momentum transport ex¬ 
ists in the Northern Hemisphere and south of 60° S. The poleward 
transport of eddy momentum in the Southern Hemisphere does not 
exhibit a marked annual change. This situation may be related to 
the small annual change in the maximum westerlies in mid-latitudes 
of the Southern Hemisphere. 


17.1.2 Annual Variation of Energetics 

With the general circulation statistics shown in the previous subsection, the 
annual variation of the Southern Hemisphere energetics will be illustrated 
by comparing it to that of the Northern Hemisphere energetics. Displayed 
in Fig. 17.5 are the monthly means of various energies (Az, Ae, Kz, Ke) 
derived from three periods: June 1972-May 1976 and December 1978- 
November 1979 (FGGE year) for the Southern Hemisphere and February 
1963-January 1964 for the Northern Hemisphere. The main differences in 
energies between the two hemispheres which emerge from this figure are: 

1. The maximum westerlies of the two extreme seasons are comparable 
in magnitude in the Southern Hemisphere. In contrast, the maxi¬ 
mum westerly of the Northern Hemisphere is reduced by about one 
half in magnitude from winter to summer. According to the thermal 
wind relation, the north-south Tz gradients in the latter hemisphere 
decrease significantly from winter to summer as well. The stationary 
planetary-scale waves, which make up a large portion of eddy energies 
in the winter Northern Hemisphere, are very weak in the Southern 
Hemisphere and possess a smaller annual variation. 

2. The Southern Hemisphere circulation is predominantly zonal (Fig. 
17.1). This strong zonality makes the proportion of energy content in 
the zonal component larger in the Southern Hemisphere: the annual- 
averaged Az/A ~ 90% (80%) and Kz/K ~ 60% (45%) in the South¬ 
ern (Northern) Hemisphere. 

3. Regardless of the less pronounced annual variation of the total avail¬ 
able energy, A + K, in the Southern Hemisphere (Fig. 17.6), the 
annual mean of A + K for this hemisphere is larger due mainly to 
larger Az- 

4. Compared to the Southern Hemisphere, the ratios of monthly mean 
K to monthly mean A,K/A, over a year (Fig. 17.7) indicate that a 
larger portion of A+K belongs to K in the Northern Hemisphere over 
the greater part of the year; K is less than 40% of A in magnitude 
during summer, but more than half of it in winter. In the Southern 
Hemisphere, the ratio K/A varies in a smaller range, between 30% 




Fig. 17.5 : The time variations of monthly mean Az, Ae,Kz, and Ke for the 
Southern Hemisphere during the FGGE year and 1972-76 (with one standard 
deviation error bar) (Price and Nicholls, 1982) and for the Northern Hemisphere 
during 1963-64 (Wiin-Nielsen, 1967). Unit: kJ m -2 . 
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Fig. 17.6: The time variations of monthly mean A + K for the Southern 
Hemisphere during the FGGE year (thick solid line) and 1972-76 (thin solid 
line) (Price and Nicholls, 1982) and for the Northern Hemisphere during 1963-64 
(dashed line) (Wiin-Nielsen, 1967). Unit: kJ m -2 . 
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Fig. 17. 7: The time variations of monthly mean K/A for the Southern Hemi¬ 
sphere during the FGGE year (thick solid line) and 1972-76 (thin solid line) (Price 
and Nicholls, 1982) and for the Northern Hemisphere during 1963-64 (dashed line) 
(Wiin-Nielsen, 1967). Unit: kJ m“ 2 . 
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Table 17.1: Amplitudes and phases of Fourier components of energies and en¬ 
ergy conversions in the Southern Hemisphere during the FGGE year (December 
1978-November 1979). Units of energy and energy conversions are 10 5 J m -2 
and W m -2 , respectively. 


n 

0 

Fo 

1 

Fi 

r\ 

f 2 

2 

r 2 

Az 

43.23 

12.89 

9/2 

3.02 

2/10 

Ae 

3.44 

0.47 

8/19 

0.11 

2/26 

K z 

8.75 

3.14 

7/28 

0.16 

1/25 

K e 

6.41 

0.88 

7/26 

0.06 

1/26 

C(A Z ,K Z ) 

0.52 

0.71 

1/20 

0.11 

1/31 

C(Az,Ae) 

1.62 

0.73 

7/31 

0.14 

3/28 

C(Ae, Ke) 

1.12 

0.17 

8/1 

0.10 

1/22 

C(K e ,K z ) 

0.37 

0.10 

2/5 

0.04 

2/28 


and 40%. The annual variation of the ratio K/A is essentially in phase 
with those of K and A in the Northern Hemisphere, but remains 
relatively constant in the Southern Hemisphere over the year. The 
larger ratio K/A in the winter Northern Hemisphere suggests that 
the atmospheric circulation is more efficient in releasing its available 
potential energy. 


To gain a more quantitative picture of the annual variation of the atmo¬ 
spheric energetics in the Southern Hemisphere, the Fourier analysis of the 
monthly mean energy variables with a one-year basic period (Section 14.1) 
is reperformed here. The Fourier analysis of all energy variables in time 
(outlined in Section 14.1) was done by Chen and Buja (1983) by evaluating 
the annual variations of energy variables contained in the Lorenz energy 
cycle. Shown in Table 17.1 are amplitudes and phases of the annual-mean 
(Fo), annual (Fi) and semiannual (F 2 ) components of energy variables in 
the Southern Hemisphere. For a comparison with those of the Northern 
Hemisphere, we refer to Table 14.1. 

A comparison of the annual variation of atmospheric energies between 
the two hemispheres was given above. However, the quantitative compari- 
sion in magnitude and time can be obtained by contrasting the F n s shown 
in Tables 14.1 and 17.1. We shall not repeat here the same detailed discus¬ 
sion as done in Section 14.3, but rather highlight some interesting results 
from the Fourier analysis. The date of the maximum value of each energy 
variable - that is, the phase - of each Fourier component is represented 
by r n . In general, the time lag in the annual cycle of the Southern Hemi¬ 
sphere is somewhat larger than that in the Northern Hemisphere. This 
delay suggests that the response of the Southern Hemisphere circulation 
and energetics to the north-south differential heating is somewhat slower. 
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Fig. 17.8: The first (annual-cycle; dashed line) and second (semiannual-cycle; 
dashed-dotted line) Fourier components and the combination of them (solid line) 
for various energies. Energies of the Southern (Northern) Hemisphere are denoted 
by thick (thin) lines. Unit: 10 5 J m -2 . 


To have a better view of the time evolution, the annual and semiannual 
components of various energies are shown in Fig. 17.8; the annual variation 
of energies is primarily determined by F\. It was pointed out in Section 
14.1 that energy variables have a slow decline in the spring and a faster 
buildup in the fall. This interesting feature of the annual variation in en¬ 
ergies may occur when the semiannual-cycle component (Fi) reaches its 
maximum value with a phase somewhat ahead of F\. The only case seen 
here is Ae of the Northern Hemisphere. In both hemispheres, F 2 ’s of Az 
and Kz are not negligible, but they peak more coincidentally in phase with 
both the maximum and minimum of F\. 

In addition to the statistical argument, we may also mention that the 
summer circulation in the Northern Hemisphere is so weak that it is only 
sporadically unstable. When the south-north temperature gradient be¬ 
comes larger in the fall, the atmosphere passes into a stage of permanent 
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baroclinic instability, which accounts for the rapid buildup of the energy. 
On the other hand, in the Northern Hemisphere spring, the decline of the 
circulation intensity is determined by the dissipation time and is thus more 
gradual. A similar argument cannot be applied to the Southern Hemi¬ 
sphere where the summer circulation is much stronger. 

Comparing Fourier components of energy conversions shown in Tables 
14.1 and 17.1, we find that the annual-mean values (Fo) of both hemispheres 
are relatively close, except C(Az, Kz )■ In contrast, most of the annual vari¬ 
ations of energy conversions, represented essentially by the annual-cycle 
components, are much more pronounced in the Northern Hemisphere. A 
possible explanation of the difference in the annual variations in the eval¬ 
uation of C(Az,Kz ) and C(Ke, Kz) is that they may include some un¬ 
certainty in their phases of the annual-cycle component. In addition to 
these two energy conversions, C{Az,Ae) and C(Ae, Ke) have phases of 
their annual-cycle component behind the winter solstice larger than those 
in the Northern Hemisphere. This phase difference of energy conversions 
between the two hemispheres is consistent with that of the energies dis¬ 
cussed previously. The semiannual-cycle components of the energy conver¬ 
sions are generally smaller in magnitude than the annual-cycle components. 
However, as shown in Fig. 17.9, the combination of the annual-cycle and 
semiannual-cycle components of C(Az, Kz), C(Ae,Ke) and C(Ke,Kz) 
in the Southern Hemisphere results in a more pronounced maximum and 
a less pronounced minimum regardless of season. 


17.2 Spectral Energetics 


For the sake of discussion and comparison, the spectral energies analysis of 
the Northern Hemisphere atmosphere is summarized as follows: 

1. The major content and the annual variation of eddy energies exist in 
the long-wave regime. The energy content of both A n and K n spectra 
decrease monotonically as wavenumber increases. A(-3) power law 
appears in the short-wave (n=8-15) regime. 

2. Az is converted to A n over the entire wave spectrum, particularly in 
the long-wave regime. 

3. A n is redistributed by the nonlinear cascade from the long-wave to 
the short-wave regime, and is also released by thermally direct over¬ 
turning to maintain K n with a maximum in the intermediate-wave 
regime. 

4. K n is redistributed by the nonlinear cascade from the intermediate- 
wave regime to the long-wave and short-wave regimes, and is also 
converted to maintain Kz- 
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Fig. 17.9: The first (annual-cycle; dashed line) and second (semiannual-cycle; 
dashed-dotted line) Fourier components and the combination of them (solid line) 
for various energy conversions. Energy conversions of the Southern (Northern) 
Hemisphere are denoted by thick (thin) lines. Unit: 10“ 1 W m~ 2 


The spectral energetics of the Southern Hemisphere were analyzed with 
the multi-level data generated by the FGGE Ill-b analysis of three opera¬ 
tional centers: the European Centre for Medium Range Weather Forecasts, 
the Geophysical Fluid Dynamics Laboratory, and the Goddard Laboratory 
for Atmospheric Sciences. The spectral distributions of energies, energy 
conversions and nonlinear cascades of energies are shown in Figs. 17.10- 
17.12. Compared to their counterparts in the Northern Hemisphere, long 
waves are much weaker in the Southern Hemisphere due to the lack of large 
mountain ranges. Consequently, the transient intermediate waves play a 
more vital role in the atmospheric energetics of the Southern Hemisphere. 
As in the A n and K n spectra of the Northern Hemisphere, a A(-3) power 
law exists in the short-wave (N=8-15) regime. In contrast, neither the 
A n nor K n spectra of the Southern Hemisphere decrease monotonically as 
wavenumber 5. As inferred from the K n spectra of the summer season, 
wavenumber 5 is a ubiquitous feature of the Southern Hemisphere circula- 


(a) A n 



Wavenumber Wavenumber 


(b) K n 



Fig. 17.10: Spectral distribution of (a) A n and (b) K n for the Southern Hem- 
siphere summer (December 1978-February 1979) and winter (June-August 1979). 
After Chen and Lee, (1985). 
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tion in this season. It was pointed out in the previous section that both 
Ae and Ke have a much less pronounced annual variation in the Southern 
Hemisphere. Since the major contents of both Ae and Ke derive from the 
wavenumber regime N<5, one expects that the A n and K n spectra in this 
wave regime do not have a significant annual variation. In fact, this is the 
case shown in Fig. 17.10, although the spectral distribution of K n in the 
N<5 wavenumber regime differs remarkably in the two extreme seasons. 

Following the spectral energy scheme of Saltzman, the spectra of various 
energy conversions are shown in Fig. 17.11. In the winter Northern Hemi¬ 
sphere, the longwaves are responsible for a significant amount of sensible 
heat transport and, hence, contribute the major part of the conversion from 
Az to Ae- However, the wave dynamics in the Southern Hemisphere differ 
from those in the Northern Hemisphere. The sensible heat transport by 
intermediate waves becomes essential to the Southern Hemisphere’s general 
circulation. It is not surprising to see in Fig. 17.11a that the conversion 
from Az to A n in the Southern Hemisphere is largely derived from the 
intermediate-wave regime. 

The large-scale motions in mid-latitudes are characterized as slanted 
convection. Therefore, the vertical sensible heat transport of large-scale 
motions is generally well correlated with the north-south sensible heat 
transport. Since the release of available potential energy is evaluated in 
terms of the covariance between vertical motion and temperature, it is 
expected that C(A n ,K n ) should spatially and temporally correspond to 
C(Az, A n ). Consequently, we may also expect that the spectral distribu¬ 
tion of C(A n ,K n ) follows that of C(Az,A n ). As a matter of fact, this 
argument is confirmed by Fig. 17.11b. 

So far, we have discussed the two baroclinic energy conversions. Let us 
now deal with the energy exchange between the zonal flow and the waves. 
Recall that the north-south zonal wind shear changes its sign across the 
maximum zonal-mean westerly in mid-latitudes, and that the westerly mo¬ 
mentum is transported by eddies toward the upper troposphere north of 
the maximum zonal-mean westerlies. Because of these two factors, the con¬ 
tributions to C(K n , Kz) alternate their signs latitudinally. The latitudinal 
integration of this energy conversion results in a small numerical value by 
cancellation between positive and negative values of C(K n , Kz)- Appar¬ 
ently, this energy conversion is not as informative as the two baroclinic 
energy conversions. Regardless of this special nature, C(K n ,Kz ) behaves 
very differently in the two extreme seasons. Although its numerical values 
are smaller, the spectral distribution of C(K n ,Kz ) in the summer North¬ 
ern Hemisphere is similar to the two baroclinic energy conversions that 
correspond with the appearance of a maximum value in the intermediate- 
wave regime. Surprisingly, the maximum energy conversion is switched 
in the winter Southern Hemisphere to the long-wave regime, particularly 
to wavenumber 2. Comparing C(A 2 ,K 2 ) and C(K 2 ,Kz) in the winter 
Southern Hemisphere, it is obvious that wavenumber 2 is an important 
wave component maintaining the zonal-mean westerlies. 



10 Wm 10 Wm 10'Wm 



(c) C(K n ,K z ) 



Fig. 17.11: Spectral distribution of (a) C(Az, An), ( b) C(A n , K n ), and (c) 
C(K n , Kz) for the Southern-Hemisphere summer (June-August 1979) and win¬ 
ter (December 1978 - Feburary 1979). After Chen and Lee (1985). 
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The wave motions in the Southern Hemisphere are also highly non¬ 
linear. The nonlinear cascade provides a means for redistribution of the 
atmospheric energy through triplet interactions among waves. First, let us 
discuss the nonlinear cascade of available potential energy. In the North¬ 
ern Hemisphere, C(Az,A n ) takes place mainly in the long-wave regime. 
In other words, the major source of A n exists in the long-wave regime. 
It was revealed from the energy spectra and energy conversions that the 
intermediate-wave regime is the most energetically active in the Southern 
Hemisphere. The conversion from Az to A n occurs mainly in this wave 
regime. Interestingly, A r is nonlinearly cascaded from the intermediate- 
wave regime to the long-wave and short-wave regimes (Fig. 17.11). The 
main supply to K n through the release of available potential energy by ther¬ 
mally direct overturning exists in the intermediate-wave regime. It seems 
natural that K n is cascaded from this wave regime to the long-wave and 
short-wave regime since it occurs in the Northern Hemisphere. In fact, this 
is true in the winter Southern Hemisphere, although K n in the long-wave 
regime of the summer Southern Hemisphere is also cascaded to shorter 
waves. 

Up to this point, it is clear from the spectral energy analysis that the 
intermediate-wave regime becomes essential to the atmospheric energetics 
of the Southern Hemisphere general circulation. This is attributed to the 
weakening of the long-wave regime in this hemisphere. 


17.3 Vacillation of the Southern Hemisphere Atmospheric En¬ 
ergetics 


It was shown in Section 14.3 that the short-wave regime, including in¬ 
termediate waves, is as important as the long-wave regime to the energy 
vacillation of the Northern Hemisphere circulation. As we have learned in 
Section 17.1, one of the distinct differences between the atmospheric circu¬ 
lations of the two hemispheres is that the long-wave regime is much weaker 
in the Southern Hemisphere. Additionally, the spectral energy analysis 
discussed in Section 17.2 reveals that the atmospheric energetics of the 
Southern Hemisphere circulation are dominated by the intermediate-wave 
regime, particularly in summer. It seems conceivable that the energy vac¬ 
illation of the Southern Hemisphere circulation in summer is primarily at¬ 
tributable to the intermediate waves. The investigation of this issue done 
by Chen et al. (1987) with the FGGE Ill-b data of the European Centre for 
Medium Range Weather Forecasts illustrated the role of the intermediate- 
wave regime in the energy vacillation of the summer Southern Hemisphere. 

Following the Lorenz energy cycle, the summer-mean values and stan¬ 
dard deviations of all energies and energy conversions averaged over the 
latitudinal zone between 30° S and 65° S are shown in Tables 17.2 and 
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Table 17.2: 1979 summer-mean energies of the Southern Hemisphere between 
30° and 65° S and their standard deviations. Unit: 10 5 J m~ 2 


Time mean Standard deviation 

Az 

20.61 

1.72 

Ae 

4.86 

0.84 

Am 

1.90 

0.61 

K e 

7.91 

1.37 

K m 

3.46 

1.09 

K z 

11.48 

1.12 


Table 17.3: 1979 Summer-mean energy conversions of the Southern Hemisphere 
between 30° and 65° S and their standard deviations. Unit: W m -2 


Time mean Standard deviation 

C(A Z ,K Z ) 

-0.68 

0.52 

C(A Z , Ae) 

2.04 

0.90 

C(Az, Am) 

1.14 

0.79 

C(Ae, Ke) 

1.22 

0.53 

C(A m ,K m ) 

0.53 

0.35 

C(Ke,K z ) 

0.42 

0.66 

C(K m ,K z ) 

0.21 

0.47 


17.3, respectively. Most of the energies and the energy conversions in the 
intermediate-wave regime constitute only a portion, about 50% or less, of 
the total eddy contribution. Surprisingly, standard deviations of all en¬ 
ergy quantities in the intermediate-wave regime are comparable to those 
of the total eddy. Certainly, the intermediate-wave regime usually explains 
variations of all of the energy quantities. Presumably, a vacillation exists 
in the atmospheric circulation of the summer Southern Hemisphere; the 
intermediate-wave regime should be essential to it. 

Shown in Fig. 17.13 are time series of zonal and intermediate-wave ener¬ 
gies, denoted by ( )m • A quasi-periodic variation of these energy quantities 
emerges in these time series and the zonal and intermediate-wave energies 
vary oppositely in time. In order to gain a synoptic view of the vacillation 
of the Southern Hemisphere circulation in summer, four 500-mb contour 
maps are shown in Fig. 17.14. Two of these maps were selected when Km 
reached its minimum values on 31 December 1978 (Day 30) and 11 January 
1979 (Day 43). The other two maps were chosen when Km peaked on 7 
January (Day 38) and 20 January (Day 51), 1979. The difference between 
these two sets of synoptic maps shows clearly that the atmospheric circula¬ 
tion can vary from the highly undulatory condition, such as 31 December 
1978 and 11 January 1979, to the relatively zonal condition, such as 31 
December 1978 and 11 January 1979. 
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Fig. 17.13: Time series of energies (indicated on each time series) in the 30° S- 
65° S latitude zone during the 1978/79 winter. Day 1 is December 1, 1978 while 
Day 90 is Feburary 28, 1979. 


To quantitatively assess the periodicity of the alternation between the 
maximum and minimum values of zonal and inter mediate-wave energies, 
the statistical time-series analysis presented in Section 14.3 is adopted here. 
The cross spectra (solid lines) and coherencies (dashed lines) between ener¬ 
gies related through the Lorenz energy cycle are shown in Fig. 17.15. The 
cross spectra between two energies peak at a period of about two weeks. 
The coherencies of these cross spectra around this particular period pos¬ 
sess large values, which imply that the cross spectra of energies around this 
period are statistically significant. Coherencies and phases of cross spectra 
between energies are displayed in Table 17.4. The phases, either between 
zonal energies or between intermediate-wave energies, are insignificant. In 
contrast, the phases between energies of zonal flow and intermediate waves 
are about a half of the vacillation period. The phases shown in Table 17.4 
confirm our subjective assessment based upon the comparison between the 



FUNDAMENTALS OF ATMOSPHERIC ENERGETICS 


318 



Fig. 17.14: The 500-mb contour charts of 30 December 1978 arid 7, 14, and 
20 January 1979. The first (Day 30) and third (Day 43) days correspond to 
Km minima and Kz maxima, while the second (Day 38) and fourth (Day 51) 
correspond to Km maxima and Kz minima. 


time series of energies (Fig. 17.12) that Am and Km or Az and Kz vacil¬ 
late in phase and in time, but zonal energies and energies of intermediate 
wave vacillate out of phase. 

According to the Lorenz energy cycle, an energy conversion may act as 
a source or sink to a connected energy reservoir within this energy cycle. 
Thus, we may expect that time variations of those energies and energy 
conversions connected with each other through the energy cycle should be 
correlated in a systematic way. Time series of various energy conversions 
averaged over the latitudinal zone between 30° S and 65° S are displayed 
in Fig. 17.16. A systematic relation may be subjectively revealed from the 
comparison of the time series of this figure and time series of related ener¬ 
gies in Fig. 17.13. The systematic relation can be found by means of the 
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Fig. 17.15: Cross spectra (solid lines) and coherencies (dashed lines) between 
two energies shown in the top left corner of each figure. 


cross spectra between the time series of energies and energy conversions, 
shown in Fig. 17.17. A spectral peak around a period of about two weeks 
appears in most of the cross spectra. Coherencies associated with the peak 
cross spectra are generally high. The energy conversions obviously vacillate 
coherently with related energies for a period of two weeks. 

Next, to assess the way in which time variations of energy conversions 
and their related energies are correlated, the phases between energies and 
energy conversions around the two-week period are displayed in Table 17.5. 
One can easily find that phases between intermediate-wave energies and en¬ 
ergy conversions are negligible and that those between zonal energies and 
energy conversions are about a half of the vacillation period. Based upon 
these phases, we are certain that intermediate-wave energies vary more or 
less in phase with the various energy conversions connected to them within 
the Lorenz energy cycle, but zonal energies vary almost oppositely in phase. 

In the winter Northern Hemisphere, both the long-wave and short-wave 
regimes are important to the vacillation of atmospheric energetics with a 
period of two weeks. Interestingly, a clear indication of a two-week vacil¬ 
lation in the atmospheric energetics of the summer Southern Hemisphere 
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circulation also stands out from the statistical time series of both the zonal 
and intermediate-wave energy variables. In addition to the significance 
of the intermediate-wave regime emerging from the time series analysis of 
the Southern Hemisphere energy variables in summer, we also found that 
standard deviations of the energies and energy conversions of the total 
and intermediate-wave regimes are comparable in this hemisphere. Based 
upon these two findings, we conclude that the intermediate-wave regime 
dominates the energy vacillation of the summer Southern Hemisphere cir¬ 
culation. 


Table 17.4: Coherency and phase difference of cross spectra between energies. 


Quantity 

Frequency (cpd) 

Coherency 

Phase (days) 

Az • Kz 

5/90 (18 days) 

0.86 

1.61 


6/90 (15 days) 

0.90 

1.90 

A z • Am 

5/90 (18 days) 

0.65 

8.96 


6/90 (15 days) 

0.66 

-6.95 

Am • K m 

5/90 (18 days) 

0.97 

-0.08 


6/90 (15 days) 

0.97 

-0.05 

K z Km 

5/90 (18 days) 

0.81 

-8.48 


6/90 (15 days) 

0.85 

-6.50 

Am • A e 

5/90 (18 days) 

0.63 

-0.83 


6/90 (15 days) 

0.80 

-0.70 

Km ■ K e 

5/90 (18 days) 

0.86 

-0.23 


6/90 (15 days) 

0.92 

0.11 


17.4 Jet Streams 


It was shown in Section 13.2 that the winter subtropical jet streams of the 
Northern Hemisphere are located over the east coasts of Asia and North 
America and over North Africa, where there are pronounced baroclinic 
zones. As stressed earlier, the long-wave regime is much weaker in the 
Southern Hemisphere, and the upper air circulation of this hemisphere is 
more zonal. With the upper-air data collected during the International 
Geophysical Year (IGY), van Loon (1972) was able to describe the jet 
streams of the Southern Hemisphere in the two extreme seasons. During 
summer, a single jet with its axis at about 45° S extends from the South 
Atlantic to the south Indian Ocean. This single summer jet changes to 
a double jet structure in winter: a higher latitude jet at 50° S in the 
Indian Ocean and a subtropical jet at 25°-30° S over Australia and the 
western Pacific. In Section 13.2, we learned that theories were proposed and 
efforts were made in the past several decades to explore the maintenance 
of the winter subtropical jet streams in the Northern Hemisphere. Since 




Fig. 17.16: Time series of energy conversions (given in the top left corner of 
each time series) in the 30°5-65°5 latitude zone during the 1978/79 winter. Day 
1 is December 1, 1978 while Day 90 is Feburary 28, 1979. 
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Fig. 17.17: Cross spectra (solid lines) and coherencies (dashed lines) between 
energies and energy conversions denoted in the top left corner of each figure. 
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Table 17.5: Coherency and phase difference of cross spectra between energy 
conversions. 


Quantity 

Frequency (cpd) 

Coherency 

Phase (days) 

Az ■ C(Az, Kz) 

5/90 (18 days) 

0.18 

-9.39 


6/90 (15 days) 

0.66 

7.49 

Az • C(Az, Am) 

5/90 (18 days) 

0.65 

7.60 


6/90 (15 days) 

0.66 

7.17 

Am ■ C(Az, Am) 

5/90 (18 days) 

0.97 

-1.83 


6/90 (15 days) 

0.96 

-1.04 

Am • C(Am, Km) 

6/90 (18 days) 

0.96 

-0.03 


6/90 (15 days) 

0.93 

0.35 

Km ■ C(Am, Km) 

5/90 (18 days) 

0.95 

-0.61 


6/90 (15 days) 

0.92 

0.52 

K m -C(Km,K z ) 

5/90 (18 days) 

0.37 

0.18 


6/90 (15 days) 

0.52 

0.67 

K z -C(Km,K z ) 

5/90 (18 days) 

0.19 

7.69 


6/90 (15 days) 

0.62 

7.05 

Kz-C(A z ,Kz) 

5/90 (18 days) 

0.13 

9.28 


6/90 (15 days) 

0.81 

6.95 


the upper-air circulation of the Southern Hemisphere differs from that of 
the Northern Hemisphere, one may question whether the jet streams of the 
former hemisphere are maintained by the same mechanisms maintaining 
those of the latter. We shall devote this section to discussing this matter. 


17.4.1 Summer Australian Jet 


Based upon the rainfall and appearance of the low-level monsoon westerlies, 
the onset of the 1979 Australian monsoon occurred between 21 December 
and 31 December 1978. The geographical distribution of the Australian jet 
stream can be inferred from the region of large kn (200 mb) shown in Fig. 
17.18a. To illustrate the time evolution of this jet stream associated with 
the Australian monsoon, the u (200 mb) time series of two key locations 
over the first two months of the 1978/1979 southern winter are shown in 
Fig. 17.18. The two key locations are selected to be as close as possible to 
both the jet cores before and after the monsoon onset and to observation 
stations. A comparison between these two u (200 mb) time series indicates 
that the poleward shift of the Australian jet stream took place within 10 
days of the monsoon onset. 

The latent heat released by cumulus convection constitutes the major 
part of the tropical diabatic heating and maintains divergent circulation. 
The interaction between condensation heating and divergent circulation can 
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Fig. 17.18: Time series of the 200 mb zonal wind at (a) (130° E,25° S) and 
(b) (147.5° E, 42.5° S) and divergent wind vectors (Vd) superimposed on the 
velocity potential (x) at 200 mb averaged over (c) 1-21 December 1978 and (d) 
1-31 January 1979. Positive values of x are shaded and the contour interval of x 
is 10 6 m 2 s -1 . After Chen et al. (1989). 


be seen through the correlation between the enhancement of the monsoon 
rainfall and the intensification of the large-scale monsoon divergent circu¬ 
lation after the monsoon onset. The 200 mb divergent circulation over the 
Australian monsoon region (Fig. 17.18c) was not developed and organized 
before the monsoon onset, but became well defined and intensified with a 
divergent center near the Date Line after the monsoon onset. The rapid 
poleward shift of the Australian jet stream after the monsoon onset was 
first observed by Rodak and Grant (1957). The cause of this rapid pole- 
ward shift remained unclear for quite some time. Notice that the poleward 
shift of the Australian jet and the intensification of the monsoon divergent 
circulation took place simultaneously. A relation between them should ex¬ 
ist. The Australian jet stream can be well depicted by the rotational flow. 
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The energy analysis of divergent and rotational flow may shed some light 
on this relation. To serve this purpose, let us rewrite (13.10) and (13.11) 
in symbolic forms and neglect insignificant terms: 

?j£~-C(k 3 ,k2) + G(k 3 ), (17.1) 

-q£ ~ C(k 3 , hi) - FR(k) + G{ki). (17.2) 

Shown in Fig. 17.19 is the energy budget analyis at 200 mb using 
(17.1) and (17.2) over the Australian monsoon region. An elongated region 
of large & 2 , crossing the Australian continent before the monsoon onset 
(Fig. 17.19a), moves to the south of this continent after the monsoon onset 
(Fig. 17.19b). As inferred from the time evolution of the two u (200 mb) 
time series shown in Fig. 17.18a, this southward migration of the large-/C 2 
region reflects the poleward shift of the Australian jet stream. A question 
raised here is how the region of large ki associated with the Australian 
jet stream is maintained before and after the monsoon onset. Let us start 
with the k 3 budget. Recall that the planetary-scale divergent circulation 
over the Australian monsoon region is not well organized before the mon¬ 
soon onset; G(k 3 ) is significant only on the downstream side of the jet 
(Fig. 17.19b). In contrast, after the monsoon onset, G(k 3 ) is not only 
enhanced over this region, but also over the south of Australia where the 
jet is located. Generally, C(k 3 , fc 2 ) possesses a pattern similar to G(k 3 ). 
The existence of significant G(k 3 ) south of the Australian continent after 
the monsoon onset indicates that the interaction between divergent and 
rotational flows supports the poleward shifted jet in this region. 

It was illustrated in Section 13.1.2 that the subtropical jet streams are 
maintained in such a way that their kinetic energy is generated on the 
upstream side and destroyed on the downstream side by an ageostrophic 
effect. The source and sink of a jet’s kinetic energy are counterbalanced by 
the divergence and convergence of the kinetic energy flux on the upstream 
and downstream sides of the jets, respectively. As revealed from (17.2), 
C(k 3) /c 2 ) provides some input to maintain the Australian jet. However, 
the comparison between ki (Fig. 17.18a) and G(ki) (Fig. 17.18c) and be¬ 
tween &2 and FR(k ) (Fig. 17.18d) showed that the major energy processes 
maintaining the Australian jet stream are the same as those maintaining 
the subtropical jet streams of the Northern Hemisphere. 


17.4.2 Winter Jets 

It was shown in Section 13.1.1 by using the kinetic energy budget analy¬ 
sis of the time-mean flow that interactions betweeen transient eddies and 
the time-mean flow in the winter Northern Hemisphere are secondary in 
maintaining the latter flow component. Conversely, we have learned from 



(a) k 2 (200 mb) Dec. 1-21 1978 


(b) G(k 3 ) (200 mb) Dec. 1-21 1978 


Jan 1-31 1979 


Jan 1-31 1979 


(c) G(k 2 ) (200 mb) Dec. 1-21 1978 (d) FR(k) (200 mb) Dec. 1-21 1978 






Jan 1-31 1979 


Jan 1-31 1979 
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Fig. 17.19: (a) fcft (200 mb), (b) G(fco) (200 mb), (c) G(fc/j) (200 mb) and (d) 
FR (200 mb) averaged over 1-21 December 1978 and 1-31 January 1979. The 
contour interval of (a) is 10 2 m 2 s -2 , of (b) 10 -3 m 2 s -3 and of (c) and (d) 
2 x 10 -3 m 2 s -3 . After Chen et al. (1989). 
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the spectral energy analysis of the Southern Hemisphere general circula¬ 
tion (Section 17.2) that the intermediate wave and short-wave regimes, 
which form the major part of transient eddies, play a much more active 
role in the atmospheric energetics of this hemisphere. It is conceivable that 
transient eddies may contribute to the maintenance of the Southern Hemi¬ 
sphere time-mean flow, in which the jet streams are the most conspicuous 
elements. 

The maintenance of the winter subtropical jet streams in the Northern 
Hemisphere by the local ageostrophic circulation mechanisms were illus¬ 
trated with the momentum equation (13.12). However, the effect of tran¬ 
sient eddies is implicitly contained in the establishment of the cross-jet 
circulation in the downstream sides of the subtropical jet streams, rather 
than being expressed explicitly in a mathematical form. Since transient ed¬ 
dies are so vital to the Southern Hemisphere circulation, it is necessary to 
have this effect shown explicitly in a mathematical form. For this purpose, 
we may write the time-mean zonal momentum equation in the following 
form: 



d . _du 

—{v cosip) + U> — 
a cos p op op 


(17.3) 


1 


d 


a cos p dX 


(u'u') + 


1 


d 


a cos 2 p dp 


(y'u' cos 2 p) 



~F X . 


The left-hand side of (17.3) represents the advection of zonal momentum 
by the time-mean circulation. Terms on the right-hand side of this equation 
are regarded as forcings of the time-mean flow. These forcings include the 
Coriolis force associated with the time-mean meridional ageostrophic flow 
and the convergence of momentum flux due to transient eddies. The latter 
forcing does not exist in (13.12). The frictional effect F\ is negligible. 

In the southern winter (December 1978-Feburary 1979), the salient fea¬ 
ture of the upper-air circulation in the Southern Hemisphere revealed from 
the u (300 mb) field (Fig. 17.20a) is a double jet structure. A subtropical 
jet stretches from the Indian Ocean through Australia to the eastern Pacific 
with its axis located between 25° S and 30° S, and a higher latitude jet 
extends from the western Atlantic to the southern Indian Ocean centered 
at about 50° S. The core speeds of these two jets can reach 45 ms -1 and 35 
ms -1 , respectively. It was revealed from the general circulation statistics 
of the Northern Hemisphere that the locations of the most active transient 
eddies, namely the storm tracks, are related to the subtropical jets in a 
special way. The variance of the 2.5-6 day bandpass filtered meridional 
wind (Fig. 17.20b) may be used as an indicator of the storm track. Two 
storm tracks can be easily identified by significant values of this variance; 
the storm track of the eastern Pacific center around (40° S, 105° W) lies 
in the downstream and poleward side of the subtropical jet, and the storm 
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Fig. 17.20: (a) u (300 mb) average over the 1979 winter, (b) variance of 2.5-6 
day bandpass filtered u(300mb), (c) Coriolis acceleration induced by v a (300 mb) 
and (d) horizontal convergence of transient eddy flux of westerly momentum at 
300 mb. Contour intervals of (a), (b), (c) and (d) are 5 m s -1 , 10m 2 s -2 , 5xl0 -5 
m s -2 and 2 x 10 -5 m“ 5 m s~ 2 , respectively. Shaded areas in (a) indicate u (300 
mb) ^ 30 m s f in (b) variance ^ 60 m s , in and negative values. 

After Physick (1981). 


track of the southern Indian Ocean coincides with the higher latitude jet. 
It is our intention in this section to determine the forcing on the time-mean 
flow exerted by these transient eddies. 

According to (17.3), the primary forcing of the time-mean flow is due to 
the Coriolis force and the transient eddy effects. As shown in Figs. 17.20c 
and 17.20d, these two forcings exhibit noticeable longitudinal variations. 
The centers of the two forcings appear at the same locations but have op¬ 
posite signs. Obviously, they counterbalance each other. Nevertheless, the 
Coriolis forcing dominates the transient eddy forcings north of 50° S. Based 
upon the momentum budget analysis presented here, one can see that the 
subtropical jet is accelerated by the poleward ageostrophic flow in the en- 
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trance region over the eastern Indian Ocean and the region between two jet 
cores in the Pacific Ocean. In the downstream region of this jet along the 
eastern Pacific storm track, the transient eddy forcing is surprisingly small. 
The subtropical jet in this region is primarily decelerated by the Coriolis 
forcing. A deceleration of the zonal flow also occurs south of Australia. 

Along the higher latitude storm track in the southern Indian Ocean, 
both the Coriolis and transient eddy effects are comparable in their mag¬ 
nitudes. Obviously, the higher latitude jet is speeded up by the latter 
forcing and slowed down by the former forcing. An exception occurs in the 
region south of Africa where these two forcings work in concert to accel¬ 
erate the zonal flow in the upstream region of the higher latitude jet. In 
view of the momentum budget analysis of time-mean flows in the winter 
Southern Hemisphere, mechanisms maintaining the subtropical jet and the 
higher latitude jet differ. The Coriolis forcing dominates the maintenance 
of the subtropical jet, but both the Coriolis and transient eddy forcings are 
equally important to the higher latitude jet. It is made clear in this section 
that the transient eddy forcing is not negligible, particularly in maintaining 
the higher latitude jet. 



PROBLEMS 


The purpose of this appendix is to formulate an exercise that is far from 
trivial. The goal has been to give a number of subproblems that are part 
of a general problem, and that make use of much of the material in the 
first 10 chapters of the textbook. 

To this end it is necessary to simplify the chosen example, but, on the 
other hand, to stay so general that most of the processes entering atmo¬ 
spheric energetics are represented albeit in a rudimentary way. Simplifica¬ 
tion is obtained in two ways: we select to use a two-level, quasi-geostrophic 
model and we use a low-order representation, which permits nonlinear pro¬ 
cesses. 

The quasi-geostrophic, two-level model will be very similar to the one 
formulated by Charney (1959). The heating is formulated in a Newtonian 
form: 

H = —c p 7 (T — Te) , (.1) 

where H is the heating per unit mass, c p the specific heat for constant 
pressure, 7 a constant of dimension £ -1 , T the temperature, and Te a 
reference temperature. Te can be computed in various ways as shown by 
Wiin-Nielsen (1972) who shows how 7 can be computed as well. 

The stress is given partly as a surface stress 


r 0 = -c d pV v 


(• 2 ) 


and partly as a shearing stress applied at the middle level: 

-► d ~v 


T= -p 


dz 


(.3) 


With these assumptions we may write the equations for the two-level, quasi- 
nondivergent model in the following form: 


0C. 


dt 

d(r 


dt 


v * • (C* + /) + V T ’VCt = “^45 
v * -V£r+ v t - V (C* + /) = — £tCt + £C4- 


(•4) 
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The numerical values are e = 3 x 10 -6 s -1 and et — 1.2 x 10 -6 s -1 . We 
recall that in this model ( is the vorticity, v the horizontal nondivergent 
wind, u the vertical velocity and / the Coriolis parameter, the subscripts 
indicate the pressure levels with 1 for 25 kPa, 2 for 50 kPa, 3 for 75 kPa, 
and 4 for 100 kPa. The subscripts * and T are defined by the expressions 

( ). = j[< )i + ( )»], ( )t = 1 [( )i-( )»]■ (.5) 


We shall furthermore use the value P = 50 kPa. In addition to (.5) we 
shall need the thermodynamic equation for this model. It is 


dipT 

~dT 




R 1 

Cp 2/o 


H. 


(. 6 ) 


One may elimate u between the second equation in (.4) and (.6). In¬ 
troducing at the same time (.1) for H, we may write the equations for the 
model in the form 

v.-V(C + f)+v T -VCt 
d 

= (Ct - -V (C t — + v t -V (C* + /) 

= ~£tCt + £& + A 2 7 (V't - iPe) • (-7) 


We assume finally that 


C 4 = 2C 3 = 2 (C* “ Ct) • 


(. 8 ) 


Problem 1 


The system (.7) shall be written in nondimensional form by setting 
ip = a 2 Qz, t = 


where the first relation holds for both subscripts. Show that the 
resulting equations are 

= J (V 2 **, z*) + J (V 2 z T , z t ) -2 ^~E (V 2 z» - V 2 z T ) 
^ [V 2 z t - A zt] = ^ (V 2 z T - A z T ,z*) + J (V 2 z*,z r ) - 2^-^ 
-E t V 2 z t + £0 (V 2 z* - V 2 2 T ) + A^ (z T - Ze) 


(. 9 ) 
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in which 

A = AV, = 4 Et =%. (.10) 

a is the radius of the Earth and u> the angular velocity of the Earth. 


The system (.9)-(.10) will be used with a low-order representation of 
the fields. To be exact we shall permit only three components: a zonal 
component a = (0, n) and two-wave components (3 = (£, n) and 7 = (£, 712 ), 
and we shall select n as an even number. Recall, that in addition to (3 = 
(£, rii ) and 7 = (£, TI 2 ), we must also include 0 = (—£,n 1 ) and 7 = (— i,n 2 ), 
and that the general formula for the interaction coefficient is (10.17). 


Problem 2 

Consider all nonzero interaction coefficients in the low-order system 
and show that they can he expressed in terms of one interaction 
coefficient, namely, 

p P+ 1 dP 

if ( 7,Aa ) = 5 /_ i P-,P,-g+. 

Show, in particular, that 

= -a:(7 ,/?,<*), 

IT(a,0,7) = 0,7). 


(Hint: Since n is given as an even number, it follows from the se¬ 
lection rules that ni and cannot both be even numbers. It is 
also impossible that both n\ and are odd numbers. Thus one 
of them is even, and the other is odd.) 

Let us now denote the amplitudes of the two zonal components by z* and 
z T . We shall also introduce the notations 

4 = \ ( x *i ~ *Vi) > = \ “ iVi )» (- 11 ) 

Zy = = \{?l -ivl)- (- 12 ) 


It is then clear that the total system can be described by 10 real vari¬ 
ables or by two real variables and four complex variables. The derivation of 
these equations can be made in a way analogous to the development from 
Eq. (10.10) to Eq. (10.19), by starting in this case from (.9) and (.10). 
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Problem 3 


Show that the general spectral equations for the two-level model 
governed by Eqs. (.9) and (.10) are as follows: 


dz* 

dr 


C P ~ Ca i y . » C P ~ C “ ~T JT 


c 7 


' z p z a 


*ee 

P « 


* + *EE 


z 0 z aK 


/3 a 


(.13) 


dz E 

dr 


in which 


•EE 


^ 2 J4* + *EE 


C(3 d a 
d*y 


Z P Z < 


K 



(.14) 


if = *<7, A«) = 5 £' P-r (m,P^ - 4M, 

m 7 = mp + m a , 

dry - Cry | A . 


The next point in the problem is to reduce the general equations (.13), 
(.14) to the three-component, low-order system. The reduction is rather 
tedious, but not difficult. It requires essentially good bookkeeping. We 
shall therefore give the resulting 10 equations, but the reader is encouraged 
to derive at least one of the equations to know the general procedure. For 
convenience we have also introduced a number of constants listed after the 
equations. The equations are: 


dz* 

dr 

dx\ 

dr 

dyl 

dr 
dx 2 
dr 

dtft 

dr 

dz T 

dr 


\9\ (x*iV 2 ~ x lV\ + x IvI ~ X 2 VT) ~ Eo (z* - z T ), 

92 (z*y 2 + z T y 2 ) -I- Fiy{ - E 0 (xj - xj ), 

-92 (z*x 2 + z T x%) - Fix\ - E 0 (y{ - y{) , 

-93 ( z*yl + z T yJ) + F 2 y 2 - E 0 (x 2 - x 2 ), 

g 3 (z'xl + z T xJ) - F 2 x* 2 - Eo {y 2 - yj ), 

irfi (xly 2 - yfx 2 ) + ^ei (y 2 x{ - x 2 y{) + Ez* - Vz T + Nz E , 
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dxj 

dr 

dy[_ 

dr 

dx 2 

dr 

d£ 

dr 


d 2 z*yj + e 2 z T y 2 + -t-Gjyf + Eix\ - Tiaf + N x x f, 

-d 2 z*x 2 - e 2 z T X 2 + GixJ + E x y\ - Fxyf + Niyf, 

-C 3 z*y{ - d z z T y{ + G 2 y 2 + E 2 x 2 - T 2 x 2 + N 2 x 2 , 
e 3 z*x'[ + d 3 z T x\ + G 2 x 2 + E 2 y 2 - T 2 y 2 + N 2 y 2 . (.15) 


The equations in (.15) have been ordered in such a way that the nonlin¬ 
ear interaction terms appear first on the right hand sides followed by the 
Coriolis terms. Thereafter come the terms related to forcing and dissipa¬ 
tion. Note that all three components interact with each other. 


The constants are defined as follows: 


9 1 = 

ei = 

d\ — 




C a 
dp — d. 


K, 92 


Gy Cq 

C0 


K, g 3 = 


Ca Cp 


dot 

dp Cry 

da 


■’K, e 2 = e 3 = C -^-r^K, 


dp 

K, d 2 = d ' 7 — K, d 3 = 


F _ « F _ r _ 
r\ — —, r 2 — —> , 


C P 


C -Y 


dp 


° 2 = T' 

Cl' y 


C/3 


E = E 0 ^-, Ei — Eq^, E 2 = E q -?-, 


dp 


A 7 , c, 


A 7 , c/3 


r = -r^ + :r(«> + £). r 1 = -^- + -f (£„ + J! T ), 


dot d^ 

r 2 = ~ + %-( E o + E T ), 

(Airy U L dry 


N = 


A 7 


A 7 


dp n dp 


A 7 


Ni = -±, N 2 = -± 


dp 


dry 


(•16) 


For some of the energy conversions we need the vertical velocity. We 
scale this parameter by the relation 


u = PQW. 


(.17) 


In the two-level, quasi-geostrophic model we can obtain u> as the solution 
of a diagnostic equation [see Eq. (3.75)]. The vertical velocity should 
naturally be expressed as a sum of the components included in the system. 
We may write 

W = rP m (fi) + ri P^(n) cos(t\) + siP^(n) sin(£\) 

+ r 2Pi 2 (aO cos(A) + s 2 Pi 2 (n) sin(^A). 


(.18) 
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The five coefficients in (.18) axe determined from the u -equation. This 
procedure is also cumbersome, although rather straightforward. We give 
the values of the coefficients below. The notation c a = c, cp = ci, and 
c a = c 2 has been introduced. 


r = 

( 1+ x. 

n = 

0+x 

Si = 


r 2 = 

( 1+ x 

s 2 = 

0+5 


& 1 

:)} 


T 

E/2 


The first lines in each expression give the contribution from the nonlin¬ 
ear interactions and the Coriolis terms, while the second lines contain the 
contribution from the external forcing and the dissipative forces. 

We are now ready to start on the energetics of the low-order model. To 
start the calculations it is necessary to adapt the general formulas to the 
variables that are used in the model. For example, the specific volume a 
appears in some of the integrals. It is adapted to the model as follows: 

, (W\ ~*T Vo, 

a2 = -{di) 2 = - /o U) 2 = _/0— P _ = 'P^' ( } 

If the variable is T 2 we get 


T 2 


P 

R 


2 /o . 

a 2 = -jj-V’T- 


(.21) 


It should also be recalled that the variables are nondimensionalized by 
the relations appearing in Problem 1 and by (.17). 
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Problem 4 


Show that the available potential energy as expressed by 


A 


i r f v 

gs Jo Js 2<r 


dS dp 


in the low-order model becomes 


. Pa 2 ft 2 1 f +1 f 2n 2 

A =-A— / zZ dX da , 

5 4^7.! y 0 


and that 

A z = Co A (z T ) 2 , 

A e = C 0 A [(xf) 2 + (y[) 2 + (xf) 2 + (yj) 2 


with 


Co 


Pq 2 ft 2 

0 


Problem 5 


Show that the kinetic energy of the vertical mean flow (here iden¬ 
tified with the quantities with subscript *) is 

Km = C 0 ^ J J (-2*)V 2 z* d\ dp 

and that the low-order model gives 

K Mz =C 0 c(z*f 


and 

Kme = c„ [c {(x» 2 + (J/I) 2 } + C 2 {(^5) 2 + (»5) 2 }] . 

It follows naturally by analogy that the shear flow kinetic enegy is 
expressed as the mean flow kinetic energy, when M is replaced by S and * 
by T. 

Our next concern is to evaluate the generations, conversions, and dissi¬ 
pations. 
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Problem 6 


Show that the generation of available potential energy may be writ¬ 
ten in the form 


o^Khs:s:^- 


dp 


with 


Show next that 


To = — a 2 Q 3 . 


G(A ) = r 0 2A^2 T ( z e ~ z T ) 

+ r o2A^ [xf (xf - xf) + yf (yf - yf) 
+x t 2 (xf - xf) + yf (yf - yf) ]. 


Problem 7 


Show that 

C(A,K) = -T 0 2^-^- f + [27rWz T d\dn 

& 4tt J_ x J 0 

= r o2^ [~rz T - (r x xf + s x yf + r 2 xf + s 2 yf )] . 

We are now going to turn our attention to the dissipation. This quan¬ 
tity as well as others directly concerned with the kinetic energy should be 
evaluated recalling that the streamfunction, from which the velocities and 
the vorticities are obtained, is available at levels 1 and 3. In calculating 
the integrals for the dissipation it is then the safest procedure to calculate 
the contributions from the upper and lower halves of the atmosphere sepa¬ 
rately. This procedure is recommended for the next problem dealing with 
the dissipation of kinetic energy. 


Problem 8 


Show that 

1 /* + l /*27T 

D(K) = -T z (E t — / z T S7 2 z T d\dp 

4?r J_ x Jo 



( 2 » — zt ) V 2 ( 2 * — zt ) d\ dpi) 
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= r o (Et {c (z T ) 2 + ci [(*?’ ) 2 + (yf) 2 ] + c 2 [(^) 2 + {vl) 2 \ } 
+E 0 {c(z* - z T ) 2 + ci [(xj) + (yj - yf ) 2 ] 

+c 2 [(*2 - ^2 ) 2 + (V2 ~ Vi) 2 } }) • 

Problem 8, which given the total dissipation, indicates also how the 
dissipation can be interpreted. Similar statements can be made for the 
results obtained in Problems 6 and 7. The terms in the first line make up 
the dissipation D(Kt) = D(Kt z ) + D(Kte), while those in the next two 
lines with the coefficient Eq can be written D(Km ) = D(Km z ) + D(Kme)- 

The information gathered in the solutions of Problems 4 to 8 is sufficient 
to calculate the most simple energy diagrams. This leads us to the next 
problem. 


Problem 9 


We consider a triplet ( 0 , 2 ), ( 6 , 6 ), and (6,7). The following infor- 


mation is given: 



z E = -0.005 

z T = -0.003 

z* = -0.0125 

xf = -0.003 

X J = - 0.001 

x\ = -0.003064 

O 

II 

y[ = 0.001732 

y{ = 0.002571 

x e = -0.003 

xl = -0.001414 

x* 2 = -0.003759 

II 

o 

yj = 0.001414 

y 2 - 0.001368 

Calculate: 




1 . the interaction coefficient, 

2. the amount of A, 

3. the amount of K , 

4. the generation G(A), 

5. the conversion C(A,K), 

6 . the dissipation D(K). 

Energy amounts should be expressed in k Jm -2 . Generations, con¬ 
versions and dissipations in W m -2 . 


The next goal is to be able to divide the state into the zonal components 
and the eddy components. In addition to the quantities already calculated, 
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we should also obtain C(A Z , Ae ) and C(Ke, K z ). These integrals are more 
complicated, and we shall therefore show in some detail how we can get 
C(A z ,Ae) from the general quasi-geostrophic formula. Leaving out the 
primes we get from (7.29) 


C(A z ,A e ) 


PO f* f 2 * Oz d 
gAna 2 J_ z J 0 oa cos p dp 


cos p (<*eVe) z ] a 2 cos p dX dp. 


(. 22 ) 


Converting to the variables of the two-level model we find 

C(A z ,A e) — ~^52~7~ [ [ faz-T-[cospiipTEVE)^ dX dp, (.23) 

gaoP 47 t J_i J q d/j. 


or, using nondimensional variables, 

C(^. a e) = -2. If" ZTz ± (± jf ZTE «) « 4m. 

(.24) 

We calculate as a matter of convenience the heat transport separately, 
and we find 

^ J q zte^^- dX = 

+ \ ( x \V\ - Vl x l) P hM) pl n2^) (- 25 ) 

+^{ x iV2-yT x 2 + x 2Vi-yl x i) p L(v) p !v 2 (p)- 


Equation (.25) is substituted back in (.24). After rearrangement we find 


+ 

+ 


C(A z ,A e ) = 


2T 0 Al 


r ( x Iv*i - yjxl) ^ J i P n (p) ~ d » 

Z T {xlyl -y?- yl x * 2 ) ^ J ^ Pn ^ ~~^~^ d ' p (- 2 

z T ( x Tv 2 - vl x 2 + x 2 y* - vl x i) \ J i ^(/i ) ^^ 711 ^ 2 —- dp 


At this point we recall that we have restricted n to be even, and we 
found that n\ and have one even and one odd number. From this it 
follows that the first two integrals in (.26) vanish because the square of 
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a function is even, its derivative odd, and the integrand is thus odd and 
integrates to zero. The final result is therefore 

C ( A z , A e ) = 2r 0 A^ T (x\yl - y\xl + x^yf - y 2 xj) K, (.27) 


where K is the interaction coefficient. 

C(Ke, K z ) is the only remaining conversion necessary to calculate all 
quantities in the diagram with the reservoirs A z , Ae, Ke, K z . It is evalu¬ 
ated in the following problem. 


Problem 10 


Show that C(Ke,K z ) can be calculated from the following formula 

C(K e ,K z ) = Y 0 K(ci-c 2 )[z* (x\yZ-y{x 2 +x[yl-y^xl) 
+ * T { x iV 2 ~ yl x 2 + x Tvx - 3 / 1 * 2 )] • 

Hint: It is an advantage to start from the most basic form of the 
quasi-geostrophic equation by writing 


C(K e ,K z ) 


P f ( Vhz d(Cis^iE) 2 cos<l 

<?47ra 2 J s \ a cosip dip 

| *hz d(C3j^3g) 2 cosy? dS 
a cos ip dip 


Problem 11 

With the data given in Problem 9 the following quantities should 
be calculated: 

1 . A Z) Ae, K e , K z in k Jm -2 , 

2 . G(A Z ), G{A e ) in W m" 2 , 

3. C(A z ,A e ) in W m~ 2 , 

4. C(A Z ,K Z ), C(A e ,K e ) in W m" 2 , 

5. C{K e ,K z ) in W m~ 2 , 

6 . D{K Z ), D(K e ) in W m" 2 . 


The simple low-order model may also be used to calculate the energy 
exchange between the baroclinic and barotropic flows as discussed in Chap- 
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ter 5. Since the model is quasi-geostrophic, we can calculate only 


Po 


C ND (K s ,K m ) = ^ 
gs 



x 



(.28) 


Equation (.28) is more cumbersome to evaluate than most other en¬ 
ergy conversions because it contains three quantities in the integrand, but 
the simplicity of the low-order model, where we have one longitudinal 
wavenumber only, eases the calculations. Note that (.28) already has been 
adapted to the two-level model. 


Problem 12 

Show that the energy conversion from the baroclinic to the 
barotropic component of the flow in the low-order model is 

C(K s ,K m ) = T 0 K[(c 2 - Cl )z*(x^yl -y^xj) 

+ (c\ - c ) z T (x 2 yl - y 2 xj) 

+ (c - c 2 ) z T [xly\ - y%x\) }. 

Hint: Show first that any term containing three trigonometric fac¬ 
tors gives a vanishing contribution to the energy conversion. 


Problem 13 

Using the data given in Problem 9, calculate the following quanti¬ 
ties: 

1. A , K s , Km in kJ m -2 , 

2 . G(A), C(A,K S ), C(K s ,K m ) in W m" 2 , 

3. D(K S ), D{K m ) in W m” 2 . 



EXERCISES 


No. 1 

In a vertical column of unit cross section the wind speed varies as fol¬ 
lows: 

V = { Vmp/Pm , 0 < p < Pm 

„ Po-p 

'm i Pm _ P _ PO- 

P0~ Pm 

Calculate: 

1. the kinetic energy per unit area, 

2. the kinetic energy per unit area of the vertical mean flow, 

3. the kinetic energy per unit area of the vertical shear flow. 

No. 2 

Consider an atmosphere with a constant lapse-rate. To be exact 
T = T 0 - 72 (T 0 = 283 K, 7 = 6.5 x 1(T 3 K m -1 ) 

1. Determine the internal energy per unit area and calculate the amount 
in the unit k Jm " 2 (po = 100 kPa). 

2. Calculate the potential energy per unit area. 

No. 3 

Consider an atmosphere, where the static stability varies as inversely 
proportional to the square of the pressure - that is, 

a = — a - = (7 °^ >0 (<7o = 1 m 4 s 2 t -2 , po — 100 k Pa). 

dp p / 


Determine the temperature as a function of pressure in this atmosphere, 
and calculate the “total’ potential energy (i.e., internal plus potential en¬ 
ergy) in a vertical column with unit cross section. 
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No. 4 

The adequation for the two-level, quasi-geostrophic model may be writ¬ 
ten in the following form: 

V 2 u )-q 2 u = ( V 2 (V* • V0 T ) - K • V (V 2 </>r) 

-V T ■ V (W.) - ^ ), 

where 0 * and <pr are the geopotentials for the mean flow and the thermal 
flow, respectively; V* and Vr are the horizontal winds for the same two 
fields, while cr is the static stability parameter, P = 50 k Pa, f3 = df/dy = 
constant and q 2 — 2/q/( crP 2 ). 

Let 0* and 4>t be given by 


0 * = ~foU*y + A* cos (kx), 

<Pt = -foUry + A T cos[k(x + x*)]. (. 1 ) 


1 . Solve the w-equation using the specification (. 1 ) and show that the 
solution may be written in the form 

u> = up sin[fc(x + x*)] + u>a sin(kx). 

where the specific expression for up and ua should be given. 

2. Use the solution for u to discuss the vertical velocity in a baroclinic 
wave. 

3. The energy conversion C(A, K) can for this model be written in the 
form 


4 1 f L 

C(A,K) = —- / uj<t> T dx. 

9 L Jo 

Use the solution for u> to evaluate C(A,K) and discuss when the 
conversion is positive, negative, and zero. 

4. Calculate C(A, K) in the unit W m -2 , when the wavelength is 4000 km, 
q 2 = 2.5xl0 -12 m -2 , v mmax = kA*/f 0 = 5ms _ 1 ,u T mai = kA t /fo = 

5 m s -1 , Ut = 10 m‘s -1 , po = 100 kPa, g = 9.8 m s -2 , kx m = 7 t/ 4 . 


No. 5 
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It is assumed that the barotropic model applies at 500 kPa. A channel 
with width D in the south-north direction and length L in the west-east 
direction is considered. The eddy streamfunction is given by 

x^ E (x, y ) = x\ sin (yy) cos (kx) + y\ sin (yy) sin(fcx) 

-|- £3 sin(3 yy) cos (kx) + y 3 sin(3 yy) sin(fc£). 

1 . Show that the momentum transport is 

(u E v E ) z = ^k (xiy 3 - x 3 yi) [sin(4yy) - 2 sin( 2 yy )]. 

Note that y = n/D and k = 2n/L. Let the zonal wind be given by 

u z = \u m (\ - cos 2 yy). 

2. Show that the energy conversion from eddy to zonal kinetic energy is 

C(K e , K z ) = \^-U m y 2 k (£ 12/3 - x 3 yi). 

2 g 

3. Discuss and illustrate the momentum transport, its convergence, and 
the wave structure necessary to have C(K E , K z ) positive. 

Hint: To answer question 3 it may be an advantage to introduce an 
amplitude and a phase angle as, for example, x = Rcosd, y = R sin 6. 


No. 6 


1. Show that the conversion from zonal to eddy available potential en¬ 
ergy in a two-level, quasi-geostrophic model can be written in the 
form 


C(A z ,A e ) 



az O(q £ D g ) z 
a dy 


dy dp 


IpTz 


dy 


dy. 


2. Let 


ip* E = £* sin (yy) cos (kx) + y * sin (yy) sin(A;£), 
ipTE = %t si n(yy) cos (kx) + yr sin (yy) sin(fc£), 

where y = tt/D, where D is the width of the channel, and k = ir/L, 
where L is the wavelength. Show that the “heat transport” is 

{ipT E v+) z = ^ k(x T y * - y T x*)sm 2 (yy). 



EXERCISES 


345 


3. Let 


IpTz = ^mCOs(ny). 


Show that 


C(A Z , Ae) = — —q 2 pk (xtV » - Vt^*) 

37r g 

4. Introducing the amplitudes R* and Rt and the phase angles 6 * and 
6t (see the hint in Problem 5), show that 

4 D 

C(A z ,Ae) — - — -q 2 nkR*Rr sin(6* — 

37r g 

5. Calculate C(A z ,Ae ) in the unit Wm" 2 when po = 100 kPa, g = 

9.8 m s -2 , q 2 = 2.5 x 10~ 12 m -2 , D — 10 7 m, kR * = 10 m s _1 , 
R t = 7.2 x 10 6 m 2 s" 1 , = 4.3 x 10 7 m 2 s" 1 , 6 = 40° and 

6 t = 20 °. 


No. 7 

The a;-equation for quasi-geostrophic flow may be used to make simple 
estimates of the mean meridional circulation. In this problem we shall look 
at the direct effect of the heating. As a first approximation we may assume 
that 

7r 

H z = H m cos (py), p = —, (.2) 

where D is the width of the channel. The zonally averaged adequation 
including only the heating as forcing is in the two-level case: 

d?u z 2 _ k d 2 H z 

dy 2 Uz aP dy 2 

where A 2 = 2.5 x 10 -12 m -2 , k = 0.286, a = 3.2 m 4 s 2 t -2 and P = 50 kPa. 

If H m = 0.1 kJ t -1 s _1 we want a solution of (.3) for u z . Furthermore, 
knowing u z calculate the velocity potential in the upper and lower layers. 
Calculate finally the meridional, zonally-averaged wind component. 

Illustrate finally the derived mean meridional circulation. 

No. 8 

In this problem we shall estimate the mean meridional circulation cre¬ 
ated by the transport of sensible heat. The adequation is for this purpose: 


d 2 ui z 2 _ P ,2 ^ d\T E v E ) z 

dy 2 z ~fo 2fo dy 2 


(• 4 ) 
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Determine u z = uj z (y) when (TeVe) z = 7//sin (py), where Th = 
20 K m s' 1 , R = 287 m 2 s " 2 K -1 , f 0 = 10 ~ 4 s -1 , A 2 = 2.5 x 10 “ 12 m " 2 
and p — 50 dPa. 

Discuss your result, make a figure of this mean-meridional circulation 
and compare this circulation with the one obtained in Probem No. 7. 

No. 9 

C(Ke,K z ) should be calculated in this problem. For the two-level, 
quasi-geostrophic model we have 


C(K E ,K,) = -~ 



+ U Z 3 



dy. 


(.5) 


It is known that the momentum transport has its maximum in the 
upper part of the troposphere: In this exercise we shall assume that the 
contribution from level three can be neglected. We have thus 

PI f 1 dM 

C{K E ,K.) = - 13 J u.-gj*,, <■«> 


where we have dropped the subscript 1, M = ( ueVe)z , and 77 = y/D. In 
the first part of the problem we shall specify u z and M as follows: 

u z = 4 [/ m 77 (l - 77 ), 0 < 77 < 1 


and 

M 


M s = 16M m 77 Q - 77V 0 <r] <~ 


M = M n = —16M m ^ 77 - 0 (1 - 77 ) (5- 1277 -I- 877 2 ), ^ < 77 < 1 . 


From the above information calculate C(Ke,K z ) as given in (. 6 ). 


Discuss the distribution of the momentum transport and its divergence 
based on the definition of M given above and compare the schematic dis¬ 
tribution to the observed distribution as calculated by Chen (1982). The 
values U m — 30 m s -1 and M m — 45 m 2 s -2 should be used in the calcu¬ 
lations. 


Repeat the calculation of C(Ke, K z ) when the momentum transport 
remains the same, but u z is replaced by 
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No. 10 

All quantities entering atmospheric energetics have an annual variation. 
A major part of the variation can be described by the mean value for the 
year and the first Fourier component in time taking a year as the basic 
period. Let the annual variation of the available potential energy, the 
kinetic energy, and the generation of available potential energy be given by 

A = 3980 + 1910 cos u(t — 16), 

K = 1850 + 1400 cos v{t - 18), 

G = 4.2 + 1.2cosi/(t — 354). 

where u is the frequency corresponding to the period of one year (i.e., 
v = 2 x 10 -7 s -1 ), and where energy amounts are given in the unit kJ 
m -2 , while the generation use the unit W m -2 . Finally, the phase of the 
Fourier component is given in days. 

Using the basic two-box diagram calculate the annual variation, ex¬ 
pressed in the same form and in the same unit as G above, of the energy 
conversion C(A, K) and the dissipation D(K). 

No. 11 

With reference to Problem 10 let it be assumed in this problem that 


A = 3980 + 1475 cos v(t — 20), 

K = 1850 + 980 cos v(t - 24). 

We assume furthermore that the frictional dissipation is proportional 
to the kinetic energy, say 

D(K) = aK, 

with a = 9 x 10 -7 s -1 . 

Calculate the annual variation of G(A) and C(A,K) under these as¬ 
sumptions. 

No. 12 

The temperature distribution is given by 

T = T(A, ip,p) = T 0 + (T, - T 0 ) 

— k,L((p) + h sin(2<£>) sin(nA). 

L — ^(1 — 3cos2<p). 
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To, Ti, po, k, and n are constants, while A is longitude, ip is latitude, 
and p is pressure. 

Calculate: 

1. The area averaged temperature (T) over the whole globe. 

2. The static stability a corresponding to T. 

3. Zonal and eddy potential energy considering the whole globe. Use 
the quasi-geostrophic expressions. 

4. The total potential energy per unit area. 

No. 13 

The zonal heating at 50 kPa is 

H z - H m cos (py), 

D - 10 7 m, H m 


H = 


7T 

D' 


= 2.5 x HT 3 kJ t _1 s _1 . 


The temperature at the same level is given by 

T z = T m cos (fiy), T m = 20° C. 


Assuming no horizontal motion in the atmosphere, calculate: 

1. The zonally averaged vertical velocity u> z = u z (y) 

2. The generation of zonal available potential energy. 

3. The conversion of zonal available potential energy to zonal kinetic 
energy 


State the assumptions you make to solve these problems, fo = 10 4 s 1 , 
a = 2 m 4 s 2 t -2 . 

Hint: See Exercise No. 7. 

No. 14 

Suppose that equipment to measure upper air winds had never been 
invented, but that surface winds and winds in the boundary layer could 
be measured. This situation simulates conditions in the early part of the 
twentieth century. 
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1. What can one say about the meridional transport of momentum if 
the profile u z = u z (p) is known? Hint: One will want to include a 
relation between the surface stress and the surface wind. 

2. Using a methodology developed under A , say as much as possible 
about the momentum transport if 


u z (<p) = -U 0 cos(4p), 

where <p is latitudes and Uq = 5 m s _1 . 

No. 15 

The divergence of the vertically averaged momentum transport is given by 


1 g(u g u g ) 2M cos 2 y? 
a cos 2 <p dp 


D m cos(4 p). 


Suppose furthermore that the vertical mean of the zonal wind is 


U zM = 16C/ m /i 2 (l - p) 2 , p - sin p. 


Finally, we assume that the vertical variation of both of the above 
quantities can be described by a function of pressure only. This means for 
example that 


Uz(p,p) = u zM A{p). 


1. Calculate the energy conversion C(Ke,K z ) under these assumptions, 
when Dm = 1.5 x 10 -6 m s -2 and U m — 20 m s -1 . A(p) is give as 
follows: 


A(p) = | 


Sp/po 0 < p < 25 kPa 
| (1 — p/po) 25 < p < 100 kPa. 


2. One may test the sensitivity of the result to the zonal wind profile by 
using 


^zM — 4U m p(l p ). 
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No. 16 

The mean-zonal vertical velocity is approximated by 

u z (p,p) = kB(p)P(n), 


where k = 10 5 kPa s 1 and 

B(p) = 4— (l — —^ , po = 100 kPa, 
Po V Po/ 


while 


P{p) — 7 - (231p 6 — 315p 4 -I- 105/i 2 — 5), p — sintp. 

16 

1 . Determine the mean meridional vertical velocity v z . 

2. Estimate the change in the zonal mean of the temperature at 45° N 
and at 50 kPa in one day as caused by the mean meridional circulation 

3. Estimate the change in the mean zonal wind at 45° N and at 25 kPa 
in one day as caused by the mean meridional circulation. You may 


o = 2 m 4 s 2 t 2 (at50 kPa) 

ft = 7.29 x 10 ~ 5 s _1 
R = 287 m 2 s _2 K _1 . 


use 
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No. 1 


1. V*p 0 /(6g) 

2. V*po/(8g) 

3. V*po/(24g) 


No. 2 


No. 3 


I = — T ° P0 r = 1.74 x 10 6 kJ m -2 
91 + f 

P = — I = 7 x 10 5 kJ m -2 
c v 


rp _ C p a pP0 . 



CpCToPo \ f P_\ R/Cp 

R 2 JKpoJ 


I + P = Cp 



T dp = 2.5 x 10 7 kJ m -2 


No. 4 

1. Up = --£p 1+ ^f/ fc 2 ^ l+<j 2 /fc 2 ^* 

2. Discussion 

3. 

C(A, K) = kVT max'V+ m.axUT'T-y \ ~o sin(fc®*) 

o Ar + <r 


4. 2.85 W m -2 


No. 5 

Derivations with given results. 
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No. 6 

A-D: Derivations with given results. 
E. C(A z ,Ae) = 3.6 W m -2 . 


No. 7 

= / ; »+ ' A g '" C08(w) 

Xu = ~X 3 z = -1-38 x 10 6 cos (ny) m 2 s _1 
Viz — -V 3 z — 0.4sin(/it/) m s _1 


No. 8 


R ur 

‘"* = ?r r ' ,, ‘^JTv cos(w) 

u z = —6.4 x 10 -7 kPa -1 (« W z « 1 mm s -1 ) cos/iy 


No. 9 

C{K e ,K z )= 0.18 W‘m -2 
C(K e ,K z )= 0.76 W m -2 

No. 10 

C — 4.2 + 1.08 cos i/(t — 8) 

D = 4.2 + 1.07 cos i/(£ — 23) 

No. 11 

C = 1.66 + 1.01 cos v{t - 10) 
G = 1.66 + 1.10 cos u(t — 360) 

No. 12 

1. T = To + (T 1 -r 0 )(^)' i/C ' 

2 . a = —T 0 

C p w p 

3 A — -L 22 r k 2 A r — A 22. 1,2 

O. /i 2 — 10 p C P K A E — 15 g To ft 
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4. 


P + I = 


C P Po 
g R+c p 



H£r\ 
T 0 Rj 


No. 13 

1- U z = ^p-Hm COs(7T-^) 

2. G(A 2 ) = = 4.2 W m- 2 

3. C(A Z ,K Z ) = ^D^ HmTm = 0.1 W m- 2 


No. 14 


p \ [V 

(wv) 2 m = ~—k F a —5— / u z (p 0 ) cos 2 <p dp 
Po cos 2 ^ J_ n/2 

with « CdPoK) 5=5:5 3.7 x 10 -5 
1 


(UV) Z M — -7—kFdUo- 

4 po 1 + cos 2<p 


sin(2<p) + sin(4<p) + ^ sin(6<p) 

O 


No. 15 

C(K e ,K z ) = = 1.14 W m- 2 (a 2 = 

C(K e ,K z ) = = -0.71 W m- 2 

105 g 


No. 16 

1. v z = akjfi ^ Vl-p 2 (33p 4 - 30p 2 + 5) p 

2. AT 2 « —0.05 o C day~ l 


3. Au z « —0.6 m s 1 day 1 


I CO 
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